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cmeyouue Ksaopamuinvie POpMu, M. €. wmode 8 SMUX MOUKAX
BUINOAHANLUCL POABEHCMEBA
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mo makue 08¢ NOBEPXHOCMU KOHZDYIHMHb, M. €. MO2ZYym Omau-
wamvcn Opyez om Opyza mMOAbKG NOACHCERUEeM 8 NPOCHLDAHCMEE.

Takum 06pasoM, mepBas u BTOpas KBajpartuutble QOPMBI HLPAIOT A%
NMOBepXHOCTeR Ty XKe pOJb, YTO ¥ HATYpaJAbHBIE ypaBHEHHUS AJA KPUBOH:
OHi 00OPA3YIOT NOARYIO CUCMEMY UN8APUAKMOS, ONpeAeAfIOUYI0 I0-
BEPXHOCTb C TOYHOCTBIO A0 €€ MOJOKeHus B NPOCTPAHCTBE.

Mbl He GyneM NMpOBOAMTL 31ECh A0KA3aTeAbCTBO CHOPMYIuPOBAHHOMN
TeopeMbl. Ero MOXHO naliTe mouTu BO BcexX yueOHuKax nuddepeHuHanb-
HOH reoMeTpuu ™).

§ 6. IlousTHe 0 BHyTpenHell reoMeTpuH NOBEPXHOCTH

1. HanowHuMocTbh noBepXHocTel. Heo6XoanuMoe H [OCTAaTOYHOE yCAOBUe
HaJOXHMOCTH. Bpume MBl paccMaTpuBajy NOBEpXHOCTH Kak TBeplble Teda,
CYHTast, YTO OHH MOIyT HepeMelllaTbCs B HPOCTPAHCTBE, HO He MeHAIT CBOIO
dopmy. B HexkoTOpHIX cayuasix ecTecTBeHHee, OJHAKO, Jpyras TO4YKa SpEHHs,
COCTOSIIAsl B TOM, 4YTO HOBEPXHOCTH pPacCMaTPHBAIOTCS KAK HepPacTsKUMBLE,
HO a6comoTHO rubkue micHku. [Ipu 3TOM usyuawTcst Te CBOHCTBA MOBEPXHOCTH,
KOTOpBle He MeHsoTcs Npu ee u3rubanuw, T. e. npu nedhopMaunuax, He CBASAHHBIX
¢ pacTaXeHHEM.

Eclii 0jHa HOBEPXHOCTb MOXKeT GBITb COBMellleHa ¢ JApYroit mpu noMmouy
u3rubaHus, TO 3TH HOBEPXHOCTH HA3WBAITCH HALONCUMLIMU JIPYT Ha Apyra.
Wuaue rosops, ABe NOBepPXHOCTH HA3BIBAIOTCA HAJNOWMHMBIMH JPYT HA JNpyra, ecau
MEXLY HMX TOYKAMH MOXHO YCTAHOBHTH B3aUMHO OJHO3HAYHOE COOTBETCTBHE TaK,
4yro0bl JMUHUH, MepeXOAflHe APYT B JAPYyra mpH 5TOM COOTBETCTBHH, HMENH OAHY
# Ty *Ke IJHKEY.

EcTecTBEHHO BO3BHHKAaeT BONPOC! KAKOBH YCJAOBHs, Heo6XoauMbie # JAOCTa-
TOYHBEIE JJsi TOTO, UTOGHL JBe HOBEpPXHOCTH OLIAM HAMOWHUMBEL JAPYT Ha Apyra.
OTBeT Ha Hero JaeT CJeAyllag TeopeMa.

Teopema 3.3. Jass moz0 4moOu. Gge nogepxnocmu X u X* Gblau Ha 0=
HC UM Opye Ha Opyea, HEOOX00uMO u 00CmMamO4HO, YMOo6bl 3mu nosepx-
HOCMU O0nyCKaAL MAKYIO NAPAMEMPUIAHUIO U, U, NPU KOMOPOi 8 moixax
MEE u M*CZ*, umeoujux 0dunaxosvie KOOpOuHamsl u, v, COOMeEEMCmeyio-
wue KoIPPulyuenmsl ux nepsslx K6a0pamuinslx HOpm Obiauw Obl pasHbl.

