§ 13. YHUBEPCAJIBHBIE AJITEBPHI
C ONEPATOPAMU. JUOPEPEHOUAJBULIE
KOJBIA. JIUHEMHBIE AJITEBPHI.
MYJbTUOIIEPATOPHLIE T'PYIIIIbI, KOJbLA
1 JINHENHBIE AJITEBPHI

Cnenmasibubpe NPOU3BOAHBE AIreOPH CHUFHATYPH
Ha IOAYIPYHNax, KOTOPHIME MH IONb30BATHCH B Ipefbi-
nymen maparpade, GBI CBABAHE ¢ (HKCHPOBAHUEM B I0-
JTYTPYRIE DJIEMEHTOB d,, ©® & Q. VHEMEA cloBaMH, Mbi
paccMaTpuBalll IONYTPYONY ¢ HOMOJHUTENLHOH CcHCTe-
MOl HyJTbapHHX oONepamnuii, MOIIHOCTH KOTOPOH paBHA
MOWIEOCTH MHO:KecTBa Q. MHoOrma paccMaTpHBAIOTCH
W JpyTHC THUNIH ajire6p ¢ MOHNOJHHTEJIBHOHR CHCTeMOM
HyAbapHHX omepanuit. TaxoBo, Hampumep, MHOTOOGPasUe
Kollell ¢ e[mHmieil, comepskameecst B MHOT000pasnu
BCeX KOJell ¢ OfHOH [OMOJHMTeNBHOH HYJIbapHOH ole-
panueii.

Croasp e 9acTo BCTPEIAOTCA ANTreOPH ¢ JOWOJIHMTeNb-
Holt cmereMmoll yHapuwX omepanuii. Taxk, NoEATHe IPYyNIE
¢ omepaTopaMm HeMeJieHHO ofobmaercs [0 HOHATHA
anrebps mHoroobpasus (Q, A) ¢ cumcremo#t omeparo-
poB X: RakOBA omepatop o €= X MOJKeH JefcTBOBATH B
anre6pe G sToro MHOrooGpasma KaK HEKOTODHIH JIHAO-
Mopdmam oTHOcHTenbHO omepanmit Q. Harx m B § 11, or
TpPOW3BOJBHON CHCTEMH ONePaTopoB X B HToM ofmem
cllydae TaK/Ke MORHO @HepedTHm K NHOAyrpynme ouepa-
TOPOB.

B uwactaocTH, ecam paccMaTpuBaercs Koasye R ¢ cu-
cmemoli onepamopoe 2, To misa aOGHX a,b & R u o &

&= X oOymer
(a + b = aa -+ be, 1)
(ab)o = ao - bo. (2)

YacTo paccMaTpHBAIOT, OFHAKO, KOJIBIA ¢ TaKO# Ho-
WONHATEALHOR CHCTeMOlt YHAPHBIX ONEpanui, 4Uro 9TH
omepanmun AeRCTBYIOT KAK 9HAOMOPOU3MBI aJIUTHBHOK
TPYNOH KOXbla, T. €. BhNoanAercs yexosme (1), HO cBA3L
¢ YMHOKeHHeM B KoJblle, BhIpakaeMan yciaosmeMm (2),
3aMeHsIeTCA HEKOTODPHM ADPYTEM yciosueM. Tax, momsartume
nnpdepennuposanpma kodsna (cM. § 10) mopckasmiBacr
cleaylolnee OMpeJeleHne:
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Hoxpuo R HasnBaercs KoavyoM ¢ cucmemoil dugepen-
yuaavhulr onepamopos A (una dugfepenyuaivhim Koab-
yom), ecim A CIy:KUT cucTeMof omepaTopoB A almu-
THBHOH TPYNUH Koabma R W ecim Mg d06HX a, b &= R
u 6 & A Bmmoausercs ycioBme

(ab) 6 = (ad)b + a(bb). 3)

Hasxpoe 6 = A peiicrByer B R, ciefioBaTelIbHO, Kak ero
mugdepenmupoBanne. Tak kax [udpdepeHIAPOBAHNA KOJb-
na R cocraBagior, Kak MH 3HaeM, JHEBO KOJbLo — 060-
3HAYMM ero depe3z Ag,— TO 0T DPOM3BOJIBHOM CHETEMbE
JuddepeHINATBHEIX ONEPATOPOB MOKHO NEpeiTH K JHeBy
xounny nudpdepernmadbHbX omepatopoB. Ilpm stom oxa-
3HIBAETCA, YTO TEOPHS KOJEI[ ¢ HPOMBBOJNLHOH CHCTEMOMH
muddpepeHIIATBHEIX omepaTopoB (uam nu ddepew-
nanxprHaA anlrebpa, Kak OPUHHATO FOBOPUTH)
PABHOCHIBHA HM3YYEHWIO OOBEKTOB, COCTOMIIHX U3 KPO-
H3BOJBHOI'O Kodbila R, aueBa Kolboa A m roMoMopduaMa
¢: A— Ap. Wuwmmu caosammu, nmommmo Ttompects (1)
{¢ 3amenoit @ Ha O) u (3) GYAYT BHOOJHATHLCA CIHCLYIOHINE
TO;RAeCTBa: AiA n06ex e = R u §,,0, = A

