3anaua 18,14 (ans camocrosTesncHOro peweHus) Haiitu
. Inx—1
lim .

X

X-+e

YKk azsauue. B uucjurese ppo6u samenuts | Ha Ine. Torma
BhIpa)KeHUe, CTOfIlee NoA 3HAKOM Tpejesa, 3arnuliercs Tak:

x 1

Inx— 1 Inx—Ine lne— x \*°

= = =In(= ,

x—e = x—e @ x—e e
H Temnepb
. __‘_ ;
lim in (%)x—e = Inlim (é)x =In llm[l +— — l] - —
£ L e 1 1
=|nlxl_r.'[;l(l +x—-é-_—e) = In [’]cir:[(l +x—g)x_ ] =1nee=.el’
OTBer. l.
e

AEBATHAIUATOE NMPAKTHYECKOE 3AHSTHE

Conepxanmne: CpasneHne GeCKOHEUHO MaJbiX BeJHUYHH.

OCHOBHBIE CBEAEHHA U3 TEOPHH

flycme  f(x) wu o¢(x) — Oeckoneunvie maasie @yuKyuy npu x — a,
T. e limf(x)=0, u lime¢(x) =0, npuuem a MOXKeT GLITb KaK YHC-

x-a x-a
JOM, TaK ¥ OJHUM H3 CHMBOJIOB - oo, — oo, oo. Toraa wumelor
MECTO NMpHBOAUMBIC HHXKe Olpeae/eHUA.

Onpedeaenune 1. Ecau lim f(( ))

saemcs GecKOHEYHO MaAol ¢pyHKyuell ebicuteeo nopsadka maiocmu, no
cpasHertuio ¢ pyuryueil ¢ (x), a gynkyus o (x) HasvBaemcs OeckoHed-
HO MaAol pyHKyueld Hu3wezo0 nopadka Marocmu, no CPASHEHRUID ¢
pyuxyued f(x).
Onpedeaenne 2. Ecau lim == A%
£ma €00
saemcsa OeckoHedrno marol yukyueld Huswezo ‘nopadka masvcmu, no
cpagrenuo ¢ ¢ (x), a @ (x) Hasveaemcs OecKonedHO Maaol (pyHKyued
8vicuIe20 NOPAOKa MAAOCMU, NO CPABHEHU!O € (yHKkyued [ (x).

Onpedeaenne 3. Ecau llml(:))

Maave pynkyuu f(x) u ¢ (x) Hasewaromes GECKOHEUHO MAAbIMU O0HO20
u moeo e nopadka.

=0, mo dyuxyun f(x) Hasoe-

= oo, mo ¢yHKyus f(x) Hasbe

=A u A=+0, mo beckoneurno
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Onpedenenue 4. Ec/zuhmf—u 1, mo 6eckoneurHo maavie

X-a )
pyukyuu f(x) u ¢ (x) Hasbteafomc;z IKBUBANEHM HBIMU, UAL DABHOCUAbL-
Hotmu. B smom cayuae nuwym: f(x) ~ ¢ (x).
Onpedenenue 5. Ecau llm[f(( ))lk =A u A +0, mo beckoneuro
X=-a
manan PyHkyus f(x) Haseaemcs OeckoHeuno maroll k-0 nopadka
Mazocmu, no CpasHenuio ¢ Geckoneuno maroll pymxyueld ¢ (x) (M3 STHX
oTIpejeseHn#i BOBCE He CJAEAYeT, YTO OTHOWEeHHe JBYyX OECKOHEUHO
Ma/biX QYHKUMA BCerja MMEET KOHEUHbl H/IM GeCKOHeUHBIi Tpenes.
MoXeT 0Kas3aThCsl, UTO OTHOLIEHHE NBYX GECKOHEUHO manblX QyHKUHURA
He HMeeT HM KOHEuHOro, Hu GeCKOHeUHOro Inpepena).