HokasarteabcTBo. [JOCTATOYHOCTb 3TOrO YCJIOBUA OYEBHIHA. €CIH Ta-
Kas TapaMeTpusanus BO3MOXKHA, TO, HOCTaBUB B COOTBETCTBHe IPYT MAPYry Te
TOYKH NOBepxHocTed T u Z*, KOTOpPHle HMEIT OAMHAKOBBIE KOOPIHHATH U, ¥,
MBL MOJYYHM B COOTBETCTBYIOIIUMX TOYKAX OAUHAKOBHE KO3(DGDHUUMEHTH HEPBEIX
KBaAPATHUHBIX dopm
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Ho TOrna, mapaMeTpnsoBas JBe COOTBeTCTBYwInue APyl ApPYry JUHAM HAa 3THX
HOBepXHOCTAX ¢ NOMOIIbI OJHOTO M TOro Ke mapaMetpa £ (T. e. Tak, UTOGH

*) CM., HampuMmep, A. II. Hopnewn, JHuddepennuaiboHas TreoOMeTpusd,
Vunenrus, 1948, crp. 188.
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B COOTBETCTBYIOIUHX ADYr ApPYry TOUKax STHX A4Hu# 3HaueHHe mapameTpa GBHIIO
OIHO ¥ TO ¥Xe), MBl HOJY4YUM, HTO

ty
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T. €. u4TO IJUHBl 3THX AYT PaBHHL
O6patHo, ecau jBe NOBepxHOCTH X u E* HaJOWWMBl ApYr Ha Apyra, TO Ha
3TuX HOBEPXHOCTSX MOXHO BBecTH OOIUylo HapaMeTpH3auHio, BBeasl KaKuM-au6o
06pa3oM KOOPAMHATH u, U HA MOBEPXHOCTH I ¥ CUuTask, 4TO TOuka M*C Z* uMeeT
Te e BHYTPEHHHe KOOPAMHATBl u, ¥, 4TO ¥ OTBeuawmas eéi Touka M. Pac-
CMOTPMM Temeph Ha moBepXHocTsx X u Z* ABe OTBevaouue APYr ApYry JHHHH
¥ napaMeTpu3yeM HX TaK, 4TO6h HX TOUKH, COBHAlalHe NPH HAJOXKEHHH,
oTBeyaJad ONHOMY M TOMY Xe B3HaueHHi0 napaMerpa f. Toraa paBeHCTBO IJMH

Lyr 3TéX KpHUBHX samuuletcd B Bufe (3.65). Tak Kak 3To paBeHCTBO 6yjeT UMETh
MEecTO HOpH Bcex £y #u £, TO H3 Hero noay4uM

g1 di? 28,1 du dv - ggp dv* = g1y du® 4287, dudy 4 gy dil.

Ho 3TO mocielHee DPaBEHCTBO AOMKHO BBEINOJHATHCH TOXASCTBEHHO o du
H dv, TaK KaK OHO CHpaBeJJHBO AJA MOOGBIX COOTBETCTBYIOIIHX APYT APYTY Kpu-
BHX, IPOXOJRUMX Yepe3 JioOble TOUKH ¥ B JM0OObIX HampasiaeHusax. ToxnecTBeH-

HOe paBeHCTBO ABYX KBaJPATHUHHIX $OPM BAeueT COBHAJeHUE HX KOIYPUIHECHTOB.
Takum o6pasoM,

* ® ®
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4TO u TPeb6OBANIOCH JOKA3aTh.

