§ 4. H3Mepende Ha KPHBOK MOBEPXHOCTH AJHH, YIJIOB H NJomajef,
Ileppas xBaapaTHuHas ¢opMa HOBEPXHOCTH

Hnas pellenust MHOTMX (PU3MYECKHX, TeXHHYECKHX M TeOMETPHUECKHX
3a7a4 HYXKHO yMeTb BHUMC/IATL JJMHEL HYT, JEXAlHUX Ha MOBEPXHOCTH,
YraBl MEXIY TaKUMM AYraMu, IJIOULAAM TeX WJH WHHIX HacTefl nosepx-
HOCTH. OTOT KpYT BONPOCOB Mbl M PaccMOTpHM cefiuac. OcHOBHAA Hies
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BceX HM3/araeMbiX B 3TOM maparpade pacCyxaeHuit COCTOMT, O CYLIECTBY,
B 3aMeHe GECKOHEYHO MAJOro 3/jeMeHTa IJIaLKO# NMOBEPXHOCTH COOTBET-
CTBYIOUIMM SJEMEHTOM KacaTeJbHOH maockocTH. [losToMy Ham moJesho
HauaTh C HEKOTOPHX (OpPMYyJ M NMOHATHH, OTHOCAIUMXCA K BBHIUUCJACHHIO
IJHH, YTJOB W MJOLIaje#t Ha MJIOCKOCTH.

1. Abdunnas cucTemMa KoOpAHHAT Ha MJOCKOCTH. PaccMorpum
fII0CKOCTb M HEKOTOPLI HEBBIDOXIEHHBLIR pernep e, €, Ha He#t. JloGo#
BEKTOp I, JEXAWHuH B NJIOCKOCTH, MOXHO NpeICTaBUTh B BHIe

r=§e; + &e,.
SanuuieM KBaipaT AJMHB BeKTopa r. KMeem
rr=(r, 1)=¢g(e, ¢,)+ 255, (e, &)+E(e, e,).
Bsens o6osnauenus *)
gu=1(ep €), gu=(& &), Lp=1(&, &)
mepernuileM STO PABEHCTBO B BHlle

ri= gugf -+ 2g12§1§2 -+ g22§§- (3.38)

Beanuunbl g1, g1p U Loy ONMpeleNsioTcs BEIOOPOM penepa e, €,. Jlerko
BUIETb, 4YTO Uepe3 3TH BeJIHUYMHBl (M, KOHEYHO, KOOPAMHATH COOTBET-
CTBYIOUIMX BEKTOPOB) BHIPAKAIOTCA IJIMHBI BEKTOPOB, YI/bl MeXLy BeK-
TOPaMH ¥ NJOWIAJH Napa/ie/orpaMMOB, HATAHYTHX Ha /B4 BEKTOpa.
HeficTBUTEIbHO, BHIPaXeHHe A IJIVHE 7 BeKTOpa I [MOJyvaercd H3
(3.38). Hanee, ecau

r=_¢e; + &y, p=nme;+ e,
TO

(r, o)== gu&iM + L1281Me + L1ofaM - Lookoy-

Bocnoaszosasiuck GopMy ot

(r, p)

cos(F, ©) = TriTe7

MBL MOXEM BHIPA3HTb YrOJ MeXIY BEKTOPAMH T M p Yepe3 uX KOOp.IH-
HaTH ¥ KO9(QULHEHTH &;p.

*) WUHorna Takike noab3ylOTCS 060O3HAUCHHAMH
E=(e; e) F=(e;e), G =(eyey).
Tlonaras ewe &)= &1y COBOKYNHOCTh Bemuuunni g, (i, k=1,2) vacro samy-
CHIBAIOT B BHAE MaTPHIbl
(g n & xz)
g &ul’,
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Haxosen, wafiieM njomage S napa/nenorpamma, MOCTPOEHHOrO Ha
BeKTOpax r ¥ p. Kak masectHo

S=|[r, pll.
NOSTOMY
H S=[[:e; + &sep M€ -+ Neeyl|=[Emp—Emill e, &5]]-
0
|le; e;]|="1e;||e;]|sin (e, e)=|e,|| e V1 —cos?(e, ep=
= Ve%eg—(el' &)= V 8182 — &%
CunenoBarebHoO,

S=Y gllg.22—g%2 | &My — Egmy |-

Wrak, sHanue BeMUYMH gy, Ly K9y ASHCTBHTENBHO MNO3BOJAET BHIYM-
CASTb HA MIOCKOCTH IJHMHHEL, YIJbB M MJOUIAAM, T. €. BCE METPHUUECKHe
BEJIHUUHHI,

