12 Nekuynn kadeapbl BbiCWeN MaTeMaTUKu
MOTHU
“AHaIMTHMYecCKass TeOMeTpUsI M JIMHEMHass anrebpa’” YmHoBAE.

Pa3pen 1

BEKTOPHI
U NMHEWHBIE OMNEPALUNN C HUMU

§1.1. MaTpuunbie 00bEKTbI

AHAJIUTHYECKOE OMUCAHNUE FEOMETPUUECKUX (PUTYp U Te, PaBHO KaK M ONepaLyii ¢ HUIMH,
MOXeT ObITb B OOJIBIIOM HYHCIIE CIy4aeB YNPOIIEHO 3a CHET HCIIOJIb30BAHUS CHENHUANBbHOIO MaTe-
MaTHYECKOTO 00BEKTa, Ha3bIBAEMOTO MAMPUYeli.

Onpenenewne  Mampuyeii pazmepa mxn Ha3bIBaeTCs YIOPSAOUEHHAs MPSMOYTOJIbHAS TaOnuIa
111 (MM MacCUB) YUCEN, CONEpIKaIas 71 CTPOK U 71 CTOJIOLOB.

Uwncna, BXOAALINE B ONMHMCAHUE MATPULBI, Ha3bIBAEMBbIE €€ onemenmamu (W KOMROHEH-
mamit), XapakTepU3yIOTCs KaK CBOUM 3HAYEHHEM, TaK U HOMEPAMH CTPOK M CTOJIOLOB. Y CIIOBUMCS
o .. . 1
0003HA4ATH JIEMEHT MATPHIIbI, PACTIONIOKEHHBIN B /- CTPOKE U j-M CTONONE, KaK «;; ).

Onpepenenne  Yucna m , 1 ¥ Mxi HA3bIBAIOTCS pA3MEPAMU MATPULIBL.
11.2.

Martpunpsl 0003HAYAIOTCS W 3aMKCHIBAIOTCS MEPEUUCICHHEeM uX 3JieMeHToB. Hampumep,
KaK: mampuya ¢ saemenmamu @, i =[1,m]; j=[1,n], nmn xe B passepHyTOH Dopme

. Gy Qg3 Uy, . Gy Q3 . . Oy Q3 ay,
Ay Uy  Op 2 Ay Qyp Gy ... Oy Qy Uy U3 a,,
Uy O3 Uz s, ;| Uz Q3 Uiz ... Qg ;|| % Hzn a3 Uy |,
aml amZ am3 c amn _aml amZ am3 amn aml amZ am3 amn

'Y Crenyer unrars “ansgha ij=
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U3 KOTOPBIX MbI OyJeM HCIOJIBb30BaTh MocienHon. Ecnu ske HaMm motpedyercs mepaseeprymoe

MPECTaBICHHE MATPHILIBI, TO MbI OyJIEM €€ 3aTIChIBATh B BUE H a; H WA TTPOCTO H A H .

MaTpulibl IPUHATO KIACCUPHUIPOBATD MO KOJINYECTBY UX CTPOK U CTOJIOLIOB.

Onpepenenve  Ecnu m =n , TO MaTpuLia Ha3bIBAECTCS KEAOPAMHOI, NOPAOKA N .
1.1.3.

Martpuna pasmepa mx1 HazbIBaeTCS M-MEPHBIM (HITH M-KOMIIOHEHTHBIM) CH1010-
yom. Matpuna pasmepa lxn# Ha3bIBaeTCA N-MEPHOH (MM H-KOMIIOHEHTHOI)
CHIPOKOIL.