2. BHyTpeHHaa reoMeTpHA noBePXHocTH, COBOKYHHOCTh Tex CBOHCTB mo-
BEPXHOCTH, KOTOpble He MEHAWTCS NpH ee uarubGaHud, Ha3bIBaeTCA BHYTpPeHHed
reoMeTpuedl HoBepxHOCTH. Ml celiuac mokasanu, 4TO JiBe HOBEPXHOCTH H3THOGaeMbl
ADPYr B Apyra B TOM ¥ TOJBKO TOM CJAyuyae, eC/H HA HUX MOXHO BBECTH OIHY
u Ty Ke mepByw kBaupatuurywo dopmy. ClepoBaTeabHo, Kk BHYTpeHHe# reomer-
pud TOBEpPXHOCTH OTHOCATCA Te U TOAbKO Te ee CBOHCTBA *), KOTOpPHE MOTYT
6LITh BHIPAaKEHbl Yepe3 HepBYw KBaapatuuHyw dopMmy. Takum o6pasoM, sHym-
DeHHSIL 2e0Mempust nO8epxXHOCMu Onpedeastemcst ee nepsol Kkeadpamunoi
dopmoi. K BHYTpeHHel TeoMeTpHH HOBEPXHOCTH OTHOCAITCH, CAelOBaTedbHO,
JUIHHBL JMHUH, JemxalluxX Ha noBepxHocTd. Mladee, MOCKONBLKY yroa Mexany AuHU-
SIMH Ha MOBEPXHOCTH ¥ MJAOLIANL MOBEPXHOCTH BHPaXaoTca depes KO3QQPHUHEHTH
nepBo#t kpaapatuuHod PopME (cM. m. 2 u 4 § 4), TO 3TH BeJuHHHB TaKXKe OTHO-
CSTCS K BHYTPeHHe# reoMeTpui.

3ameuaTeJbHO TO O6GCTOSATENLCTBO, YTO BHYTPEHHUM CBOUCTBOM MOBEPXHOCTH
ABJAETCA ¥ ee NojHaa KpususHa K. VIMeHHo, I'ayccoM Owila modydeHa aas mod-
HOH KDHBH3HE B OPTOrOHaJbHHIX KOOPAHHATAX cJhenywoluast dopmyda:

Ko — 1 {i( 1 agzz) _i( 1 dgn)}
2V gugy 0u\ Vgige Ou v\ Vgugsa Ov '
B KOTOPYI0 BXOAAT TOJbKO KO3ddHUHEHTH NepBOR kBaxpaTuuHoll dopMsbl B To xe

BpeMfl HH CpejHAf KPHBHU3HA, HU TJIABHbBIE KPHUBUSHB HOpPH usrubaHuu He coxpa-
HATCA.

*) Peub uper, KOHeuHO, 0 Tex CBOMCTBAX, KOTOpPHle OTHOCATCA K CaMOH Ho-
BEPXHOCTH ¥ He 3aBHCAT OT Brifopa €€ mapaMeTpusaiHu.