2. Jauna ayrd Ha nopepxHoctd. IlepBas kBaapaTHuHas ¢opma,
Ilyctb 3anaHa MOBEPXHOCTh
r=r(u, v).
BoiuycauM [AJMHY JIMHMM, PAacTioNOKEHHOM Ha STOH NOBepXHOCTH. Bwi-
6paB Ha STOH JMHMM 3a MNapaMeTp AJMHY IyrH, €€ YpaBHeHHE MOXKHO

3amMHCaTh B BHIE
r=rul), v{))
Tak KaK BeKTOp % UMeeT IJUHY eluHula, TO
di==dr2.
Ho
dr =r,du—r,dv,
~ CJIeLOBATE/bHO,
dP=rldu*+-2(r, r,)dudv+ ri dvl.
BocnoJbayeMcs 0603HaYEHUAMH
En="ry 8p=(T, 1) &p=Ti
TOrna
9710 BHipaxeHue npeicraBaser co0o#t KBaapaTHUHyl0 (GoOpMYy (OTHOCH-

TeJbHO MfepeMeHHnX du W dv), NpPU 3STOM, OYEBHIHO, IOJOKHTEJIbHO
ompenenentyo *). OHa HasuiBaeTc nepsol xeadpamuunol Hopuod

n
*) Kpanpatnunas dopma 2 a,,8,5, HASHIBACTCH NOAONHCUMENLHO Onpe-

n
denennoil, ecan .kz_la‘.kgigk>0 AnA MOGHX ..., &, kpoMe &= ...

s

vee =§n=00
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nosepxHOCTH r=r (¥, U). Koadpduuuente g1, g1y M Loy KBaApaTHUHOM
dopmbt (3.39) — 9TO, 0YEBHAHO, Te cambie KOSDOUUMEHTH £y, Lipv Lo
KOTODHIE OTBEYAIOT pemnepy r,, r,, B IJIOCKOCTH, KacaTe/bHOH K Hamef
MOBEPXHOCTH B paccMaTpuBaeMoit Touke. DTH KO3PPUUMEHTH 3aBUCAT
OT TOUKH MOBEPXHOCTH. KpOMe TOTO, OHH 3aBHCAT, KOHEYHO, M OT BHI-
60pa NapaMeTpM3alLUH NMOBEPXHOCTH. i

[Tepsas KBajpatHuHad (OpMa TOBEPXHOCTH JaeT BHIpAKEHHE AJ3
AMMHBL GECKOHEUHO Majloro s/eMeHTa Ayrd. I /AnMHA HeKOTOPO# KOHeuHOH
KPHUBOH, Jexallled Ha MOBEPXHOCTH, MOJYYaeTcsl OTCIOLA HHTErpupoOBa-
HueM. To4Hee, ec/M KpHBas Ha TMOBEPXHOCTH 3aJdHA YPABHEHHSMH -

u=u(), v=o(), H<<tLt,
ro ee IJMHA paBHa

ty
du \2 du dv dv\2?
= '/ ‘/gu (—d‘[) + 281, ‘d‘t"?t‘"‘}—gaz(—dt—) dt
£

1

(Bnonb 3TOH KPHBOR g, 43 U L9 MNPEACTABAAIOT COGOH, OUEBHAHO,
GYyHKUMH napaMerpa f£).

IIpumeps. 1. Ha miockocTu sanana HexapTOBa CHCTEMa KOODAM-
HaT, OMNpeie/MeHHas B3AHMHO OPTOrOHA/NbHLIMH EIMHHYHLIMH BeKTOPaMH
e 1 e. Ecam ry— panuyc-sexTop Hauala STOH CHCTEMbl KOOpDAHMHAT,
TO PajuyC-BEKTOP MPOU3BOJILHOH TOYKM MJIOCKOCTH PaBeH

r=ry4 eu 1+ e,v.

Mbl nosyuuin ypasHeHHe MJIOCKOCTH, NapaMeTPU3OBAHHON JeKapTOBHIMHU
KOOpJMHATAMA # W v Ha HeH. Ilas 910 napamerpusauuu

r,=e, r,=e, gy=1 gp=0 gy=I1,

C/el0BaTeNbHO, AN MJIOCKOCTH, HapaMeTPU30BAHHOH IeKAPTOBLIMH KOOP-
AnHaTaMy, MepBas KBaipaTHuHA® (OpMa 3aMUCHIBAETCHS TaK:

dl? = du? - dv2.

