§ 17. IIOJHBIE CTPYRTYPhHI. COOTBETCTBUA
YHUBEPCAJIBHBIX AJITEBP

Mnornme m3 CTPYKTYp, B TOM dUucle CTPYKTIypa HOA-
MHO;KeCTB JI000T0 MHOKECTBA H CTPYKTypa mojaxrebp
A1060H YHEBEPCATBHOMA ajreGpH, 001aat0T TeM CBOMCTBOM,
9ro mepecevenns W 06BeUHEHHS onpejeNieHH B HAX HO
TOABKO JUIA [ABYX H IO3TOMY, B CHIYy acCONUATHBHOCTH,
A n060ro KOHEYHOTO YHCHIa RIEMEHTOB, HO B AJIA BCEX
6eCKOHEUHEIX TOJMHOKECTB. JTO MPUBOAAT K CAEYIOMeMy
HOHATHIO.

YacTAuno yIOPANOYEHIIOE MHOKECTBO S HA3HIBAETCHA
ROAHOT cmpykmypoli, ecin RAA JI060r0 HEMYCTOro MO~
maosectia A C S B S cymecTByloT 2JeMEHTH ¢ H &
€O CIeRYIOmUME CROHCTBaAMM:

Il'. s Bcex a & A BHOOTHAETCA HEPABEHCTRO € < @,
OpUYeM eClIM HEKOTOPHIH dIIeMeHT ¢’ Taw;Ke YAOBJIETBOpAET
yeaoguio ¢’ <l a mias Beex ae= A, 10 ¢ <L e,

I;. Hua Becex ae& A  BHDOAHAEGTCA  HEePaBEHCTBO
d >> a, UmpuYeM eCIH HEKOTODPHH ajeMeHT d’ TaKKe
YAOBIeTBOpSET ycaoBulo d' > a nus Bcex a & 4, 10
d >d.

OnmosHaguo ompeneseHHEe DIeMeHTH ¢ W d Ha3hBa-
I0TCA COOTBETCTBEHHO nepeceuerueMm W 06beduHernueMm sie-
MEHTOB MONMHOMKeCTBa 4. 3aUNCHBAIOTCA OHH CIEYIOMEMA
obpasom: ¢ = A (mmu ¢ = () a, aam ¢ = () a4, €CAN

a=A acl
@y, o & I, mpoberaeT BCe dIEMEHTHI MOAMHOKeCTBA A);
aHajormumo ana d.

flero, uro mosmmas cTpyTypa GymeT m ImPOCTO CTPYK-
Typoii,

Becromeunas mosHas cTpyKTypa He SBIAETCA, OJHA-
KO, YHUBepCAJbHOH anreGpoit B TOM CMEICIE, KaK 3To
6o1to onpenesieno B § 1. Tem ne Menee, 570 TOHATHE HTpaeT
JdAA HAC BayKHYIO CIY/KeOHYI0 POJIb M MH CleraeM O HeMm
HECKOJBKO 3aMe4aHuii,

Beskas noamnas cmpyrmypa S obaadaem edunuyei
U Hysem — 3T0 OYXYT COOTBETCTBEHHO  3jeMeHtTh |) S
u NS,

Ecau wacmuuno ynopadowennoe muonxcecmeo S obaadaem
edunuyeli 1 u 6 Hem cywecmeyiom nepeceuerus 8aa Ai0-
6w nenyemuix nodmuozxcecme, mo S 6ydem noaHol cmpyk-
mypoti.
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Hy:xuo mokasars nmmib, 9T0 BCAKOE HEHYCTOE NOA-
MmHO:kectB0 4 C § obnajaer o6beguHEHHEM.

O6GosnaunM wepes B MHOKECTBO BCeX TAKHX BICMEHTOB
be= S, aro b > a gusa Beex a & A. Muomecrso B — ne-
nycroe, Tak Kak 1 & B, a nedroMy CYHECTBYET 3IEeMENT
d = [\ B.

Hoxa:xem, gro d = [JA.

B camom gmeme, ecam a <= A, To a < b yua Beex
be B, a nosromy a<Zd.

Capyroii crTopoHH, ecinm 3ieMeHT s & S TakoB, 41O
$ > a pna seex a = A, 10 s & B, a mosromy d < s.