lo*
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CaM TepMuH «BHYTPEHHSIR TeOMeTpHsi» NPHMEHHTENbHO K CBOHCTBaM, coxpa-
HAWIMMCA NpY H3THOaHHH NOBEPXHOCTH, O3HAYAeT, ITO OHH NPUCYIIH HMEHHO caMoi
HOBEPXHOCTH ¥ He CBASAHH C ee BJOXEHHeM B HPOCTpaHcTBO. [lofcuuMm ato cae-
AYIOUEM «MBICAeHHBIM 3KcHepuMenToM». [lpepcrasuM cebe, 4TO HOBepxHOCTHL
HaceNCHA HeKHMH JBYMEpHBIMH CYIIEeCTBAMH, JOCTATOYHO PAa3YMHBIMH, HO He uMelo-
IMHMH HUKAKUX BBIXOJOB B OKpYXamlliee 5TY HOBEPXHOCTb MPOCTPaHcTBO. Takue
cymectsa Mordu OB HOCTPOHTL reOMeTPHIO CBOeTO «MHUPA», HA3BaB <IPSMOUY,
npoxojdieil yepes ABe TOYMKH, Kparyafimyi u3 BceX MuHuil (JeXallux neduKoM
Ha TNOBEepXHOCTH), MNPOXOAAINUX uepe3 3TH TOuUKH (HampuMep, Ha cdepe Takoi
<mpaMoli» OyaeT xyra Goapworo xpyra), u, padtee,
OHpeleduTh «TPeYrofbHHKH», «MHOrOYTOJbHUKHY U
T. J. 4 u3yyaTb CBOHCTB2 3TuX uryp (He BHIXOAf
B OKpYXawllee HOBEPXHOCTb NpPOCTPaHcTBO). Ta
reoMeTpuf, KOTOpas NP 3TOM Hoay4uaach Owl, H
ABAfleTC BHYTPeHHeHl reoMeTpued Halled Hosepx-
woctu. [Ipu 3TOM Halu rumoTeTHuecKHe CyIecTBa
HukouM 06pasoM He cMorau O OTAHYHTB OJHY KO-
BEepXHOCTb OT Mo6oi ppyroéf, Ha Hee HaloXH-
Mol *). HanpuMep, BHYTpeHHsf TeoMeTpHE MIOCKO-
cTu—3T0 OOHYHAA IJIaHUMETpHR, KOTOpYio BCe
u3y4alT B mKode. OJxHako Bce TeOpeMBl MJaHH~
METpuH OCTAHYTCl BEPHB, €CJHH BMecTO MAOCKOCTU
paccMaTpuBaTh w00y HANOMHMYI HA Hee HO-
BEPXHOCTb, CKaxeM Napa6oauueckuii uHaAnHAp. A
BOT BHYTPeHHAf reoMeTpus cdepn CYIIECTBEHHO
OTJHYAETCSt OT TeOMeTpPHH HAOCKOCTH: HanpuMep, Ha
chepe cymMMa YIioB TpeyrodbHHKA BcerAa Goapiue,
4eM .

3. MoBePXHOCTH NOCTOAHHOM! KPUBH3HLL Pac-

' CMOTPUM HOBePXHOCTb, MOJHAas kpuBusHa K koTo-

Puc. 3.29. poil B KakJoH TOuKe HMeeT OIHO H TO Xe 3Ha-

yenne. Takue NOBePXHOCTH HABHIBATCH NOBEPX-

HOCMAMY nNOCMOAKHOU Kpusu3Hsl. V13 MHBADHAHTHOCTH HOJHOH KPHBU3HH HpH

u3rubanuax CcJAeIyeT, uTO JABe NOBEPXHOCTH HOCTOAHHOH KPUBH3HBI HAMQKHMbE

IPYT Ha JAPYra TOABKO TOFAa, KOTAA HX KPHBH3HH paBHB. MoXHO mnokasaTh,

YyTO BepHO W OGpaTHoe: XBe HOBEPXHOCTH OAHOH u ToH e MOCTOAHHON KpH-

BU3HH HANOXKUMH Apyr~Ha apyra. Taxum 06pasoM, Kaxpaas U3 3THX NOBEPXHOCTei

HOAHOCTBbIO (C TOYKH 3peHHA BHYTPeHHell CeOMETpHH) XapakTEePU3YeTCst OJHUM
qHcAOM — cBoell moanoit kpupusHod K.

FeoMeTpuueckue cBoHcTBa NOBEPXHOCTH NOCTOSIHHOH KPUBH3HH CYNIECTBEHHO
3aBHCAT OT 3HAKA KPHMBH3HBI, NO3TOMY ClelyeT OTAeNbHO pPaccMaTpPuUBaTh MOBEpPX-
HOCTH MOJOXKUTENbHOH, HYAeBOH ¥ OTPHUATEALHOR KPHBH3HHL

IMopepxHOCTbI0 HYAeBOH KPHBH3HEI fABA4eTCA IIOCKOCTh. Ee BHyTpennas
reoMeTpus — 370 o6biunas naapuMerpud. Ty Xe CaMyo BHYTPCHHIO TeOMeTpHIO
uMeeT u Mobas Apyrad moBepxHOCTb HYAeBOH KPHBH3HBL