3nech HeCOMOe MHOroOGpashe — KacaTedbHas MIOCKOCTb — COBMALAeT
B KaX1Of TOUKEe C HECYLlMM MHOrooGpasueM (TOXe MAOCKOCTBIO), 4 Mo-
POxnaeMbit B KaXAOH M3 KacaTe/bHEX MJIOCKOCTeH KOODAWHATHHIA penep
COBNanaer (¢ TOYHOCTLIO A0 MApa/eMbHOrO NepeHoca) ¢ KOOPHHHATHHIM
penepom e, e, paccMaTpuBaeMO# NIOCKOCTH.

2. TlycTh Ha NJAOCKOCTH BBeZEHH MOJSPHHIE KOODJAHHATH P H .
Torza paanyc-BeKTOp NMPOM3BOJILHOH TOUKM TMJOCKOCTH MOXHO 3amucaTh
TaK:

r == ro—+p (e, C0S @+ e;sing)
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(e, M ey,— OMATb-TaKH eNUHUYHBIE B3AMMHO OPTOrOHAJbHBIE BEKTOPHL).
10 — ypaBHeHHE MJOCKOCTH, NapaMeTPU30BAHHON TOJMAPHBIMM KOOPIH-
HATaMU. 31ech

rp =@, Cos | e;sing, ro==p(—e;sin¢p-}-e,cos )
H, CJeLOBaTeJbHO,
gn=(rp =1, gp={(rp ry =0, gp=_(re re)= 0%
a2 = dp* - p? de*.
3. PaccmorpuM cdepy paiuyca g, NPHHAB HA HEH 8a napameTphi
poaroty @ u wupory 0%) (puc. 3.18). Ee ypas-

i Henne B KkoopauHatax ¢ u O umeer sua (mpo-
BepbTe 3TO!)

r=r,-+a {(icosp- jsing)cosd4ksin 6}.
U3 3TOrO ypaBHEHHA MOJyYaeM
rg=—a( cos ¢ -+ jsin ) sin @ + ak cos 6,
ro=a(—ising—+j cos ¢) cos 0

H, CJAel0BaTe/JibHO, 3AECH

dl? = a2 (d0? -+ cos? 6 dg?).

Puc. 3.18.

4, Ecau NOBEPXHOCTh 3aJaHa SBHBIM ypaBHEHHEM
z=f(x, )

r=xi+yj+ f(x. Nk
r,=i-+kf, r,=]+kf,

T. €.

TO AJA Hee

H, CJAELOBaTE/NbHO,
aR = (14 f)dx*+2f f ydx dy +(1 SR

Vnpaxuenue Hanucar nepsyio ksaiparuinyio ¢opMy TOpa
B KOOpAMHATaX @ M P (cM. ynp. B T 3§ 3). ‘ '

3. Yroa Mexay ABYMSI KPHBBIMH. Y2.10x Medcdy 0syms nepece-
KQIOUWUMICS KDPUBLLMUL HA3BBAEMC Y204 MeHOY UX KACAMEAbHUMU
8 mouke nepecewenus. IlycTb uepes TOUKY Ha IOBEPXHOCTH MPOXOMAT
IBe KpHBble M TMyCTb CMEIUEHWI0 MO OAHOH KPMBOH COOTBETCTBYIOT ng-
depeHuMatbl KOOPAMHAT du ¥ dU, a CMEeleHuo no apyro#t — nudde-
penumans du, 6v. BekTOph cMelleHud MOXHO 3amucaTe TakK:

dr=r,du+r,dv, or=r,0u-r,bv.

g .
*) Or1cuHTHIBAEMYI0 OT 3KBaTOpa.
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Yroq @ MexAy HUMH onpepensercs ¢opmy./ol

(dr, dr)

S P= TarToe T

B 4aCTHOCTH, YTOM @ MeXLy KOODAMHATHHIMH JHMHHSMH, T. €. MEXIy
BEKTOPAMH T, H T, onperensercs popmy:ioh
. oS @ = —=212 .
‘Vgngn

Ecan g,=0, TO KOOpIHHATHBIC JAHMA Ha TOBEPXHOCTH mepece-
kaloTca 104 TpAMbiM  yraoM. Takas KOOpAMHATHAA CeTh HA3bIBACTCH
0 pMmo20HaAbHof. B OPTOroHa/lbHHX KOOPAMHATAX NepBast KBalpaTuiHas

¢dbopMa HMeeT BHL
P = gy, du?+ gop dV*.