Teopema (0 3aMeHe OecKOHEYHO MaJbiX QYKUufA UM SKBHUBAJIEHT-
HeiMu). [Tpedes omuowenus 08yx OecKomeuHo Marbix PyHKyui He us-
MEHUMCS, eCAU KAWOYw U3 HUX UAU KaKyo-aubo O0HY 3aMerumo
IKBUBANEHMHBIMU  UM.

3apaua 19,1. [lokasath, u4t0 ecau x — 0, To QyHkuMs x*, rae
k> 1, — 6eckOHeyHO MaJsasi BBICIIETO MOPSAKA, UeM X.

k
Pewenne. limx? = lim x#=! =0, tak Kak no ycaostio k—1>0.
x=+0 x=0
3THM H I0Ka3aHo TpeGyemoe.
3apaua 19,2. Jokasartn, uto npu x — 0 pyukuuu sinx 4 tgx —
SKBUBAJIEHTHbIE GECKOHEeuHO MaJble.
o X
Pewenune. Ecau mer nokaxem, uro li er = 1, 10 Tem ca-
x-+0
MBIM Oyner nOkasaHo, uto tgx ~sinx npu x— 0.
sin x sin x .
Nefictsurensro, 1im S0%1im S8% _ im cos x = 1.
x=0 tgx X nsm x=0
cosx
3anaua 19,3 (mas camocTosITeNbHOrO peueHus). [[oxkasaTh, 4ToO
npu x — 0 1) dyakunu sinx~x; 2) In(l +x)~x; 3) e¥—1~x;
4) sinkx ~kx; 5) In(l + kx) ~ kx;

Ykasanue Paceworpers lim 1% Jim 04D, g, In(lA0).,
x=+0 x=0 x=+0 x

x—1 n kx

7o M YOGNHTBCS, 4TO Ka&XKIblfi M3 5THX TIpeJe/oB

lim ¢ ]1m
x=0 x x=+0
pasen 1. Ilonesno 3amommuts, yto In (1 4 kx) ~ kx, sinkx ~ kx npu
x = 0.
3apaua 19,4. orasats, uto npu x — 0 oyHkuun sinkx wu
{-x(k+0, |+ 0)—06eckoHeuHO MaJjble OIHOTO ¥ TOTO K€ NOpANKa.
" . sinkx
Hdokaszareabcrro. Haigem lim i
X0
paBeH MOCTOSIHHOM BejMuHHe, OTVIMYHOM OT HYy/s (CM. onpexesenue 3).

o . sink k
Heiictsutensro, lim 2025 == 0.
x+0 lx

u ybenumcs, YTO OH

* CM. 3ajauy 18,4.
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B uactHocTH, Hanpumep, sin2x wu 3x npu x -0 Gyayr Gecko-
HEeuHO MaJBIMH OJHOTO W TOTO Ke Nopsuxa.

3agaua 19,5. Ilokasath, uTO ecau x — GeCKOHEuHO MmaJas nep-
BOrO NOpsfika, TO 1 — cos x — GecKoHeuHo Manas BTOPOro NOPSAKa,
[0 CPAaBHEHHUIO C X.

Pemenue. UTo6n nokasaTe Tpefyemoe, Halo Ha OCHOBaHHUH

. l—cosx
onpezenennst 5 nokasatb, 4ro lim-———= ecTb BeqHuHHa TOCTOAH-
x=+0
X
2sin%5
. . I—cosx . 2
Has, He papHas Hymo. HelictButenbHo, lim ——— = lim——~ =
x=+0 X x-0 %
. x . x
sin 5 sin 5
. 2 4. 2 i 1 1
= 2lim lim ——-2'—2—’ T =5