Hreuno orclofa  BEITeKaer, 4YTO CMPYKMYPaA 6cex
nodanzebp awboli arcebpvt G asasemes hoaHOU,— oODe-
JAMHeHHeM JaHHOM cHeTeMm mopanarelp A, o<1,
ABXAETCA mojairefpa, TOPOKIEHHAs TEOPETHKO-MFC-
JKGCTBEHALIM O00BefmHCHHEEM moiMuoects A, a1
(cm. § 1),

Eciu pgawnl uacTmdHO YOOPAJOYCHHBIE MHOKecTBa S
u S, T0 B3aMMHO OHO3HAYHOE 0TOOpaKeHNe (¢ MHOKeCTBA
S ma MHO;KecTBO S’ HABHIBAGTEA UOMODPUIMOM, €CIIH 1A
aobrx a, b= S yeaosra a<lb um ag < by parHo-
CHABLHH.

Ecau @: S — 8" — usomopusm noanvlr cmpyrmyp
S u 8' rar wacmuuHo ynopadoueHnuxr MmHoNcECME, MO Jaa
awboeo Henycmozo nodmuomecmsea A S

(N ae= 0 (ag),
a=A ac=A
(U aeo= U (ag)
a=A a=A

JHoxrasxeM Xora OH nepBoe H3 3THX YTBEDKICHHI.

Eeam ¢ = Na, ¢’ = 0 (ap), Tows ¢ <L a, a < A, cie-
aEcA ac=A
ayer ¢ << ag, a mosToMy ¢ < c'.

C npyro# cropons, ¢’ << e, ¢ & A, otkyna ¢'¢~ <L a;
moaToMy ¢'@ ' <l ¢, oTRyma ¢’ < c@. ITEM [AOKa3aHo,
qr0 ¢ = ¢'.

I91E paccMOTpeHHsA HPEMEHHME H K CIy4ai0 CTPYKTYP,
ne o0g3aTelbHO MOMHHX. ME moiydaeM, 910 H30MoODPREIM
CTPYKTYP KaK YaCTHYHO YHOPANCUCHHEX MHOKeCTB Gyrer
ux msoMop@usmoM M Kak aareép cmrmaryps (1, U)-



4108 § 17, DOJHBILE CTPYRTYPHI

O6paTHO® OYEBWAHO, TaK Kak a << b paBHOCHTBAO
alb=a.

dieMeHT a TONHOA CTPYRTYPH S HARLIBAGTCA HOM-
naEmubM, €ciIM BO BCAKOM moIMHOKecTBe B . S, mis
roroporo a < (U B), HalifiercA Takoe KOHEUToe HOJMHO-
smecTB0 B <X B, wro a << (U B).

B noanoii cmpyrmype nodaszebp npouseosvholi aszebpu
EOMRARMHBMU IAEMEHTIAMIL ACAKIOMCE KOHEULHOROPONCIEH-
nue nodaszebpu (m. e. nodascebpul, obaadawiyue KoHeunol
cucmenot o06pasylowuUr) U MOALEO OHU.

B camom mese, myers B axrebpe G curnaryphl Q Basara
KOHSUHOIODOKIGHNAs 1ojanredpa

A= {a, ..., a

A IyCTh OHA COAEPIKUTCA B ofReimHenmu mojatredp B,
o,

A (B, a1}

BuiGupacs 1A Kamsaoro H3 9TEMEHTOB dy, . . . , €, Oy
N3 ero samuceil B Bujae {2-cioBa OT (KOHEUHOHM CHCICMBI)
9JIEMCHTOB, IPUHANJIEIKAMIAX K HEeKOTOPHIM H3 lioja’redp
B,, ae=1 (cp. § 1). B pesynprare Buifensercs Taroi

KoReuHHit Habop momanrebp B,, ..., By, o4,
..., 0,1, 90 dYepes olIeMenTh HTUX TOJAIreOp
3aOMCHIBACTCA KaLIB H3 3leMenToB ap, ..., a,. a
D03TOMY

AC {Bay - .., By}

C npyrott cropowm, ecau mopanrebpa C aareGpm G wme
pMeeT KOHEIHOM cuereMbl o0pasywomyx, T0 0OHA coBHAZAc
¢ oGneammenueM mofanre6p {c}, roe anemenr ¢ apoGeraer
pclo mopanrebpy C, Ho obmenmHenue J000TO KOMETHOTO
umabopa stux momanre6p crporo mensbize (.