4, OnpenenedHne NJAOMAZH MOBEPXHOCTH. Mpumep Iliapua. Ile-
peliieM Terepb K PACCMOTPEHWIO TJOWAAM KPHBOH MOBEPXHOCTH.
TIpekae YeM TOBOPHTh O € BHIYMC/EHHH, HYXKHO ONPENeMHTh CAMO IO-
HSTHE TLIOWALM TOBEPXHOCTH. BBeleM 9TO MOHATHE CJeLyIONIHM 0OpasoM.
Iyctb % ~—HekoTOpas rJAafKas NOBEPXHOCTb, OTpaHWueHHAd KyCOUHO-
TMaIKuM KOHTYpoM L. PasofbeM 5Ty TOBEPXHOCTh C MOMOLIbIO HEKOTO-
pOr0 HHCAAa KYCOYHO-TJANKUX KPHUBHIX HA HaCTH — LIJECMEHTHL> PR
i=1, ..., N,—u BnibepeM B KaxIOH M3 3THX HacTe#i NPOU3BOJLHYIO
touky M,. Tlposemem uepes Touky /M, KacaTeMbHyio MJIOCKOCT> K 10~
BEPXHOCTH X M CHPOGKTHpYyeM 3J]eMeHT %; Ha 3Ty KacaredbHyio MJo-
CKOCTb, MBI MOJYyYMM Ha '9TOH Ka- :
caTe/bHOH  MJIOCKOCTH  HEKOTOPYIO
KBAAPHPYEMY0 mJocKyw ¢urypy S;
(puc. 3.19).

Onpedenrerue. ITaowadsio
nosepxnocmu X Mb HQA308EM +
npedes (ecau OH CYLIECTBYET) CYMM Puc. 3.19
naowadeii smux npoexyul, 83s- He. S0
meix no ecem sseMenman pasbue-
HUf, RpU YCAOBLU, 4MO MAKCUMYM OUAMEMPOB SMUX SAEMEAMOB
cmpemumcss K Hyawo. [10BEPXHOCTb, A KOTOPOR STOT mpeiet Cylie-
CTBYET, Ha3biBaeTcs K8aOpupyemod. ‘

Ha mepsblii B3rasas Kaxercd, 4TO eCTeCTBEHHEE BCEro 65110 GBI ONMPENEIUTD
MAOHIANh MOBEPXHOCTH X KaK mpefel, K KOTOPOMY CTpeMaTCd MO NOBEPX-
HOCTe# BIOMCAHHLIX B 2 MHOI'OrpaHHHUKOB, NpH yCJaOBUH, UTO MAaKCHMYM AHaMeTpoB
HX rpameil CTPeMUTCA K Hymo (TaK e KaK JJAuHA KpHBOH ecTb mpeAea JJAHH
BOMCAHHBIX B 9TY KPHBYIO JIOMaHbIX). OaHako eue B NPOUIJAOM BEKE 6nlna 00Ha-
PyXKeHA HECOCTOATENbHOCTb TAKOro ompeaeieHus. PaccMOTpHM cAeRyIomui npu-
Mep, npunapaexamuii [lBapuy.

B UMJIHHAD paanyca R u BBICOTH H sBuumem MHOTOTPaHHHK CACIYIOUWUM
06pasoM: pasfeNHB LWIHHID !OPH3OHTAABHBIMH INIOCKOCTAMH HA /M  PaBHbIX
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H .
UMAMHADOB BBICOTHL —- KaMIbid, pazobbeM Kaxylo M3 BoaHukaiomux m -1

OKpYHKHOCTel (BKJMIOYas CIOa BePXHEe H HIKHEE OCHOBAHHs HCXORHOrO UMIMHADA)
Ha DaBHbIE YACTH 7 TOUKAMH TaK, YTOOb TOUKH JeJCHHs HA KaXIOH OKPYKHOCTH
HAXOMMAKCh HaJl CepefiMHaMH AYT COCeNHHX OkpywxHocTeil. Bosbmem renepnb Ase
cocelHME TOUKH, Jexaliue Ha KakoH-1ubO OKPYKHOCTH, H TOUKY, JEKAWYW He-
NOCPEACTBEHHO HAA MIM TION CepeluHOR [Iyrd, coefuusiomed sTW ABE TOUKY,
¥ TNOCTPOMM Ha 3THX TPex TOUKax TpeyroabHuk (puc. 3.20). CoBoKymHOCTh BCEX
TaKMX TPEYroJbHHKOB o00pasyer MHOro-
rpaHHyl0 [OBEPXHOCTb, BIMCAHHYI B HC-
XOAHBIH DuAHHAP. Ha BHA 9TOT MHOTOrpaH-
HHK UOXOX Ha TOJEHHIIE canora, Co6pan-
HOe B rapMoImKy. Ero Ha3blBawT MOITOMY
canozoxm Llsapya (puc. 3.21).