OT™MeTnM, 4TO, XOTS (POPMANIBHO [T 0003HAYEHUSI CTPOK HMIIH CTOJIOLOB CIIEAYeT HCIIOIb-

30BaTh ABYXUHACKCHBIC 3aIlIMCU H alj H 50050 Hﬂﬂ , HCMCHAIMUECA UHACKCHI ITPUHATO OIMyCKAaTh, B

pesyJbrare 4yero 0003HauUeHHs CTPOK WUJIHM CTOJIOLOB MPUHUMAIOT BHI H a; H WJIH, COOTBETCTBEHHO,

||ﬂl || . B aTux ClIy4dasax, pasyMeEE€TCs, HGO6XOI[I/IMO SABHO YKa3bIBaTb, O UEM UACT PCUb. O CTPOKE HUIIN

0 cTouoILe.

HeKOTOpre HaCTO UCIOJBb3YyEMbIC MATPULIBI C 0COOBIMH 3HAYEHUSIMU JJIEMECHTOB, UMCIOT
CIICIHUAaJIbHbIC Ha3BaHUA U 0003HAYEHHSI.

Onpepenenvte  KBazmparHass wmarpuna, 1Jisi KOTOPOH @, =,

On ;i» Vi, j=[Ln], HasbiBaeTcs

CUMMempuU4eCKoll.

Marpuua, Bce 37€MEHTbI KOTOPOU PaBHBI HYJIIO, Ha3bIBaeTCs Hy/neesoil. Hynesyro

Mmatpuly Oyaem o003Ha4aTh ” 0 ”

KBanpaTtnas MaTpuua nopsiaka 7 BUaa

1 0 0 ... O
0 1 O 0
0 0 1 0
0O 0 0 .. 1

Ha3bIBACTCS eOunuynoil. ENMHUYHYI0 MaTpHLly NPUHATO 0003HAYATh H E H :
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“AHaIMTHMYecCKass TeOMeTpUsI M JIMHEMHass anrebpa’” YmHoBAE.

Onepauuun ¢ maTpuuamm

Onpegernenne
1.1.5.

Onpegernenne
1.1.6.

Onpegernenne
1.1.7.

JIBe MaTpullbl ”A” u ”B” HA3bIBAIOTCS pasHvivMu (0003HAUASTCA: HAH:HB‘

),

€CJIM OHU OIMHAKOBBIX PAa3MEPOB M €CJIM UX COOTBETCTBYIOIIHUE KOMITOHEHTHI
paBHBI, TO €CThb &, = 3., Vi=[l,m], Vj=[1,n].

Martpuua ”C ” Ha3bIBACTCSl CYMMOU MaAmpuy ”A” u ”B ” (oboznavaercs:
[cl=14l+]] E
vi, =, + B, Vi=[l,m],Vj=[Ln], roe wucna y,;,Vi=[l,m], Vj=[ln] ss-

), €CIM MaTpPULIbI HA |C H OJIMHAKOBBIX pPa3MepoB U

2 2

JATCA COOTBETCTBYHOIIMMU KOMIIOHCHTAMU MAaTPULbL || C || .

Martpuua ” C ” Ha3bIBACTCS MPOU3GEOeHueM Yucia A Ha MaTPULy ” A ” (obo3Ha-

YJaeTcs: ”CH:ﬂH A| ), €CI MaTpHLbI ”A” u ”CH OJIMHAKOBBIX Pa3MepoB U
7., =Aa,, Vi=[l,m], Vj=[1n].

OTMeTHM, 9YTO YMHOXKATh Ha YUCJIO MOXKHO MaTpHIy JI0O0OTO pasMepa.

3ameyanue:

Onpegernenne
1.1.8.