Ilonnaa crpykrypa S Ha3HBaeTCHA KOMNAKMHONOPOIN -
Oerroli, eCIH BCAKHA ee 2JREMEHT ABIAeTCA o0be-
JUHeRHKEeM KOMIAKTHHEIX dJeMeHTOB. JIerko BHAETH, Wio
noanas cmpykmypa nodaszebp ecaxoli aazebpu. Oydem
romnaxkmuonoposxcdenoii. NeiictBarenbHo, BCAKAA MOJ-
anrefpa sBiagerca oObeiMHEHHEM NOJaire6p ¢ OHHUM
o6pasyIom ¥y, HOPOKIEHALIX BCEMH ee DIeMeHTAMN.
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Cymecrsyer 7Teopema Bupkroda-®puuxa,
IO KOTOPOH BCAKaA KOMIAKTHONOPO:KIAEHHAA NOJIHAA
CTPYKTYPa U30MOpPHA TOTHOH CTPYKTYpe BCOX monanreGp
nexoropoif axrebpst (Trans. Amer. Math. Soc. 64 (1948),
299-—-316).

Co Besko#d anreGpoil ecrecTBEHHHIM 06DABOM CBABHL-
BaeICA elme OXHA MOJHAA CTPYKTypa, MHOTO Gojiee mmpo-
Kasf, 9eM ¢TPYKTYpa mofanredp. Ona 6yaer BBejlerta B clie-
RAymoomeM naparpade, a cefigac yKaKeM OJHY YacTo MCIONb-
3YeMYyI0 KOHCTDYKIHIO.

ITycrs gano cemeiicteo axnrebp G;, i & I, omHoi u Tolt
sKe CHTHATYpH £, MHO:KecTBO HHAeKcoB I Moswer GLITH KaK
KOHEUHHIM, TaK B OeCKOHEUHHM. PaccMOTpPHM MHOKECTBO
G, bIeMEHTaMW KOTODPOTO ABIAITCA BCEBOZMOIKHEIE CHCOTE-
MH a = (a;]|a; & G;, i) srementoB, B3ATHX IO
OJIHOMY B KayKloi# u3 anredp G,. Muo;xecrso G MO;RHO mpe-
BPATATE B aireOpy curHatyps £, mojaras, 4To olepaumMu
ns Q BHnmonHATCH B G DOKOMIIOHGHTHO: €CiHd ¢ & O,
n>1 u B G B34ATH 5IeMeHTH

alk) = (a(ik)), k= 1, 2’ ce 1y
TO
a'a" ... aV o = (aa; . .. a"0);

ecln iKe @ £ £y, TO 3T OomepanuA oTMeuaer B G dJeMeHT
e
0 = (0),

rae 0f — pieMeHT, OTMewaeMbiii omepanmeir ® B aiareb-
pe Gi'

Anrebpa G HasBBaeTCA Oerapmosulim RPOUIEEOCHILCH
(nin MONHBIM UPAMHIM NPOM3BeNCHMEM, WIM NOJHON Hpsa-
MOl cymMmoii) aare6p Gy, [ & I, m 3amuCHBaeTCH B BH/E

G = HGl
ier

MIIH, eCJIY MHORECTBO J KOHEeUno i COCTORT K3 HATYPATBHEIX
gucex 1, 2, ..., n,— B Buje

G=G, X Gy X ...XG,.

W3 onpepenennsa onepainuit B G HeMeJIeHHO CIEAYET, 4T0
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ecian Bee auredpsi G;, { & [, npunajieskar OgHOMY U TOMY
sre MEorooGpasuio (€, A), TO ¥ MX [ieKapTOBO MpO I3BC-
[eHHE COHNEeP:KHUTCA B 3TOM MHOT000pPas3uu.

Cefigac MBI OTPAHHIHMCH PACCMOTpEHHEM JeKapTOBHIX
npomspefeHnii map airedp. Ecan pams anrebpst G m H
cUTHATYPH , TO B HX JexaproBoM npoussefenmu G X H
BO3bMeM TNPOM3BONbHYI0 mofanrefpy; Ham ymoGHo oGo-
3HaYaTh ee GYKBOH p. Jra MojaireGpa COCTOMT M3 HEKO-
tTopex map eupa (a,d), e =G, b H, npuuem ecim
(a, )= p, 10 Oygem nmcats Tarike apb. Ha p »Momno
cMOTpeTh Kak Ha OHHapHOe OTHONIEHHE ME/KIY MHO:Le-
crBamu G uw H, npmuem H3 onpefeneHns NOmasredpu u
ompeJielieHAsT OePanyil B leKapTOBOM HpPOU3BEeHHH CJIe-
nyer, uro mojaireépa B G X H — ato Te u TOJIBKO 1€
GuHEapume oTHomenms p Me:kgy G u I, kotopeie yHoBJje-
TBOPAIOT CHACAYIOUHHM YCAOBHAM:

1) ecmn 0 = Q,, n>1, u a;pb;, a; =G, b, = H,
i=1, ..., n 7O

(ay . ..a,0)p (b ... bLyo)

2) ecam ® & Q, u ormedaer B G u /I cootnerciBentio

G H G i
snemertst O, 1 Oy, 70 0, p 04

[lomanreGpn anredpst G X H, 1. e. OMEApHBE OT-
gomenna Mexpy G m H, obnamatomume cBoiicrBamu 1)
m 2), HaswBaTCa coomeemcmeusny Mexny G m H. Ilns
3amUCH TOTO, UTO P €CTh COOTBerTcTBHE MEAY G m H, Mu
6yaeM mCmoJb30BaTh cuMBOn GpH.

ITpuMepaMu COOTBETCTBHH  CIY:KAQT  BCEBO3MOKIILIC
rosomopduamu G B H wam naske 9acTHYHBE FOMOMODPHII3-
M#, T. e, TOMOMOPQU3MH mofaiare6p anreGpsl G B anrebpy
I, ectm G’ & G u ¢: G — H — roMomopdusm, Tto0,
nostarag ¢’ = b’ puaa’ & G’ u UCOONB3YA CHMBOJ ¢ s
salliclH COOTBETCTBYIOMeEro OWHADHOTO OTHONIIEHNHA, T. O,
a‘pb’, MB moayunM, 4ro ycaosus 1) m 2) HIs @ BMecTo
0 CAeRYIOT W3 ompefelennsa romomopdasma.

Ha npponssonbame ke coorBercTBHA Mewny G m H
MOJKIO CMOTPOTH KaK a «MHOTO3HAYHBIC JACTHYHEIE TOMO-
voppuamery G B H.

CooTpetcrBua meswpy anrebpamum G u H, saBuasasace
BCeBOBMOKERME Hogaarebpamnm anre6pst G X I, cocras-
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JAI0T HOJHYIO CIPYKTYpPY. VIMenno B ¢MuICHe 5T0i noanodl
cmpyrkmype. coomsememsuli mMe:xny G w H Gypmer monm-
MaThcd Jalblle YacTHIHAA YHOPALOYCHHOCTH COOTBET-
CTBUL.

Tarum o6Gpa3oM, p << ¢ pana cooTeercTBmil GpH,
GoH osnagaer, 4To s Mobnx a & G, b= H us apb
cienyer acbh.

C apyroit cTOpPOHH, IYCTh AAUH ONHOTUIHEE airebpni
G, H u K cumraarypu  u coorsercrsua GpoH m HoK.
OupeneauM ciaepywomuM o6pazoM OHHApHOE OTHOLIEHME
po Meray G u K: a(po)e, a & G, ¢ = K, T0TAa U TOABKO
TOrfa, KOTJa CYIEecTByeT XOoTd OH OJMH TAKOM JIeMeHT
b e H, wro apb u boc nnm, ropoue, apbac.

9mo npoussedenue 0c coomeememeuii GpH u HoK
camo seasemces coomsememeuenm mexcdy G v K. B camom
Jene, eciu ® & Q,, n > 1, ua;(po)e;, a; =G, ¢; = K

i=1, ..., n, t0o cymecrByor Takme b; = H, uro
a;pboe;, t =1, ..., n Iostomy mo 1) m3 onpenexenus
COOTEETCTBUA

(@ ...a8,0)p(by...0,0)0(c,...co),

OTKya, DO ONDeJelieHHI0 IPOMSBEICHMA COOTBETCTBIHI,
(@ . .. a,0) (0p0) (¢ . . . €Co0).

C gpyro# ctoponst, pag o & Q, 6yaer, BBugy 2), 0¢p0 60k,
OTKY /& 0 (ps) 0k,

Crnegyer DOMHHMTH, KOHEYHO, YTO IPOU3BENEHHE COOT-
BETCTBHH ONPENENCHO HE BCEI/a; HMEHHO, OHO HE OIpeje-
neno paa coorsercrBuit GpH n H'sK, ecim H == H'.