Ecau Tenmepp W n M /M HEOTrPaHH-
YeHHO PacTyT, TO PasMephl KaxJoro us
TPEyroAbHUKOB, COCTABAAIOIMHUX  BIMCAH-
HBIfi B NWIMHAP MHOTOTPAaHHHK, CTPEMATCS

)
¢

Puc. 3.20. Puc. 3.21.

Kk Hymo. IIpu 3TOM, OAHAKO, CYMMapHag IMOWIAAb STHX TPEYrOJbHUKOB BOBCE He
oBa3ana cTpeMuTbes K 2RH (GOKOBOH NOBEPXHOCTH LHMAHHAPA); B 32BHCHMOCTH
OT TOTO, K2 K MEHSIOTCA 7 ¥ m, OHa MOMET HeOrpaHuYeHHO DPACTH, CTPEMHTHCA
K Tpeieny, oTAMUHOMY oT 2:RFl, mau xe BooOwe He HMETh Opelena.

JleficTBUTENbHO, JJAEMEHTAPHBIH HOICYET NOKA3HIBAET, YTO NAOUIALbL OLHOrO
TpeyroabHuka (IPH 3aJaHHBIX 1 M 1) PaBHa

Rsin %— ‘/(%)Q—I— R? (1 — oS8 —:—)2

Uycno TAKHX TPEYrOALHMKOB PABHO, OYEBHAHO, 2nm, MOSTOMY CyMMa HX
niaomaneH ectb

2Rn sin = - 2 22 [ )2 :
Cpym= Rnsm;— H*+ R’m (l—cos; . (3.40)

Ecan Temeph n & M CTPeMATCS K GeCKOHEWHOCTH, NPHUEM TaK, 4TO m PacTeT
6uicTpee, ueM n?, To Bhipaxcenne (3.40) HeOrpaHWuIEHHO pacTer. Ecau xe n u m

- m
MEHAIOTCH TaK, YTO OTHOIIEHHE —;2? CTPEMHTCSl K HEKOTOPOMY KOHEUHOMY npe-

Aeny g, TO

. T . 1 n?
lim m (1 — COos -——) = lim m2sin® 5—=—7"¢,
n, m-»oo n n, m->o 2n 2
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H, CAEL0BATEIbHO,
' i S PR,
lim 0"'m=2an/ H2+_4_

2
qc.
n, m-»oo

[Mon6upast ¢, MBI MOXeM MOAyYMTh B IHpefene Jaio6oe uuciao, Goabuiee Hiau
pasuoe 2nRM, T. e. ao6oe uMcao, Goablllee «HCTHHHOH» IJOIIAaAM IMIHHADA.
VcTHHHOE 3HAUeHHMe NJOWafxM OOKOBOH MNOBEPXHOCTH LMJHHAPA MBI HOXYYUM
anwb mpa ¢ =0, T. €. ecad m pacTeT MejJeHHee, 4eM nl.

Vtak, NONBITKA ONpPENEeJHTb ILIOMAAb KPHBOH MOBEPXHOCTH C MOMOIUBIO
BIIMCAHHBIX MHOTOrPAaHHHKOB OKa3aJach HEyHAauHOH Jawe ais OGHIKHOBEHHOrO
KpyrJaoro umaMHApa. Jlerko MNOHATb NPHUKHY, MO KOTOPOH CHOCOO, MPUrOAHBIH
1A OTpEJEJeHHs AJHHB KPHBOH, HE FOAMTCA JUIs ONpeJeNeHHs IUIOMIaiH NOBepX-
pocty. [lp¥ IOCTATOMHO MEJKOM pa3bHeHud KpuBOH (OyAeM CuMTaTbh KPHBYIO
raajkoil) HanpaBA€HHE XOPIHI, COENHHALIIEH COcelHHE TOUKM JeNeHHs, GAU3KO
K HanpaBJEHHIO KacaTeJbHOH, NPOBeieHHOH B MOGOH TOUKE COOTBETICTBYOIIEi
gyru. B caydae TOBEPXHOCTH 9TO HE TaK: MHOTOYrOAbHas INIOINAAKA CKOMb
JrOAHO MalblX Pa3MEPOB MOXET OMHPATbCSl BCEMH CBOMMH BepIUMHAMA Ha
IMaKyl0 TIOBEPXHOCTb TaK, UTO YrOJ MEXAY HOPMa/iblo K HIOIMALKEe M IOBEpX-
HocTH GyZer GosbumuM. [Tpu 3TOM, OUEBMIAHO, TAaKOH MAOCKHH SJIEMEHT HE MOXET
CAYKHUTb XOpOIeil annpoKcuMauued COOTBETCTBYIOWIErO 3JEMEHTA NOBEPXHOCTH.
dro kak pa3 M HaGaopaercs B mpHBeleHHOM Bmure npuMepe [llsapma: ecau