B KQ4ECTBE BCEX WJIM HEKOTOPBIX JJIEMEHTOB MAaTPULbI BO3MOXXHO HCIOJIB30Ba-
HHE HE TOJBKO YMCEN, HO U JPYTHX MaTEeMaTUYECKHX OOBEKTOB, ISl KOTOPBIX
NOAXOIAIINM O0pa3oM OIpeneNieHbl ONEepaliid CPaBHEHUS, CIOXKEHUS M YMHO-
JKEHHUsI Ha YUCIIO, HAIPUMED, BEKTOPOB, (PyHKLNI HIIH TEX e MaTPHLI,

1pancnonuposanuem MaTpuLbl HA3bIBAETCsS OMNEpalus, B pe3yJbTaTe KOTOPOM
oOpasyeTcst HoBasi MaTpPHULA, I7l€ CTPOKAMHU CJIYJKaT CTOJOLBI MCXOMHOM, 3aImu-
CaHHbBIE C COXPaHEHHUEM MOpPsAKa UX CIeOBaHUS.

k| ... |n-1|n ﬂ TpaHCMoHMpoBaHue |- | k |

Pucynox 1.1.1.
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T
, obo3HavaeTcs ||A|| ,

Marpuiia, noy4aroascs B pe3yJJbTaTe TPAHCTIOHUPOBAHUS MATPHULIBI ” A

npu 3ToM (cm. puc.1.1.1.)

T ap Uy o]
ayp Gy O3 Uy
app Ay L)
Uy Gy Oy sy
= || %3 923 @3 |,
aml amZ am3 amn
aln aZn amn

TO €CTb /ISl 3IEMEHTOB TPAHCTIOHUPOBAHHON MaTPHIIbI | A HT npu Vi=[1,m],Vj=[1,n] BepHo pa-

T
BEHCTBO: &, ; =,

Omnepauys TpaHCIIOHUPOBAHUS, HANpUMeEp, HE U3MEHSET CUMMETPUYECKYI0 MaTpHLly, HO
MEPEeBOIAUT CTPOKY pa3mepa lxm B cronden pasmepa mix1 1 HaoOOpoT.

HeTepMuHaHTbl (ONnpegenuTenu) KBagpaTHbIX MaTpul, 2-ro 1 3-ro nopsiaka

JInsl KBaPaTHBIX MATPHULL CYINECTBYET CIELHATbHAs YUCIOBAs XapaKTEPUCTHKA, Ha3bIBae-
Masi Oemepmunanmom (Wnu onpeodenumenem) N obo3Hayaemas kak det ” A H "). Usyuenne cBOICTB

onpenenuTeNel KBaapaTHBIX MATPUI] /1 -TO Nopsiaka OyaeT BBIMOJHEHO B paszene O, 31ech Jke Or-
pPaHUYUMCS PACCMOTPEHHUEM ONpEAEIUTENeH KBaAPATHBIX MATPHULL 2-TO U 3-IO MOPSAKOB.

Onpenenenne  /lemepmunanmom (M onpedenumenem) KBAAPATHON MATPHUIBl 2-TO TOPSIKA

1.1.9.

a a

clll c¥12
HasbIBaeTcs qucio det = 0,0, — 00, .

c¥21 c¥22 c¥21 c¥22

11 12

Onpenenenne  /lemepmunanmom (WA onpedenumenem) KBAAPATHON MATPHUIBl 3-TO TOPSIKa

1.1.10.
a a a

11 12 13

a, O, O, || Ha3BIBAETCS YUCIIO

a3 1 a3 2 a3 3

1) JleTepMHHAHT KBAIPATHOMH MATPHITH TAKKE YACTO OOO3HAYAOT TIPH MOMOIIM OJTHHAPHBIX BEPTHKATBHBIX OTPAHHMIH-
TeJEH |...|. MBI HE OyIeM HCIHOIb30BaTh 3TOT BHA 0003HAUCHI, YTOOBI H30€XKaTh KOH(INKTA C MPEICTABICHHEM a0Cco-
JIKOTHBIX BCJIUMYIUH, MOIY neﬁ, JJTAH 1 HOPM.
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Nekuuun kadepbl BbiCleNn MaTeMaTUKK

