§ 9. ACCOIIMATHBHBIE KOJIBIA

Hacraiio BpeMA BCHOMHHOTH, 4T0 B Kypce BHCIIeH al-
re6pH HApPAAY ¢ TMOHATHEM TPYHOLI 3HAYUTENLHOE MECTO
3anUMAaIoT MOHATHA ACCONHMATHBHOIO KOJbBIA M MORYIs.
HagmeMm ¢ mepsoro m3 HuX. Haoomumy, uro accoyuamus-
o€ KO04bY0 MO;KHO ODPEeNHTh KaK MHO/KECTBO, SIBJIAONIee-
ca aGeneBoil TPYNOOM HO CIOKEHMIO M TOJYTPYNNoi Mo
ymBo;kenn1o (OHM HA3HIBAIOTCA COOTBOTCTBEHHO a/IIWINB-
HOil TPyNnoit ¥ MYJIBTAIIMKATHBHONR MOJYrpynIoil KOTb-
na), TpWYeM HSTH ONEPAUH CBA3AHH 3 aKOHMaMH
ANCTPUOYTHABHOCTH

z(y + 2) = ay + a3,
(x + y)z = 2z -} yz.

AccONTAaTHBHEIE KOJBIIA COCTABIAIOT, CJICAOBATENBHO,
mBoT000pasue.

Jobas abeaesa spynna G moxcem cayscumsv addumue-
Holi 2pYnnoli HEKOmopo2o acCOYUAMUEH020 KOABYQ — JI0C-
TaTOYHO B3ATH Ha G HYJeBOe yMHOKeHHE, T. €. HOIOKHTH
ab = 0 nna Bcex a, b = G, rae 0 — Ayxnb afMATABHOM
rpymaos. C jpyroii cTOpOHE, He BCAKaA NWOTY-
FPynma CAYHMHUTMYIBTHOINKATABHOM
HONyrpynmoifr HeKOTOpPOro acCoOIHa
THMBHOIO KOJILia., [lelfictBHTeIbH0, H3BECTHO, UTO
BO BCAHROM KoJAbIe R nas moboro ero bieMeHTa @ BHIOJ-
HAIOTCA PaBEHCTBA

a0 =0.a =0, (1)

7. €. MYJIBTHINIMKATHBHAS TOIYrPyHHa acCOlHaTHBHOIO
KONBIIA BCEINA fABJIAETCA Noay2pynnoil ¢ Hysem (Hyib 1O-
ayrpynms ompepeisiercsa pasencrsamm (1)).

Besras noayepynna G usomopgro eraadvieaemcs 6
MYABMURAUKAMUGHYI0 NOAYeDYRNY HEKOMopo2o accoyud-
MueH020 KOALYA.

IlpepnonoxuM cmepBa, 4ro G y:Ke ABIAGTCA IOATO-
JAyrpymmoi MyJBTAINIAKATHBHON HOJYrpynms Koxbna R.
Torma MOLKONBIO, IOPOKIeHHOe MHOKeCTBOM () oynmer
COCTOATH M3 TeX 9JIEMEHTOB Koxblla R, KoTophie xoTa Onl
ONHNM CHIOCOGOM 3aNMCHBAIOTCA B BHIAE CYMMB

N kqa, 2)

=G
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rfie ¢ npo6eraeT Bce BIEMEHTH U3 G, a KoopPUUNeHTH AB-
nAI0TCA HeJHMH YHCIaMH, OpHIeM He Golee K o-
HEYHOro YHcCcIa HTHX KodDPPumuen-
TOB OTAMIYHO OT HYJI A 3T0 YCIOBHe Ha KOdD-
QUINEHTH OTMEUEHO INTPHXOM Y 3Mana cyMMel. flcrHo, gTo
aleMedT b & G pomycraer sammcs Bupa (2), a mMMenso,
¢cky=1m k, =0 gaa Bcex a == b. B coorserctrum co
CBOMCTBAMHU OTEpAHON B KOMBLIE 3JIEMEHTH 3TOIC BHJA
COCTABJIANT NOAKOJBNO, TAaK Kar

Nkt Dla= N b+ 1) a 3)
a=G ei={¢] a=G
0= N 0.q, (4)
a=G
- ( Zlkaa) == 2’('— k)a, ()
esEG ae=G
Nka Db = N me, (6)
i=e b=G =G