m
g~ F BEJHKO, TO TPELYrOAbHUKHY, 06pa3yloume BIMCAHHYIO MOBEPXHOCTD, NOYTH

MepreHAMKY AAPHE GOKOBOH NOBEPXHOCTH WuauHApa. OOpasoBaHHbIH UMM MHOTO-
IPaHHHK BECb COCTOMT H3 MEJKHMX CKAaJOK. ITO U CAYKHT NPHYHHOK TOrO, 4TO
[AIOIIafh MOBEPXHOCTH TaKOrO MHOTOTPAHHHKA MOMKET OBTb MHOrO GoJjbine
naolaay GOKOBOH NMOBEPXHOCTH LMAHHAPA.

5. Bhluucaenne mIOmAAH TJRaAKOH MOBEPXHOCTH. B mpenninyimiem
MyHKTE Ml BBeJM ONpejefieHMe [MJIOWAAY KPUBOR HOBEPXHOCTH. Ycra-
HOBUM Temepb JMJIA TJAAAKOH NOBEPXHOCTH CYLieCTBOBAHHME TMJIOMIAAH H
(GopMyay, ¢ NMOMOLIBI KOTOPOK 3Ta MJOWIAAL MOXeT OHTb (akTHYecKH
BHIUUC/ICHA.

Teopema 3.1. ITycms napamempuueckoe ypasnesue

r=r(, v)

onpedessiem 2AA0KYI0 NOBEPXHOCMb, 02PAHULEHHYIO KYCOUHO-2400-
kum roumypom. Tozda ama nosepxnocms Ksadpupyema u ee
naou,a0e passa '

o=‘£f V8,82 — & dudv, (3.41)

20e gy, L9 U Goo— KOIPPUBUEHME nepsoli K8a0pamuinol o prs
amoli nogepxuocmu, & D — o0aacme u3mMenenus nepemennsx u uv.

HokxasateabctBo. Pa3obbeM nosepxHOCTb % Ha 4acTH ;. Bw-
OpaB B KamIOH M3 9TMX yacTel HekOTOpyl Touky M;, npoBeleM B Helt
KacaTe/lbHYI0 MJIOCKOCTb. BBelleM MeCTHYIO CHCTeMy JIeKapTOBHX KOOpAM-
Hat, BuGpaB 3a Hauano TOUKy M;, HOpMaab B 9TOH TOYKe 3a HalNpaBJaeHHE
OCH 2, a KacaTesbHYI0 IJIOCKOCTb 33 NJIOCKOCTb xy. KoopimnaTe X, y
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¥ Z TIPOM3BOJLHOM TOUKH MOBEPXHOCTH ¥; MOXKHO 3aMHCATL KAK (YHKLMHA
OT # ¥ U: _

x=x(u, v), y=y@# v), z=2z@ )%

I'lpoexuml NOBEPXHOCTH 21 Ha KacareJbHyl NJOCKOCTbH B TOUKe Ml
onpelenseTca ypaBHEHHAMU

x=x(, v), y=y@ v), 2=0.

[onbayach BHIpaXeHWeM . AJd [UIOMWALH NAOCKOH ¢urypel B KpHBO-
AuHeHHEX koopauHatax (§ 6 ra.o 1), ME MOXeM 3amucaTh ILIOMALb
9TOH NMpOEKUWH B BHIE

J_r{)if

rae D;—ra o6nacTb, KOTOpPYW NpOGeraioT nepeMeHHue #, v, KOTAa
Touka (x, ¥y, 2) npoberaer sJeMeHT X, a 3HaK Oepercd TaK, YTOGH
BCe BHIpaXerue OHIJIO MOJOXKHTE/IbHEIM.

BripaxeHnue

Xy

Xy
dudv,
yu yv“

X X

u v

Yo Yo

+

MOXHO nepenucaTh B BHIE, HE CBA3AHHOM C Bb160p0M CHCTeMbl KOOpIu-
HaT, 4 KUMEHHO!