MOTH
“AHaIMTHMYecCKass TeOMeTpUsI M JIMHEMHass anrebpa’” YmHoBAE.
clll c¥12 c¥13
det c¥21 c¥22 c¥23 = c¥116¥226¥33 + c¥136¥216¥32 + c¥126¥236¥31 -
c¥31 c¥32 a33
T O 00y T 00 Oy — O Ot
HmeroT MecTo Clienyoime TEOPEeMbI:
Teopema Omnpeaennrenb MATPULBI 3-T0 MOPSIAKA MOKET ObITH BBIPAKEH Yepe3 omnpe-
111, AeJUTEH 2-T0 MOpsiAKA (PopMyJIok CJIeqyI0mero BHAA:
clll c¥12 c¥13
det |, @), @y
c¥31 c¥32 a33
c¥22 23 c¥21 c¥23 c¥21 c¥22
=a,, det -a,, det +a,, det ,
c¥32 a33 c¥31 a33 c¥31 c¥32
HA3BIBAEMOIi Pa310Jicenuem onpedeiiumelis no nepeoil CHpoke.
ﬂ,OKa3aTEJ'IbCTBOZ
Hannast Gopmysia mpoBepsieTCss HEMOCPEACTBEHHO MHpu momomm onpenenenuid 1.1.9. u
1.1.10.
3amevanus:  1°.  @DopmyJibl, aHAJOTHYHbIE MPUBENEHHOH B (opmynuposke Teopembr 1.1.1.,

MOFYT 6bITb l'IO.]'IyLIeHbI KakK aJist Ka)KI[OfI N3 OCTAaJIbHBIX CTpOK ManI/IL[bIj TaK
U IJIs1 JIFOOOro U3 ee CTONOLOB.

2°.  HuHorma moacyeTr 3HAYEHUs OMPEACIHUTENII MAaTPHUIbl TPETbEro MOpsKa
yaoOHee BBIMOIHUTD I10 CIEAYIOIEMY MTPaBHIIY:

Q.
[C]
o

Pucynox 1.1.2.
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Kaxaoe ciraraemoe B onpeneneHuu 1.1.10. ecTe npounsseneHne HEKOTOPOU
TPOHKHU 3JIEMEHTOB MAaTPULIbI, IPUYEM 3JIEMEHTHI, BXOASIINE B MPOU3BEME-
Hus, Oepylirecs co 3HakoM "tumoc”, coearHeHsl Ha puc.1.1.2. crourHbeMH
JVHUSAMH, 3JIEMEHTBI, BXOISIIHE B NMPOHM3BENEHUs, OepyIiuecss cO 3HAKOM
"MUHYC", - IUTPUXOBBIMHU JIMHUAMU.

HenocpeacTeenHas nposepka nokasbiaet, 4yTo u3 onpenenenuit 1.1.9. u 1.1.10. BeiTekaer
Criepcraue IIpu TpaHCNOHUPOBAHUH KBAAPATHBLIX MATPHUL BTOPOr0 WJIH TPeThbero nopsia-

111, KA X ONpeaeuTeH He MEHSIIOTCS.

B tepmuHax ompenenuresel MaTpHUI BTOPOTO MOPsiAKa JOCTATOYHO yAOOHO popmymupy-
€TCsl YCJIOBUE OJHO3HAYHON Pa3pelIMMOCTH CUCTEMBI JIByX JIMHEHHBIX YPaBHEHUN C JByMs HEU3-
BECTHBIMH.

. . ané tans =p
Teopema HJsi Toro 4tro0bl cucTeMa JIMHEHHBIX YpaBHeHHil HMeJsa
1.1.2. 6 +08, =
Clll c¥12
eIMHCTBEHHOE pelleHne, He00X0AMMO H 10CTATOYHO, YTO0bI det #0.
a,
21 22

,D,OK83 aTenbCTBO!
JlokazxeM HeOOXOAUMOCTb.