THe m, ABAAEICH CYMMOH BCeX OTAMYHHIX OT HYJA HpO-
napefeRnit k,l, nns raxux a m b, uro ab = c¢. flcno, wro
npaBhie 9acTu paBeHcTB (3) — (6) mmeror Bug (2) ¢ Komew-
HHIM YHCIOM HEHYJIeBHX Kodddummentos. B wacrmocrh,
pasencTBo (6) osmauaer, 9T0 KOHEUHBIE CYMME, CTOSMUe
MIIO;KHTEIAME B JI6BOM YacTH 5TOr0 PABEHCTBA, MEPEMHO-
JKal0TCA IMOWIEHHO, 3aTEM NPUMEHAITCA PABEHCTHA BHAA

kot b = (ly)(ab),

NPOW3BENIeHNA ab 3aMeHAIOTCA PaBHHIMH UM 3JIEMEHTAMHA
¢ Donyrpynns G ¥, HAKOHEN, BHINOJHSETCH TPUBeIeHNe
nono6HNX wieHoB. llonydenuoe WOAKONBIO WOPOLAAETCS,
OYEBUAHO, MHOKECTBOM (.

IIyers temeps G — mpowmsBoibHas modyrpynua. Pac-
CMOTPHM MIIOJKECTBO BCEBOBMOJKHEIX (OPMANIBHEIX CYMM
Bupa (2) ¥ oXpemeN MM B 5TOM MHOMKCCTBE ONEPATEM B CO-
OTBeTCTBHE ¢ paBeHcTBamu (3) — (6). Myt mosyuam acco-
UMATHBHOE KONBI0. B camoM fele, 1o CIHOKEHHIO 5TO
O6yner abexeBa rpymma, Kark 6es BCAKEX 3aTpyXHEHUH
cuenyer u3 (3) — (5). Ilpomepra accommarmeHoCcTH YM-
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HOKCHHA W 3aKOHOB AECTPUOYTHBHOCTH YKe HECROJIBKO
IPOMO3AKA, HO HE TPeJCTABIAeT HHKAKMX NPHIHHIAATE-
HLIX TPYAHOCTeH, u ML ee omyckaeM. OTMOTHM, 9TO YMHO-
;ienpe B cooteerctBHu ¢ (6) caom Buma (2), mmewmux
JNUH, OOUH HEHYIeBOH KO3GPHHMEeHT, IPUTOM paBHLH
eHHHALE, CBORHTCA K YMHOIKEHUIO 3XEMEHTOB HOMYTPYIULL
G. dTum ompenenseTCA W3OMOpPHO® BIOKEHHe 3ajaHNON
noayrpynus G B MyJABTHINTMKATHBEYI0 HOJYIPYHNY IO-
CTPOeHHOTO HAMH KOJBIA. JT0 camoe cBobojgHoe M3 BO3-
MO/RMBIX BJOKEHWH Halllell NOAYyrpymOmel B TOM CMBLICIHe,
9TO0 BCAKWE DJIEMEHT KOJbIa 3aUHCHIBaeTCs dYepes aue-
MeHTHl HONYIpynnst B Buae (2) omHO3HAUHO.

IlocTpoennoe HWaMH KOJBIO HABHBAGTCA YEAOHUCAEH-
HWM RoAyEpYRROEHM Koabyom noayrpyunmsl G, a eciau
G — TPyNma, TO YeAOUUCACHHHM 2DYNNOosHM KOAbYOM ITOU
TPYITIAL,

Ecxn mMyapTuunmxaTHBHAS JOJAYIPyHONa acCoLUaTHB-
noro rolbna R obiamaer egmuuued (cm. § 3), 1o R Hasw-
BAGTCA KOabloM ¢ elunuyer. AccomuaTUBHBE KOJILIR
¢ eNUEUIEHd COCTABIAIOT, OYEBHAHO, MHOTooOpasue.

Besaroe accoyuamusnoe roavyo R usomopdro eraadel-
EACMCA 6 ACCOYUAMUEHOE KOAbYO ¢ eduHuyel.