Xy Xy

Yo Yo

Ecan obnacty X, (a caenoBaTelpHO, M [);) JOCTATOYHO Majbl, TO

+

= I [ru' 1'1,] I

[ [t r,,ndudv={|[rw rol|
Di h

+51}d1-

ll=lli’ ‘U=‘Ui

rae d;,—nuomans obmacta  D;, #;, v;— KoopauHatH TOukM M, u
max &; —> 0 npu maMeabyenuu pasGuenns noBepxXHocTH X. Takum oGpasoM,
cyMMa nJolane#l NMpoekuu# BCeX YaCTMYHHIX NOBepxHocTe#t X; Ha COOT-
BETCTBYIOLLUe KacaTe/lbHEle NJOCKOCTH paBHa

2 {l[ru._ rol|

i=1

n
vut, v=v:} d;+ g‘,l ed;. (3.42)

. *) MpaBuabuee 6b10 6Bl MHCATDH X=ux (u; v} y=y;(uv) 2=2 (u, v),

MOTOMY 9TO STH YPaBHEHHS COOTBETCTBYIOT i-H CHCTeME KOOPAMHAT, CBA3aHHOK
¢ KACaTe/bHOH NJOCKOCTBIO U HOPMaiblo B Touke M
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[Ipesen 3TOro BBHIPAMKEHHS NPH HEOTDAHHUEHHOM M3MEJbUEHHH Da3GHeHHs’
NOBEPXHOCTH Mbl M Ha3BaMW MJOWANLI0 NOBEPXHOCTH. DTOT mNpened
CyLIeCTBYET M DaBeH MHTerpaiy

[ f e r )l dudo

D

(mockoabKy B- (3.42) mepBoe caaraeMoe eCThb WHTErpatbHas CyMMa IJs
9TOrO HHTerpaja, a mpeled BTOPOro pasen Hymo). [as sasepiiesus
JI0Ka3aTeNbCTBA OCTAETCH YCTAHOBUTh, YTO '

l[ru’ r,]|= Vg11g22 — &% (3j43)
Mycts ©— yroa Mexny BekTOopamu r, ¥ r,. Toraa
ey rll=|r,] |l sino=]r,]|r,| VI —=costo==

= 252 __ $242 2 3 — — 2
Vrurz rurzr Cos* 0 == Vg11g22 g12’

TeopeMa nokazana. ,
Bameuanue 1. C BexropoM [r,, r,] Mbl yXe BCTpeuanHChb BHIIe

(n. 5 § 3). TaM Mb YCTaHOBHAM, YTO STOT BEKTOD HMEET ClelylOlIHe

KOMITOHEHTHI: ’

dy o0z 0z Ox 0x__ 0y
ou  ouw ou  ou ou  ou
A= y : ’ B= » C= ’
oy o2 02 ox ox oyl
ov  0v gv ov ov  ov
C/IeioBATeNbHO, AJNHHA €r0 paBHa
VA FBFC

Takum o6pasom, dopmyay (3.41) nuowaan HOBEPXHOCTH MOXHO mepe-
NHCcaTh TaK:

o=ff]/ AL BT Cldudv. (3.41)
D .

3aMmeuanue?2. TeoMeTpRUECKUH CMBICT
nojayueHHO# Hamu GopMmyan (3.41) cocrout
B TOM, UYTO [MOAHHTErpajbHOE BEHIPAXKEHHe
V 8181 — &,2du dv (c TounoCTHIO 110 Gec-
KOHEYHO MaJblX BHICUIMX MOPSAAKOB) —
IIomany «GecKOHEUMO MaJNoro napanfielo-
rpamMMa», BHIPE32aEMOT0 H3 IIOBEPXHOCTH X
IByMs napamum GeckOneuHO OJHBKHX KOOPRHHATHHX JIMHHHA u == g,
b=uy~}du, v=0; n v="0,- dv (puc. 3.22). [eticTBuTe bHO, Bep-
umHm Py, P,;, P, 9T0r0 napaaieforpaMma HMEIOT KPHBOJHHeHHEIE
KoopauHaTH (g, Vg), (#g-}-du, vy) W (4 vy dU) COOTBETCTBEHHO.

Puc. 3:22.



134 SJJEMEHTH AUOOEPEHLIUAJILHON TEOMETPHU [rJ1. 3
HOSTOMy ¢ TOYHOCTbIO O MAaJbLX BHIIIE nepBOro nopsika HMeeM
P0P1=rudll, PoPQ;rvd'U-

Mnomans do napaiiesorpamMma, NOCTPOCHHOrO Ha BEKTOpaX PyP n PPy,
paBHA MOZLY/IO MX BEKTOPHOTO TNpON3BEACHHA

do=|[r, r,]|dudv.
B cuny (3.43) 910 BhpaXeHHe MOXHO Tepenucarh Tak:
do = Vgng22 — g§12 du dv.