a(®, + 6,) = abd, -+ ad,,
a (8,°8,) = (ab,)8, — (ad,)d,,

Tiie Yepes o 0603HAaYEHO YMHOKeHIe B JIHEBOM KOIble A,
a wepez ad, 8 & A, oGosnauen ofpas amementa ¢ & R
npu juddepeniiuposanun 8¢ = Ag.

YrasreM, HaKOHeI[, eie ONMH BechMa 9JacTO BCTpeda-
IOMANCA THI KOJIeT ¢ JONOJIHHUTEeNAbHON CHCTEMOHM YHAPHHX
onepanuil, NOJACKA3HKBAaEMbIli CBA3BLI0 YMHOKEHUA B KONb-
IaxX MaTPHUL M KOJBIAX QYHKIUKE ¢ YMHOREHHEOM MaTPHIb!
uru Qysrouu Ha uwmcao. MmenHo, paccMOTpEM mpou3-
BOJIBHOE KOJBIO R ¢ Takodl [JOIOJHHTEIBHOH CHCTeMOHR
YHapHHEX omepamui X, UYTO BCAKOE O &= X [eHcTByer
B R rar sH7IOMOpMSM aJAUTHBHOI TpYNIH, Hepecrano-
BOYHBII B KOIbIe BCeX 3SHAOMOPQYH3MOB »3T0# TIPyHAb
€O BceMU NPaBHMHM W J€BHIMH YMHOKeHHAMH Koibiia R;
MHLIMH CJIOBaMH, NOMEMO ycxoBusa (1) Brmojnsercs



§ 13. VHUUBEPCAIBHBIE AJITEBPHI C OTIIEPATOPAMH 83

TaK/me chaeiyomee yeaosme: mia Jobmx a,b & R
(ab)a = (ac)b = a{ba). (4)

Te ondomopdusmet addumuenoli epynnu kosvya R,
romopsie ydosaemsopaiom Ycaosuio (4), cocmasasiom nod-
roavio Kgp 6 (accoyuamusrnon) woavye scex sndomopdusmos
amoti epynnw.

IleitcTBATENBIIO, ecau HHOMOPPUIMEL ¢ 1 ¢ 00ITaZAOT
crolicteom (4), To, mampudmep, Andg mo6HXx a, b= R

(ab)(@ = ) = (ab)p = (ab)$p = (a@)bk(ay) b =
= (ag £ ap)b = la(p £+ V)Ib,

(ab)(qy) = l(ab)ol P = l(ag)bly = [(agpyplb =
= la(qp)1b.

Beupy ROKa3amHoro OT UPOWBBOIBHON CHCTEMBI X
MOJKHO ¥a OCHOBAHME TeX ke coobpaskenuil, 9To H BHILIe,
mepeiiTi K accONUATHBHOMY KOJUbHYy K, dJIeMeHTsl KOTO-
poro eHCTBYIOT B KOJXBIE R B COOTBETCTBHM ¢ YCIOBHAMH
(1) m {4), mpuuem saman romomopdusm ¢: K — Kg, 7. e.
BpoanATeA Tarke yeaosua () n (6) nz3 § 11. Tarxmm
ofpasoM, amIUTHBHAS TPyNIa Koiabila KA OKA3LIBaeTCH
K-vopyanem. Eean woawijo A obnapaer efununeil &, To
eCTECTBCHHO IPEANOIORETH, 4TO HoaydeHuniit K-MOAYIb
YHUTApCH, T. e. BHIOJHAeTCA Tar:ke ycaosme (7) us § 11.

Ecanm pmamnr mpomsBoiibioe KoJibio R m accomumaTHs-
Hoe Lonnno K ¢ epmmmmeii, mpwueM agfUTHBHAS LPYIIa
ronniia R sBxmercs yuurapuem K-MopyldeM ¥ BHEON-
aaetTea yeaosue (4), TO Koabro R HasWBaeTCA 4uUHEHHOU
asee6poi Hax KoJbioM K.