[lycte naHHasi cucTeMa JUHEWHBIX YPaBHEHUH MMEET €IWHCTBEHHOE PEIIeHUE - YIOPSI0-
4eHHyI0 mapy umucen {&,& }, TOrga AOJKHBI OBITh CHPABENIMBLIMU CIEAYIOIIHNE U3 €€

YPaBHEHUI COOTHOLIEHUS

(@10 —05001) = (P10, — Brayy) Sl 109y —ayr0y1) = (Bias — Boroyy)
wm A=A, ; A=A, roe
o o o o
A=det| ™ D2 Az D D2, Ay et P
Qy App By o a

Pasenctea A=A, ; &SA=A, He BepHbI mpH WU TIpH . pn

Ay #0 A, #0
A=A, =A, =0 xo3pPuLneHTs ypaBHEHN HCXOAHON CUCTEMBI MIPOIIOPLHOHAIBHBL, U TO-
raa y Hee nMeercs OeCUHCIEHHOE MHOXKECTBO PEIleHHH - map 4ducen {&,& ) Takux, 4To
a,é +a,é, = f,. lloaToMy U3 ycloBusl CyLIECTBOBAHUA U €JUHCTBEHHOCTH PEIIEHMS Clie-
ayet, uto A # 0.
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Jlokaxkem TOCTaTOYHOCTD.

Ecmu A+#0, To ncxomgHast cucremMa JMHEHHBIX ypaBHEHUI umeer pemenue {& ,&, }, ogHo-

3HAYHO OIpeAesieMOe 3HAYEHUSIMH TapaMeTpoOB «,,, &,, Uy, Uy, [, > 1O (pOpMyIIam

A A
‘leXl H§2:f~

Teopema gokasaHa.

§1.2. HanpaBJieHHbIE O0TPE3KH

Onpenenenne  OQTpe30K MPSIMOM, KOHIIAMH KOTOPOTO CIy>KaT JieKalune Ha Heil Touku 4 u B, Ha-
124. 3BIBACTCS HANPAGIEHHBIM OMPE3KOM, €CIIN YKa3aHO, Kakas M3 3THX ABYX TOYEK
SBIISIETCS HAUAIOM ¥ KaKast - KOHYOM OTPe3Ka.

HanpagneHHBIN OTPE30K, HAYaJ0 U KOHEL KOTOPOro COBMAAAIOT, HA3bIBAETCS H)-
JIe6biM HATIPABJIICHHBIM OTPE3KOM.

Hamnpagssennsiii oTpe3ok Oyaem m3o0pakaTb CUMBONIMYECKH AB , monarasi, 94To Touka A sBisieTcs
HA4aJoM OTpe3Ka, a TOUka B - ero KoHIoM. MHorna HampasiieHHBIH OTPe30K 0003HAYAETCsl MPOCTO

kak a. [lnnHa orpeska 0003HAYAETCs KaK ’AB ’ Win ‘ a ‘ COOTBETCTBEHHO.

Hencteua ¢ HanpaBnNeHHbIMW OTPE3KaMn

Onpeaenedne  J[Ba HEHyJIEBBIX HaNpaBJIeHHbIX OTpe3ka AB u CD CUUTAOTCA PAGHBIMU, €CIU
122
OHU
- JieXKaT Ha MapajiebHbIX MPSAMBIX;
1
- HAIPaBJICHbI B OJHY CTOPOHY );

HUMCIOT PABHBIC JIUHBIL, T.C. |@| = |@| 2).

Bce HynieBBIC OTPE3KU CUUTAKOTCS PaBHBIMU APYT APYTY.

b Tapannensasic Hanpasiernbie otpeskn AB u CD cumrarorcs oounaxoeo nanpasnennvvu, ecom Touku B u

D nexar o omry cTopony ot npsamoii, mpoxomsameii uepes Toukun A u C .
%) B pamkax JaHHOTO Kypca IPEAHOIAracTcs 3HAKOMCTBO YHTATEIL C OCHOBHBIME HOHATHSIMH, AKCHOMAMH H TCO-
PEMAMH 3IEMEHTAPHOH T€OMETPHH, H IOTOMY OHH 31€Ch HE PACCMATPHBAKOTCSL.
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3aMeTuM, 4TO B CUJTy omnpeaencHus 1.2.2. mapaijienbHblid IePEeHOC HAPABJICHHBIX OTPE3-
KOB UX HC MCHJACT.