PaccMOTpUM BaXHefilye 4YacTHbe CJaydau dopmyast (3.41). Ecau
MOBEPXHOCTb % 3aJaHa fBHHIM yPaBHEHHCM

z=f(x, )
T0; KaK MBl yXe BUIeJH Bolue (CM. IL 2, npumep 4), B 3TOM cilyuae

gy = 1+f;2' = f;f;.' 890 = 1+f;,2»_
OTKyZa

Vgugn—eu=V 1+, +f,

CrenoBaTelbHO, TJOMAAb TOBEpXHOCTH 2z == f (X, y) Bhpaxaerca ¢op-
MyJio/

o= fD f L+ f74 7y dxdy, (3.44)

npyuyeM B IAHHOM ciyuae D — npoekuus NOBEPXHOCTH 3 Ha II0CKOCThb XY,
3ameuanue 1. Tak kax

l/‘ Ty a2 1
1+fx+fy = cos (N, 2)

(cM. n. 5 § 3), To dopMyny (3.44) MONHO MepemucaTh TaK:
— dxdy
| O—Lf cos (N, 2) *

CMHICL ee COCTOMT B TOM, UTO 3JIEMEHT IJIOLWAAM TOBEPXHOCTH paBEH
ero NpPOEKUMH Ha [JIOCKOCTb XY, AeleHHOH Ha KOCHHYC yria Mexny
HOpMa/IIMM K 9TOMY 3JEMEHTY IOBEPXHOCTH ¥ K IIOCKOCTH XY-

Sameuanune 2. Eciu MOBEPXHOCTb X COCTOMT M3 KOHEUHOrO 4ucJIa
KYCKOB, KaxIblffi U3 KOTODHX NpPEACTaBHUM ypaBHeHWEM BHIA Z == f (%, ¥)
TO ee MJOWALb MONHO BHYMC/IHTb, TpuMeHuB Qopumyay (3.44) K Kax-
IOMY TAaKOMY KYCKY B OTAEJbHOCTH.

Mpumep. Hafttu fnomans vactu napadosounsa 2 = x%—-y?, Jaexa-
wefl BHYTpU UMIMHAPA x2-|-y?= a2,
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Pemenne. Vckomas maomanb pasHa
o= f f VI a2 T 4yl dx dy.
xz+yz<a2

Hepexoxm K TMOJAPHBIM KOOpAHHATAM, MOJy4YaeM

2n a 2
o=[ do [VETFTrar =15 [ [+ 1" do=
0 1] 0 .

21 ‘
=‘117f[(4“2 + 1% — 1] do=F [4a+ 1) —1].
0

[IpeanoJIOKHM Temepb, UTO MOBEPXHOCTb 3aJaHA HESBHLIM ypaBHe-
nueM F (%, y, 2)=0. Ecam noBepxHOCTb TaKoBa, YTO 3TO ypaBHeHHe
MOXKHO OHHO3HAYHO PAa3pellUTb OTHOCHTeNbHO 2 (3TO PaBHOCHJBLHO
TOMy, YTO Haua IOBEPXHOCTb Mepecexaercs /00O BepTHKAMbHOM mps-
Moft He GoJee ueM B OJHOK TOuKe), TO, BOCIO/bL30BABIIMCH NpaBUIaMH
an(depeHUUpOBaHNA HesBHEIX (yHKUMH, nojayqaeM

oF oF
0z 0x o0z 0y
ox  oF ' 9y  oF

0z 0z

[MoxcTaBnsis 9TH BHIPAXEHHS BMECTO f’ H f)’, B dopmyay (3.44), noayuaem

ff ‘/ ) + (%;)2 dx dy. (3.45)

I”l

3nech ONATh-TaKH, kak u B Qopmyne (3.44), nonbHTerpaibHas QyHK-
uis TpencTaB/ifeT COGOH He UTO MHOE, Kak OOPATHYI BEAHUHHY KOCHHYCA
yraa Mewiy HOPManiblo K TNOBEPXHOCTH M OCbl0 2.

Ynpawuenune, HaliTm njomans YacTw TOBEPXHOCTA KOHyCA

%2~y — 2 =0, aexawett BHyTpH uuauuipa x2- y?=a’
OTtBeT. 0=2 V?na“’.
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