Roxmyrarnenoerh Ko.pita A MH e Hpemoaraem.
Mo:ko mokasarte, OflHAKO, UYTO ecaH Koxabilo R He copep-
RUT AHHYAAMOPO8, T. €. TARAX HeHVJAEBHX 3JIeMeHTOB
b, uto jansg Bcex ¥ &= R

br = rbh =0,

To ¢aeficTytomee» KoabLo K HempeMeHHO OygeT KOMMY-
raruBHEM. [lo 3710l mpmumue. a Tawkke W B cuAy APYIHX
cooGpasKenmMid, ¢ OMHUM H3 KOTOPHIX MHEl BCTPETHMCH B
caenyomen mnaparpade, 1erecoobpasino OrpaHEIHTHCA
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PACCMOTPEHHEM JIHHEHHHX ajirebp JIHIML HAX acCOMMATAB-
HO-KOMMYTATUBHBIME KOJbIIAMH € CHUHHIEIA.

OcoGennEo0 Ba)kKHOE MECTO 3aHWMaeT B obmei anrebpe
Teopud AumpeHHEIXx anreOp Ham moasmu. OHa pasRABaeTcA
COBEPIIEHHO NapajyieibHo o0meii Teopuun koJdeny Ges
JOMOJHATEAbHHX YHAPHHX ONepaiuil, mpudeM JacTo WjeT
MHOFO JaJblie HoCJe[Held, TaK KaK BEKTOPHHE HPOCTPAH-
C¢TBA HAJ HOIAMH YCTPOEHH MHOTO ILIpOINe, 4YeM IPOH3-
BoNbHEIe abeeBH TPYLIIH.

Ceiiuac Gynyr yKazaHH HEROTODPHIE THIH YHHBEpPCalb-
HHX aarebp, o0o0mamue Te WK NHEE 03 PACCMOTPEOHHBIX
paHee «HKJacCHYECKUX» THHNOB anre6p. I o06o0menus
6ynyT OoOHYHO MIATH BechMa [AJEKO B CTOPOHY IIPOH3-
BOJBHHX YHUBEPCAJBHEIX ajJre6p, M HODTOMY STH THHEL
ajre6p ecTecTBEHHO BBOAWUTH JHIIL Teleph, KOTHa obmee
IMOHATHO YHUBEPCAJBHON anre0pHl MOKHO CYHUTATH BHOJHE
ONpABJAHHHM, 3aMeTHM, 4rolH He OroBapHBAThH 3TOTO
KaRIEIA pas, Yro BCO pacCMaTPUBAGMEIE HAMH KJIACCH
aare6p OyZyT MHOT00OOpasuaMi.

Haunem ¢ monaTEA, 06BeTHHAIOMEr0 HOHATHAA FPYHOE
(IIpETOM ¢ MPOUBBOJBHOM CUCTEMOH YHAPHHX OIEPATOPOB)
# xoabma. Ilyers mama rpynma G. Jra rpynna He obsizaHa
OBITH KOMMYTATUBHOH, HO HaMm Oyaer yao0HO MCHOIH30BATH
A Hee aNIUTHBHYIO 3a0KChH; B YaCTHOCTH, HYIeBO# aie-
MeHT 3ToM Tpynmel Oyder, Kak o0n4mo, 0003HAYATHCH
cumBosom (., T'pynma G naswsiBaercst 2pynnoti ¢ cucmemoi
Myavmuonepamopos Q wuau, Kopode, Q-2pyrnoiu, ecam
B G mOMHUMO TPYHNIOBHIX OHEpAlMA 3ajaHa ele HeRoTopas
cHcTeMa omepamuii Q MONTOMKHETEXBHHX ap-
HoOcCTe i, TpRIEM HTH ONEPANNN CBA3AHE C TDYHNOBHIMUI
OTepPALHAME CACHYIOIAM YCIOBHEM: I BCAKOTO M €

0...00=0, (5)

FAEe CJieBa HYJNBL ¢TOHT 1 paz. I'pynny G mazoseM addumiue-
Hoti epynnoii Q-epynnu G.

Ecan mopanre6py Q-rpynnbl Kak yHHUBepPCaJbHOM aj-
re6ppl MBL OydgeM HasmBarh Q-nodepynnoii, To ycIOBHe
(5) MoskHO OHIO OH 3aMEHNTH CIOBAMM: HYJh Q-TpyIIs
G saBiagercAa ee Q-IOATPYUION.