«KaHonnueckoft Molelbio» MOBEPXHOCTH HOJMOXUTENbHOH KpHBUSHH K MOxeT

VK

*) CoobpaxeHus o TOM, KOTa BOBMOMKHO, @ KOTJa HEBO3MOKHO «BHYTPEHHUM
06pa3oM» OTAMYUTL NPAMOE OT KPHBOIO, HMEIT CMBICA HE TOJbKO TNpUMeHHU-
TeAbHO K ABYMEpHHM 00BEKTaM — HOBEPXHOCTAM, HO H 148 00BbeKTOB GoabmeR
pasMepHOCTH, B YACTHOCTH ¥ LJdf TPEXMEpPHOro NpPOCTPAaHCTBA. DTH BOMPOCHE
OueHb BAWHBI ¢ TOUKH 3peHHus ofmux mpeicrtasdenuil o Bceaennoit. K coxane-
HHIO, MBI HE HWMeE€M BO3MOXHOCTH 3JleCb HX PaccMaTpuBATb.

cayxuth cdepa paiuyca R= . BHyTpeHHAsl reoMeTpH 3TOH HOBEPXHOCTH
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OTAMYHA OT MNPUBBIYHOH HAM IAHHMETPHH: €CAH HOA <«NPAMBIMH» MOHMMATH
kparyaiimue auHuu (1. e B cAyuae cdepn Ayru OOJABIIMX KPYTOB), TO BEPHLL
Clepyiolke yTBepkienus: Mobwe ABe «OpAMBIE» NPH HEOTDAHHYEHHOM UX HpPO-
ROMKeHUH HepecekawTcsd, CyMMa YIMOB TpeyrodbHuka Ooablle JABYX mpA-
MHX H T. X

[ToBepxHOCTbIO HOCTOAHHON OTPHuaTedbHOR kpuBH3HB K < 0 dsaderca Tak
HasbiBaeMasi ncegdocgepa, koTopas usobpameHa Ha puc. 3.29. OHa mpenctasager
€060l MOBepPXHOCTb, 00Pa30BAHHYIO BpalleHHEM TPAKTPHCHL, T. €. KPHBOH, ompe-
leJisieMO#t YPaBHeHHAMH

A}

x=a(cost+lntg—5—), y = asint.

Uzo6paxennast na puc. 3.29 NMOBepXHOCTb He TAankad: oHa uMeer pebpo..
d10 06CTOATeAbCTBO He CAyUYafHO: MOMKHO TOKa3aTh, YTO B TPEXMEPHOM Mpo-
CTPaHCTBE He CYIIECTBYET HEOTPAHUYCHHO NPOMOMLKHMOH TMalKo# HOoBepXHOCTH,
uMepllielt NOCTOSIHHY I OTPUUATEAbHYI0 KPHBU3HY. BHYTpeHHas reoMerpus nceBro-
cdeps oTAMYHA M OT OOBLIMHOH NAAMMMETPHH U OT TeoMeTpuu Ha cdepe. Oxa
COBHAlaeT ¢ TaK HasmBaeMoH zeomempueii JloGauesck020, B KOTOPOH cymMa
yri0B TPEYroAbHHKA MeHbIIEe JABYX HNPAMBX, Yepes NAHHYI TOYKY HPOXOAUT
GecKOHEeUHo MHOTO MpPSIMBIX, HE HEpEceKalInuX NaHHyw, # T. 0. He uMes Bo3-
MOXHOCTH OCTAHABAMBATLCA 37eCh Ha BCeX 3THX BOMPOCAX (HMEIOLIMX, MEXAY
OpoYuM, TAybokHe CBA3H C COBPeMeHHBIMH (U3UYECKUMU IPEACTaBlAeHHAMY,
B YacTHOCTH ¢ TeOpueH OTHOCHTENBLHOCTH), MBI OTCHLIAEM HHTEPECYIOIEroca UM
quTaTedsi K COOTBETCTBYWIIEH ChelalbHOH autepatype *).

*) Cum., HanpuMep, H. B. EdumoB, Brcmaa reomerpus, $Pusmarrus, 1961,