Hpenmonosxam coepsa, 4Yro Koasmo R yixe cojep-
YRATCH B accommEarmpEoM koabne R ¢ emunmneii e. Torga
nofgKONBNO, mHopo;rAernoe B R MmuomectBoM R { e,
GYHAeT COCTOSATh W3 TeX JJeMEeHTOB, KOTOPHE XOTA Obl
o/(uuM CcIHOCOGOM 3aHUCHIBAOTCA B BHAE

a -+ ke, (M
rage a = R, k — uenoe umcnao; oGo3HAa9HMM BRIpOKENHE
(7) cumsomom (a, k). Wz cpoficTs omepamuiél B Koible

ciaenyer:
(a, k) + (b )=1(a+4 06, k4 1), (8)
= (0, 0), (9)
—(a, la):(—a, —k), (10)
(a, k) (b, ) = (ab + la - kb, kI). (1)

Ilycre  temeps R — Hpon3BOABHOE ACCOLMATHBIOC
KOIDL0. PaccMOTpHA MHOMCCTBO BCEBO3MORHBX AP BUAA
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(a, k), rne a & R, k — muesnoe 4ncao, W oOHPefeSiAM B HeM
onepamHl B COOTBETCTBEH ¢ pasemcTBamm (8) — (11).
Mu momysuM acconmaTHMBHOE KOIBIO — OYGBHMIHO, UTO
aTo Oymer afeseBa rpymma IO CJIO;KEHHIO, a MPOBEPKA
aACCONHATHBHOCTH YMIOMKEHHA W BaKOHOB JUCTPHOYTHB-
HOCTH XOTA W I'DOMO3JIKA, HO He MPEJCTABIAET HAKAKUX
OPUHIMNHAIBHEX TpyAHocTeld. Enuumneil aToro Koxbna
cry;eat mapa (0, 1), rax memepienno ciegyer us (11).
Haxouen, uws (8) u (11) cueayer

(@, 0) + (&, 0) = (¢ + b, 0),
(a, 0) (b, 0) = (ab, 0),

T. e. nape Bufa {(a, 0) cocraRAsIOT B DOCTPOGHIIOM HaMu
KOJBHE WOAKONGIC, W3oMopdHoe mexognoMy xoanny R.
Mu noayumam camoe cBOGORHOe BiIO:KeHMe Koabia A
B KOJBHO € €IUHULEH B TOM CMHCI€, 9T0 3aIlUChH 3IE€MEHTOB
xoawvia B B Bune (7) — sBugy (8) — (11) 6yner

(a7 k) = (a9 0) ’l" k (01 1)

— OKRA3HIBaeTCA OAHO3IHATHOM.

AcconmaTUBHO-KOMMYTATHBHEE KOIbIa (yMHOReHUE
He TOJbKO acCOMUATHRHO, HO W KOMMYTATHBHO) Oniin
OOCKA34HN, NOHATHO, KOJBIAMH WCEHd, KOJABIAMH MHO-
roanenor uw Kojeunamm ¢ynrnmit. [loxaskeM, wem ompas-
AsBaercs Goaphiofl WHTepec X UPOMBBOJILHHIM accoIma-
THBHHIM KOJBI{aM.

Paccmorpmm romomopdmuaMe HexkoTopo# rpymme G,
32UACAHHON MyJIBTHIIMKATHBHO, B aeneBy rpyuny G,
3aNACAHAYI0 agmuTuBHO. ECadm ¢ m ¢ — OBa TAKHX TOMO-
MopdmaMa, To oToGpasKeHme ¢ -}- 1, ompepeaseMoe pa-
BEHCTBOM

a(p %) = ap 4 ap, a &G, (12)
rawsre Oyger romomopdmsiiom G B G'. [efictBmrenbyo,
BBOAAY KOMMYTATHBHOCTH CIoKenus B G moxydaeMm pis
awobex a,b & G
(ab)(@ + ) = (ad)o 3 (ab)p =

= aQ + bg + aP 4 by = (ap + ap) + (bp + by) ==
=a(p -+ -+ b(e 4 V).
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flcao, uro 9TO CIOKEHEE TOMOMOPPMU3MOB KOMMYTATHBHO
7 acconuaTuBHO. PoiIb HYJIA UTpaeT HYaesoli 2omomopPHusm,
oTobpaskalomuit Belo rpynny G B myus rpymmst G'. G npy-
roii CcropoHs, mis go6oro romomoppusma ¢: G —- G’
oro0pasKenHne —¢, OUPeAeaeMoe PaBeHCTBOM

a ('_(P) = —ap, a = Gv

Gymer romMoMOpdU3MOM, TaK Rak A1 Hwbex a. bes G

(ab)(—¢) = —(ab)p = —(aq - bg) =
= (—ag) -+ (—bp) = a (—¢) 4 b (—q).