Ilonsarne Q-rpynnmsl mpeBpamaeTcs HPH IIYCTOH cHCTE-
Me MYJbTHoneparopor B moHATHe TIpynnsl. Besaxas
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Z-omepaTopHag TpyUlla uMeeT 2 cuUcTeMoil (yHapHBIX)
MYJLTHONEPATOPOB, TAK KaK I BCAKOTO O & X PaBeH-
ctBo 0-o = 0 meMepmienno BeiTexaer u3 ycaosusa (1)
§ 11, uepenucamuoro apgnmrusuo. Hawromern, mpomsBob-
HOe KOJIBI0 MABJIAETCA WACTHBIM CIYYaeM Q-rpymmer —
cHCTeMa MYJIbTHONEPATOPOB € COCTOMT B 3TOM Ciydae
¥3 OJHOT0 GHHAPHOTO YMHOMEHUA; CIPABEAIUBOCTH B JIIO-
Gom wonbume pasexctBa 0.0 = Q0 BolTeKaeT H3 3aKOHOB
AUCTPUOYTHBHOCTH.

Koneuro, ¢BA3b MERAY MYJIbTHOIEPATOPAMH W TPYH-
DOBMMY OIEPAlWAMH, 33jaBaeMaf ycixoBmeM (D), IpesBul-
gafino craba. Oraszanocsk, omHAKO, 9T0 BCe HapaiiledbHO
PA3BUBAIOINUECS DA3HE]IH TeOpMM IPYOH C OmepPATOPaMM
u Teopud Kojyer (Mx, BIOPOYeM, He OYeHb MHOTO) MOTYT
O1Th W3NOJKEHH CPasy Ais NOOHX MYJIbTHONePAaTOPHEIX
rpymt (X mrrmuc, Proc. London Math. Soc. 6
(1956); pycckmit meperox B c6. «Maremarurar 3, Ne 4
(1959)).

Cienyer oTMeTHTL, 9TO W TPYIOBL C OIEpPaTOpaMM, H
KOJIbI[a MPHHAIEKAT HA CAMOM JieJle K UucilLy Oucmpubl-
muenbir Q-rpynn. Mmenno, ycropue (D) 3aMeHACTCA Cie-
AYyIOmMAM MHOTO (0jiee CHJIBHHIM YCJHOBHEM AUCTPHOYTHB-
HOCTH KayK[oil omepanuum w3 Q Ha KaKIOM MecTe: ecii

0= Q,, 0 miai=1 ..., n
a,...8.1(b+c¢)a. .. .aq,0=
=d; ... QGgblisy . . . Qe F Ay ... Q10 - - - Gre. (6)
Orcrona ciepyer, Kak OGHYHO, ¥TO @y . .. d,® = 0,
ecyi XOTA OH OIHH U3 9I6MEHTOB dy, . . ., ¢, PaBEH HYIIO;

yiKe BTO CBOHMCTBO CaMO MHOTO CHJIbHee ycloBuA (9).
CroeraeM eme OfmH IHar B CTOPOHY TEOPHH KoJefm, a
HMEHHO, BHIEINM Takue [ACTPHOYTHBHBIE (Q-Ipynmsl,
aAgATHBHEE I'PYNOE KOTOPHX a 6 e 1 e B H, a BCe MYJb-
THOmepaTOpH W3 Q He Menee 4eM O M H a P HH. ITO
o6pazoBanue HA3HIBAGTCA MYALINMUOREPAMOPHYM -KOoAL-
yom. TlapanjelbHO BBOJUTCA HOHATHE MYavmuonepamop-
Kol auneinol Q-arze6pvt mam moimeM P; mMeHHo, B Ka-
yecTBe AaAJUTHBHONH Tpymnnt GepeTcss BEKTOPHOG IIPO-
CTPAHCTBO Haj wmomeM P, a MyJbTHOUEPaTOpH w3 Q

N
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VIAOBJETBOPAKT HE TOJAbBKO YCJH0BHIO HHCTPHGYTEBHOCTB

(6), HO U ycaoBuo: ecaEm © & Q,, a &SP, ro pan
i=1,...,n

a ... a3 (0a;) Gy ... G0
=afa ... Qi-y Qilisy - - - o).

Mosno yTBep:KAaTh yske, YTO UMEHHO B 3TOH 06IIHOCTH
cAeyeT paccMaTpPMBAaTh BOLPOCHL, OTHOCAIMHEECA K 11po-
M3BOJBHHEM HEACCOLUATHBHEIM KOJHIAM W HEAaCCONHaTHB-
HEM JguHeinnM anare6pas (em. ofsop A.I'. Hypoma,
VYenexn mareM. Hayk 24 : 1 (1969)).
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