IlycTh nanHbl [Ba HAIIPABJIEHHBIX OTpPE3Ka a U b.

Onpepenenve  COBMECTHUM Hauajo oTpeska b ¢ KOHLOM a (TO ecTh MOCTPONM HaHpaBJ'IeHHbII/I
1.2.3.
OTPE30K b’ paBHBII b HAYaNo KOTOPOro COBMA/ACT C KOHLIOM OTpe3ka a) TO-
Ila HAIPaBIICHHbIH OTPE30K ¢, HAYAI0 KOTOPOTO COBIANAET C HAYaNOM (' M KO-

Hell C KOHLOM b, Ha3bIBAETCS CYMMOTl HANPAG/IEHHBIX OMPE3KOE aub h.

310 onpeneneHne WHOTA HA3BIBAIOT Hpaesuiom mpeyonvruxa. (Puc. 1.2.1.)

a

E —_— —_—
a+b
Pucynox 1.2.1.

OTMeTI/IM, uTO AJId OnI€palvii CIIOKEHUSA HAIIPAaBJICHHBIX OTPE3KOB!

1°. OOoOweHre mpaBuia TPey roJibHUKA Ha JIF000E YUCIIO ClIaraeMbIX HOCHT Ha3BaHUE
NpasuIa 3aMeIKaiouyetl, CMbICI KOTOPOro sICeH u3 puc. 1.2.2.

a+b+c+..+q

Pucynox 1.2.2.

D! J1s onepaiuu 3aMEHbI HAMPABACHHOTO OTPE3KA HA PABHBIA, HO HE COBNAAAIOIIMII C HUM HANPABICHHBIN OTpe-
30K OyIeM YIOTPEOITh TEPMHUH “napaliejibHblil NepeHOC HANPpagieHH020 OmpesKa’.
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2°.  Omnepauusi CIOKEHUST HAMPABJICHHBIX OTPE3KOB MOXKET ObITb BBIMOJIHEHA 110 /pa-
8UTTY RAPATLIEN0CPAMMA, PABHOCHIIBHOMY onpenenenuo 1.2.3. (cm. puc. 1.2.3)).

Pucynox 1.2.3.

30 PasHocThiO a-b HampaBieHHBIX OTPE3KOB a W b Ha3bIBaeTCs HANpPaBJICHHBIH
OTPE30K ¢, YAOBIETBOPSIFOIINI paBEHCTBY d =bh+cC.

4°. JIro00i1 HanpaBJIEHHBIH OTPE30K MPH CIOKEHUH C HYJIEBBIM HE M3MEHSIETCS.

Onpepnenexue Ion npouseedenuem A a HanpasneHHoO20 OMpe3Kka A HA YUCIO A TOHUMAIOT;
1.2.4.

npu A =0
HYJIEBOW HAIpaBJICHHBINA OTPE30K,
npu A =0
HAIPaBJICHHBIA OTPE30K, AJIST KOTOPOTO
JUTMHA paBHA ‘ﬂ‘ ‘a ;
HanpaBleHHe COBMAAaeT C HampaBlIeHHEM «, €ClU
A>0

HarmpaBjIieHHEe TMPOTUBOIOIOKHO HAMPABIEHUIO d, €CITH
A<0.
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§1.3. OnpeneneHne MHOKECTBA BEKTOPOB

Onpeaenenune COBOKYHHOCTB BCCX HAIIPABJICHHBIX OTPE3KOB, AJIsd KOTOPBIX BBCACHBI OIIMCAH-
1.3.1. Hele B §1.2. onepaunu:

- cpaBHenwus (omp. 1.2.2));

- cnoskenws (omp. 1.2.3));

- yMHOKE€HUS Ha BEIeCTBeHHOE unciio (omp. 1.2.4.),
Ha3bIBAETCSI MHONCECMBOM BEKIMOPO8.