S1oT ToMoMOpPPIEM OyAeT RPOMUEONOAOHHUM RN ¢,
Tak Kak miA a & G

alp + (=) = ap 4- a (—¢) = ap — ap =0,

1. . ¢ -4 (—¢) paBHO HYTeBOMY TOMOMODPHU3MY.

Taxum obpason, zomomoppusms awboii epynne G
(erko mpoBepHTH, YTO B Kauecrse G 8leCb MOMKLO Gul10
Gn B3STL He Tpynmiy, a Jdiofyo ainre6py, OFHOTHIHYIO
¢ Tpynmoit) e abeaesy epynny G' cocmasasem no CAOMEHUNW
abeaesy epynny. B uacruoctn, sHmoMopdHaME afesneBoii
rpynme G COCTABIAT O CIOKEHUIO, ONIPe/elsieMoMy pa-
percTBoM (12), aGexey rpyumy. Bmecte ¢ TeM, B coot-
BOTCTBHH € § 3 OHH COCTABJISIT HONYIPYONY ¢ eJUHHIEH
00 VMIOJREHMIO B CMLICIE YMHOJKEHHS Tpeo0OpasoBarimii.

IToxasxeM, 9To DT ONEpPAIHUH CBSISAHLI 3AROHAMHI JIHC-
tpubytusrocTa. Mmenmo, ana aoGoro « € G u a106mY
suRoMopdu3MOB @, Y H

alq (p + 0 = (@) 4 %) = (ap) Y + (a@)x =
= a(gyp) + aloy) = alep - ¢x),

al@ + ) ol = latp + Pl o = (ap + ax)e =
= (ap)e + (ax)e = alpe) + a(xe) = a (o + 19)-
Ilna pasbuefimero OTMETHM, UTO B J[OKA3aTeNbCTBE Iep-
BOTO BaKoOHA AHCTPHOYTHBHOCTH HE HCIOJB30BAJIOCH 10,
yro mpeobpasoBauusn ¢, ¢, y, ABIAANTCA HHEoOMOpPPHaMamH,
TarnM obpasom, sHEOMOpdusMEl aberesoi rpynmut G
COCTARIAIOT OTHOCHTEJBHO OHepaliil CIO/KeHHA M YMHO-
meran ouaoMopdU3MOB ACCONMATHBHOE KOILLO € eJHHH=
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neii. OHo HasniBaeTca koabyoM sHdomopdusmos abedeBoit
rpynun  G.

Bearoe accoyuamushoe koavyo usomop@hno exaadnsaemen
6 koavyo IHdomopygusmos Hexomopoll abenegoli apynnut.

Tak Kak BCAROe ACCOIMATHBHOE KOJbIO M30MOpJHO
BRJIAABIBACTCA B ACCOIMATHBHOE KOJBIO ¢ eJuHUIel, To
MB OyjeM N0OKassBarh CIHENYIOIYI0 TEOPEMY:

Beaxroe accoyuamuenoe woavyo R ¢ edunuyer 1 uao-
MODPHO eraadwsaemcs 6 Koavyo oHIoMop@duamos ceoel
addumueHolii epynnel.

B camoMm pgene, comocraBEM BeAKOMY a & R mpeoGpa-
30Banue, IepPeBoOJisAMee BCAKWHA saeMment & & R B dievent
xa. ITo 9HAOMOPPHAEM amMTHBHOH TPYNOH Koabna R,
TAaK Kak

( + y) a = za + ya.

C.YMMe 1 NPOU3BEAEHHIO 3/JeMEeHTOB u3 R COOTBETCTBYIOT
CyMMa ¥ HpOou3BeIeHUE COOTBETCTBYIOIIUX BHIIOMOI)(I)]/I:i-
MOB, KaK IIOKa3LIBaIOT paBeHCTBA

z(a - b) = za - 2b, z(ab) = (za) b.

Haxonen, pasamansiM 2JeMeHTaM u3 [ coOTBeTCTBYIOT
pasiamuHbIe DHAOMOPOHU3MEL, TaK Kak W3 4 == b ciexyer
1.a==1-5.