Yunoncenue coomeemcmeuii accoyuamusro. IedkorBu-
TeaLHO, eciam faHn coorsercieus GpH, HoK, KtL, To
misn a = G, d = L yrsepxnenue al(po)tld pasmocmasn-
HO CYIIeCTBOBaHHIO Takoro ¢ € K, uro alpo)crd, wuTO
PaBHOCHILHEO CyMeCTBOBaHWI0 Takoro be H, wto
apbsctd. llociegHee swe PABHOCHIBHO  YIBEDA/ACHMIO
apb(ot)d, T. e. yreepsrnenmio alp(ot)ld, 4ro m Tpebo-
RAJIOCH [IOKA3aTh.

OTMeTHM, YTO NPOH3BEJEHHE COOTBeTCTBEEA B TIpH-
MeHOHME K romMoMopd@aMaM mpeBpamaeTcd, OTEBHMHO,
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B IpoM3BeeHue rOMOMOPHHEMOB B CMBICIE Ppesyiantata
Wx TOCIeN0BaTebHOTO BHmodmesus (cm. § 3).

VMuoKeHHe COOTRETCTENHA CBA3AHO € HMX TACTHYIOH
1 LOPAOYHHOCTHIO CIEAYIOMUM ofpasoM: ecau Jawsl co-
omeememeus GpH, Gp'H, npuvem p < p’, mo 0as 410081
coomeememeuti HoK, LiG 6ydem

po < p'o, T TP (U

JlorasreM x0T OB IepBOE YTRCPIRACHIE.

Eemu a(po)e, a = G, ¢ = K, 10 cymecTByer Takoe
I = H, 4yro apboe, 1. e., BBULY O << p', ap'boec, OTHY
coepgver a{p’o)e.

Jlna Beskoro cootsercrBua Goll cymectsyer umeep-
cioe coomeememeue Hp™'G; mvenno, bp~la, tae a & G,
b = H, rorga u ToabKo Torja, worma apb. Vs ompenc-
qenvs coorBercTBHA (yeaoBusa 1) i 2)) HeMmeienno ciaenyer,
wyro p~! peficreuresibno OyHeT COOTBETCTBHEM I ITO Bhi-
NONHAIOTCA CJIeAYIOIIHe CBOHCTRA:

(™1 = p; (2)
ecal npoumaenermo po cymecn*ByeT, TO
(po)y™* = o7 (3)
NAKOHEN,
(Neyt= Nots (4)
el H=3)

a moaToMy H3 p <K O caegyer Tt <l o7h

Vcemonpsya yMHOMKEHHE COOTBETCTBHM, WX WaCTHIHYIO
VUOPAMOYCHHOCT, ¥ MHBEPCHOE COOTBETCTBHE, & TaKiLe
VAOATHBAA, 9T0 TOMKACCTBEHHHI aBToMOpP(H3M &; anredpnt
G sapuasercs coorBetcTBHOM (G ¢ caMuM c000I0, MOKHO
OMHCATL HEKOTOPhIe CUELMAJbHBIE BHB COOTBETCTBH.
OrMeTnM cuepsa, 4dYro eCiIH JAHO JGKAPTOBO IPOM3BE-

HeHHe
G = [IGiv
I=31
TO, CONOCTABIAA RamjgoMy oaementy (a;, =) =6
DIeMeHT a; & Gy, Mul moaydaeM sunumopdusm ;i G — Gy
o6pas Bearoit momanre6pm A & G mpm wm; Gyger
nofaarebpoit B G;, masniBaemoii mpoerumeit 4 B G;.
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B cornacwm ¢ stuM pmus moGoro coorsercrus Gpll
npockouA mojanredpm p & G X H B G nassBaercs
nepeot. npoexyuell coomeememeus P; aHAJOTUYHO OILPEHE-
AHETCA 6mopas nNPoeKyus.

bea Tpyfa mpoBepdIoTCA CleAYION[MEe YTBEDHKEHNA:

Ilepsasn (emopas) npoexyus coomgememesus GoH mozda
u moavko moeda cosnadaem ¢ G (H), rozda pp~ > eg
(woeda oY > eg).

Coomeemcmeue GpH mozda u moavko mozda 6ydem
yacmunilm  zomomopgusmon, ecau p~p <l ey; 2omomop-
Pusnomn,— ecau pp~ > gg u p7lp << e monomopguaMoMm, —
ecau pp~t = gg u PPt < ey; snumopdusmon,— ecay pp~l >
>eq u plp = ey; usomopgusmom,— ecau pp~l = ey u
pp = e
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