x-+0 x-0
3amMeuaHHe. an peleHny CAeNYIIINX 3anay Iroe3H0 3HaTh,

yto ecau X —a, To limx®=1, Tak Kak nepemenHas BEeJHYUI],
x-+a

CTpeMsICb K 4, BO3BOJHUTCS B CTeNeHb, PaBHYO HY/O, a NOTOMY cO-
XpaHsieT TOCTOsiHHOe 3HaueHue, pasHoe 1. Tlpenenr ee mnostomy
pasen I.
3agava 19,6. Cunras, uto x — GecKOHeYHO Masast NepBOro no-
pf/lKa, ONMpefenuTb MOPSIOK ManocTH GyHKuuH sin x — tgx.
Pemeunne. Oriyune 3Tofl 3agaud OT TNpempiayuleli COCTOUT B
TOM, UTO B Mpeablayined 3agaye MopsiioK ManocTH GyHKuuH 1 — cos x
3a:1aBaJjcsl, H TpeGOBANOCH TOMLKO MOATBEPAHTL 3To pacueroM. B sroii
3ajaue MOPSALOK MaNoCTH GyHKIMK sinx — tgx, He 3anad, a nopne-
JKHT omnpejejsesio. Dyaem cuuTath, uTO NOPANOK MAaJOCTH 3TOH
sinx—tgx

(YHKUHH paBeH Rk u Hafizem & Takoe, uToObl lim———— Hwmes KO-
x-0 X
HeyHoe 3HayeHue, OTJIMYHOe OT Hy/s (cM. ompenesneHue 5 Ha cTp. 132):
i sinx
. sin X———_ . .
. sinx —tg x . Ccos x . sin x ¢c0s x — si
lim ————k—g—— = lim - =1im ksx Sinx
x>0 X x-0 X x-0 X" Cos x
— lim 1 i sin x cos x — sin x =1.1im sinx (cosx— 1)
10 COSX 49 x* x£+0 £
iy sin?a 2
. Sinx SIn ] . sin x . sin 3
= —lim ———— = — 2lim lim —— =
x=0 x z-0 X X0 X
Y . ox
sm2-§ { sin &
=—2.1.lim— — = —2lim lim x3—* =
-0 * x x-+0 x=+0
1\2,. 1,.
= ——2(7) lim x3—#% = —2711m x3—*,
Tx-0 g0

Teneps neno pewaer npejea lim x3—*. Ecau npeanonoxuts, uTo

-0
3—k>0, 10 limx3—% =0, Ecn; Ke 3 —£ <0, 70 limx3—* = co.
xX-0 XU
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YTo66l NOJAYYHTH KOHEUHHI! W OMIMYHBIA OT Hyasa lim x®—*%, Hagno

Xl
oT6pocuth npexpnonoxenns 3— k>0 u 3—k <0, Tak KaK B nep-
BOM CJlyyae HCKOMbIfi TNpefes paBeH HyJo, a2 BO BTOpPOM — Gecko-
HeynoctH. ToOabKO Ttorma, korma 3—kEk =0, T. e. Korna £ = 3, MH

NoJyYuM, Ha OCHOBAaHMM CIENaHHOro 3ameuanus (cM. 3apauy 19,9),
. o 1
yro limx®—% =1, a uckombiii mpenen paseH— , T. € HMeET Ko-
x-0
HeUHOe M OTIMYHOe OT HyJs 3Hauenue. Mrak, k=3 u npu x >0
¢byHkuua sin x — tg x — 6eCKOHeUHO Manast TPETLEro NOPsA LKA MAJIOCTH,
N0 CpaBHeRHIO C X.
3anaua 19,7. Cupras, uTo X — GECKOHEUHO MaJjiasi BeIHYHHA Tiep-
BOFO TNOpsiIKa, ONpefe]HTb TNOPANOK MaJOCTH GeCKOHEUYHO MaJloi

dbyHRUIHH
In (1 4+ x2 4+ x%).
Pemwenne. Bynem cuutarb, 4YTO HCKOMBIA NOpPAAOK MajJOCTH

. In(l 4 x2 3
pased k£ W onpeneauMm k Tax, 4ToOhI lxmii%ﬂ—)- Hmes KoHey-
x-0 X

HO€ 3nauyeHHe, OTJAUYHOE OT HYyJA.