B reopus acconmaTHBHBIX KoJell, HLIHE BeChMa HNIMPOKO
paspaloTannoil, GOMBIOYIO POJNEL MIPAIOT CAEAYIOMIE KIac-
CH KOJIell, He SBJIAIOIHECHd, BOPOUEM, MHOTOONPa3mAMU:
ROJABIA Ge3 jexurened myas u teaa. Mmenmo, woabipo R
11a3bIBAETCH Koabyom Oes Oeaumeaeli HYas, eClIn ero die-
MEHTH, OTIHIHBIE 0T HYJNA, COCTABIAAT NOAHONYTPYIIY
MYJBTATIIMKATHRHON MNOMYTIPYOLIGL KOABIA, HHBIMH CJO-
BaMH, eCJH IpPOoM3BeJeHHe JI06HX ABYX DICMEHTOB u3 K,
OTIHYHEIX 0T HY/JAA, caMo OTJAHYHO 0T Hynd. [cam ke
YKasaHHAS HOANOJYIPYyHNa OTIAYHBIX OT IYJA DIEMEHTOB
ABJNAETCA 10 VMHOMKOHMIO [a:ke TPYONoH, TO KOJABIO
11A3BIBAGTCH MELOM, A4 B AaCCOMUATHBHO-KOMMYTATHBHOM
cayyae — RoOIeM.

flecro, UWTo BCAKOe MOJKOJIBIO Koabra 0es feamteneil
HYJNA, B 9aCTHOCTH, TeJa, caMo OyAerT KoIBHoM 0e3 Heln-
refet Hylasa. BosHUMKaeT ecTecTBEHHBIH BOIPOC, BCAKOS
JM ACCONMATHBHOE KOJBIO 0e3 JenuTeNeli HYIA MOKHO
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BIORATH B TeI0? OTOT BOHPOC OKA3AJCH TECHO CBA3AHHBIM
¢ BOIIPOCOM 00 YCIOBUAX, IPH KOTOPHIX MOTYIPYHLA MOGKET
fn17Th BHOKeHa B Tpynmy. VI3 cBOECTB Ipynmbl HeMeJIeHNO
cleayeT, 9T0 eCAM monyrpynna G ABjIgeTcsa MOAMONYLPYIl-
moft Tpynuet, To0 G GY[ET NO4Y2PYNNOL € CORPAUjEHUAMU,
7. . aug MobLX a, b, ¢ & G u3 ac = be, a TaxiKe U3 ca =
= ¢b caegyer a = b. [loxyrpynma HemyJeBHX dIeMEHTOB
BCAKOTO ACCONMATHBHOIO KOIbIA 0Oe3 menmreneii HYIA
GyneT WOJYIPYNHOH# ¢ COKDAmEHHAMH: €CHH B KOJbIE
Ges mesureneir myag ac = bc u ¢ == 0, 10 (@ — b) ¢ = 0,
otkyga a — b =0, 1. e. a =

Moskuo moraszath, YTO BCA KA d KOMBMYTa-
THBHAA NOAYrpyHIma €C COKpPAamMeARAAMH
mzomopduo BRIAAXBBAaeTCH B abe-
NeBYy TpPymuy, a BCAKOE acCCONHATHR-
HoO-KOMMYTaTHBHOe RKOIbBOO Ges Je-
auTened ayaa (1. e. o6XTacTh enoCT-
wocTH) H30MOpPOPHO BKIajgbBaeTcCHa
r texo. C ppyroi crtopoms, A. WM. Maarnmes
(Math. Ann. 113 (1937)) mocrpomn mpmMep accounatus-
HoTO (HO He KOMMYTATHBHOTO) KoJbma 6e3 memmTenei
HyJifg, KOTOpO® He BKIAALIBAGTCA B Telio, HpHIEM HONY-
rpynna HEeHYIeBHX 3JIeMeHTOR DTOTO KOJMbIA (ABJIAMIA-
sicA, KAK MBL 3HAeM, IOJYTpynmoii ¢ COKpameHAAMM)
e BRIaNHBaercs B rpymmy. B caMoe mocsiefHee Bpems
eCKOIBKO aBTOPOB, B dactHoct#, Jl. A.BoxryrTs
(HAH CCCP 165 (1965), 555—558), mocrpomnu mpuMepsl
ACCONMATABHEIX Kojien 6e3 jejimresiell Hyds, KOTOpHIe ¢
BRJIAMHIBAIOTCA B TeJO, XOTH DOXYIPYIIH HX HeHYJAeBLIX
BICMOHTOB BRJIAJLIBAIOTCA B TPyOmy.