. In (1 x2 b x9) o In(Ep a2 x5) x2 423
jim —————1=7 = |im =
x-+0 x* x-0 X% x° x*
TR L (o e S BTN L S
=T e T

[lepsmit mpenen pasen 1 (mopcranoska: x* -+ x® =z npUBOIMT

.o In(12)
K XOpowo H3BecTHoMy mpepeay: lim ———— =1).
20
Orniiem Tenepb BTOpOH Npenes:
. x2hxt . .
lim 225 — 1im (2= + £3-%) = lim £2=* (1 +x).
Xl X x-0 x-+0

HMocnennuit npegen umeeT KOHeuHoe 3HAUEHHE TOJBLKO B TOM CJy-
vyae, korga 2—k=0, T. e. k=2, Tak Kak ecau k <2, TO 3TOT
npenes paseH HyJio, a ecaH k> 2, 1o npu x — 0 x2—* — Benuuuya
GeckoneuyHo Gosbwas, npu k=2 limx®—% = 1.

x-0
2 3
Takum o6pasoM, ecan k=2, To ]imwﬁ_x) =1.1=+0.
x=+0 X .

Hrak, npu x — 0 GeckoHeuno manas dyuxuus In (1 4 x* 4 x®) umeer
BTOPOH MNOPSNOK MAJIOCTH OTHOCHTENbHO GECKOHEeUHO Masof x.

3apaua 19,8 (n1a cavocroareasHoro peutenus). Cuuras, 4to x—
GeCKOHeYHO Ma/ias BeNHYMHA NepBOro MNOpsiKa, ONpefeHTb Nnops-
oK GecKOHeYHO MaJjiof (YHKUHH

In (1 4- x + x?).
OrseT. [lepBoro nopsimka manoctu (k= 1).
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3apaua 19,9. Cuuras, uTo x — GECKOHEUHO MaJiast BeIHYMHA mep-
BOTO TMOpSNKA, ONpENeNHTL MNOPSANOK MaJOCTH GEeCKOHEUHO Manoif
¢byHKunH

c0s 3x — oS x.

€os Ax — cos x

Pewenune. Onpenernm uucao k£ Tak, utobwl lim -

x-0 X
HMEJl KOHEYHOe 3HaueHwe, He PaBHOe HyJo. YUHTHIBAS, UTO COS 3Xx—
— oS x = — 28in 2x sin x, HCKOMEI Mpexes nepenyuuem B Byie
. s 3x — COs X . 2sin 2xsin x
li C—E)—T— = —lim —F——=
x-0 X x-+0 X
. sin2x,. sinx .. 1 .
= —21]im lim lm—— = —2-2-1.limx?—*.
x+0 X x=0 * x.0x x=0

Ecnu s3ath k< 2, 10 limx>~* =0, u Torza Becb MCKOMHIH Npe-

x~0
aen Gyfer paBeH HyJIO, a Mbl KUIEM TaKOe 3HaueHHe k, MPH KOTOpOM
UCKOMBIH npegen Obly Obl KOHeUeH, HO He paBeH HYJIo.

Ecau B3ate £ > 2, T0 limx®>~% = co, 4TO Takxe He rojguTCH,
x—=0
TaK Kak TOTAa HCKOMBIA Npenes He KoHeueH. M toabko Toraa, korna

. . ... C0s3x — Cos x
k=2limx*~* =1, a uckomplii npegen lim ———— = —4.1=
x-0 x—+0 X

= —4, T. e. UMEeT KOHeyHoe M He paBHOe Hy/I0 3HaueHue.

Hrak, k= 2. Tlpuy x — 0 OeckoHeuHO Ma/ias GYHKUHA COS 3x —
— CcOS X MMeeT BTOPOH MOPSIAOK MAaJOCTH, NO CpaBHEHHIO ¢ x — Gec-
KGHEYHO Masiofl NepBOro Mopsika.

Sapnaua 19,10 (ans camocrosTenbHoro peweHus). Cuuras, uto
x — GecKoHeHMHO MaJjasi BeJMYuHa NepBoro Mnopsjgka, ONpeiesuTb Io-
pAIOK OGeCKOHeYHO MaJoH (QyHKUHH €Os2x — COS X.

Otser. 2 =2.

Tenepb BHIMOMHHM YNpaX{HeHHsi, CBSI3aHHbIE C MCMOJb30BAHHEM
Teopembt (cTp. 132) 0 3ameHe GeCKOHEYHO MaJblX (YHKUHH HM 3KBH-
BaJeHTHbIMH. JTa TeopeMa BO MHOTHX CJy4yasX 3HAUMTENBHO YIpo-
LLaeT OnpeleneHne Npelenos.

In (1 & 3%)

3apaua 19,11, Ha#itu lim -
sin 4x

x>0
Pewenmne. [Ipn x > 0 yucautenb 1 s3Havenartenb 1pobu — dyHK-
uuH  GeckoHeuHo manwie. M3 3apaun 19,3 Ham H3BecTHO, UTO npH
x — 0 GeckoneuHo majast ¢yHkuus In(1 -+ 3x) ~3x, sindy ~4x, a
NIOTOMY, HMCHOMB3Ys 3Ty TeOpemy, NoJayyaeMm
In(l 4 3x . 3x 3
ﬁ_?— = l]m =]

lim — —= =,
i) sin 4x cwg dx 4

o : sin 3x
3ajnaua 19,12. Haiitu l??';;qr};:;j?.



Pemenne. Tak kak npu x>0 GeckoHeuHo Manas GYHKUHS
sin 3x ~ 3x, To 3aMensn 5in 3x 3KBUBaJeHTHO! efi GeCKOHEUHO MaJIo# 3x,
noJyuaem

i sin 3x =i 3x = lim 3x =3
T R =

3anaua 19, 13 (q1s camocToATeabHoro pewenus). [lonb3ysice
CO0S ax — COos an

n— x2

Teopemoit (cTp. 132), nafitu lim

x-n

asinan

on
3anaua 19, 14 (zaa camo-
crosiTenbHoro pewenus). Ioap-
3ysicb Teopemoil (ctp. 132),

o . si n
HaHTH 11m( ikl )

OrBer.

x=0 \ SiN Rx

1
OTBerT. o

3anaua 19, 15 (ras camocTosiTeNbHOrO pewenus). Menonb3ys Ty xe
TeopeMmy, NOKasaThb, YTO

. sinx . . .
1) Lljrolm——l, 2) llzr()lcosecx In(l4+x)=1.

JABAJLATOE NMPAKTHYECKOE 3AHSITHE

Conepxaunne: HenpepusHocTs dynxuuu. OnHocToponnue npemessl. Tourn
paspeiBa M UX KJaccHUKaUUA.

OCHOBHBIE CBEAEHUS! U3 TEOPUH

Onpeodenenne 1. Ecau npeder pyncyuu f(x) npu x — a cyuwe-
cmeyem u paseH 3HAYEHUr0 (QYHKYuUU ¢ mouke x = a, mo PYHKyus
f (X) Hasveaemcs HenpepoigHOU npu x = a UL 8 mo4ke a, m. e.

Oan pyurxyuu f(x), HenpepeisHol npu x = a GOAHCHO GLINOAHAMBLCSA
pasexcmso

lim £ (x) = f (a). (20, 1)

Ilpu amom caedyem umemp 8 eudy, umo OAR HenpepuisHOCm U
Qynryuu npu x =a pasercmso (20,1) O0anHO 8unorHAmECA npu
cmpemaeHuy X K a at060My 3aK0HY.

Has moeo umobst cozaacHo Imomy onpedeseHuro (hyHKyus 6oiaa
HenpepogHold npu x = a, mpebyemcs 6viNOAHEHUE MAKUX MPEX UCAO-
auii:

1. Touka a Goaxcna npurnadaedxcams obaacmu ONPeOesCHUS (DyHK-
yuu, maxk Kkax uHase 0 3HaweHuu pyukyuu f(a) 8 amol mouxke we
umeem cmoicaa ecgopume. Dynxyusa f(x) doaxcna 6Goimns onpedesena
He MOAbKO 6 CaMOl mouke a, HO U 8 HeKOmopoll ee OKpeCmHOCmL.
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