KOHKpeTHBII 3JIeMEHT 3TOr0 MHOXKECTBA OyJZieM Ha3bIBaTh 6eKMOPOM W 00O3HA-
—
4aTb CUMBOJIOM C BEpXHEU CTPEJIKOH, HanpuMmep d .

N
Hynesoii BekTop 0003Ha4aeTCst CHMBOJIOM O .

Teopema Onepaunu cJI0KeHHSI H YMHOKEHHs HA BelleCTBEHHOE YHCJI0 HA MHOMKECTBE
131, BEKTOPOB 00J1aJA10T CBOMCTBAMM:

1°. KommyTaTuBHOCTH
I T S

a+b=>b+a;

2°. ACCOLMATHBHOCTH
a+(b+c)=(a+b)+c;
Aua)y=(Apa ;

3°. lucTpubyTHBHOCTH
Aa+by=Aa+Ab;

A+ua=Aa+ua

- > -
AJIsl THOBIX BEKTOPOB ¢ , b U ¢ W JIIOOBIX BelIeCTBEHHBIX YHCea A U 1.

JlaHHbBIE CBOWMCTBA CIEAYIOT U3 OMNPEAENIeHNUs MHOKECTBA BEKTOPOB U HY>KAAIOTCS B JOKa-
3aTenbcTBE. B KauecTBe npumepa npuseneM
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[okasaTenbCTBO CBOWNCTBA KOMMYTATUBHOCTH:

- -
HYCTB AaHbI IBa BEKTOpa d U b . CoBMecTHM Haydajia 3THX BEKTOPOB U IMOCTPOUM Ha HHUX
napayuienorpamm ABDC. (Puc. 1.3.1))

/
N

Pucynox 1.3.1.

ITockonpky y mapajiesorpaMma NpOTUBOJIEKAIINE CTOPOHBI MapaliebHbl U UMEIOT paB-
-

- — -
Hble anusbL, T0 CD=a ; BD = b, Ho Torna, mo mpasuly TPeyroJbHHUKA, U3 TPEYOJb-

- > > - > o> -

- - -
HukoB ACD u ABD cnenyert, uto AD=b+CD ; AD=a+BD,t0oectb a+b=b+a.

CBoiicTBO 1° Teopembl 1.3.1. goKasaHo.

3ameuaHus o6 onpeaeneHun BekTopa

1°.

HHorma BEKTOp ONMPENesitoT MPOCTO KaK OOBEKT, XapaKTePU3yeMbIid YUCIOBOH BETMIMHON
U HarpasieHueM. XOTs (OopMalbHO TaKOH MOAXOM U JOMYCTUM, OH MOXKET OKa3aThCs MPH-
YHHOH HEKOTOPBIX MPOOJIEM, CYyTh KOTOPBIX HILTFOCTPHPYETCS CIENYIOIIUM IPUMEPOM.

IToTok aBTOMOOMIIEHi Ha KOHKPETHOW HOpOre B ~ 700 am/yac
€IMHULly BPEMEHH SIBJIIETCS] OOBEKTOM, IS Xa-

PAKTEpPUCTUKU KOTOPOTrO HY)KHO yKas3aTb BeJH-

4yuHy W Hampasienue. lIpeanonoxxum, 4to 310T 500 am/yac

OOBEKT BEKTOPHBIH (B CMBICIE ONpPEAEIICHHS
1.3.1.), u paccMOTpUM NEPEKPECTOK TPEX IOPOT,
MOKa3aHHbIM Ha puc. 1.3.2., Ha KOTOpOM CiuUBa-
IOTCSl 7IBa TIOTOKa aBromoOmiedt mo 500 aBToMma-
LIWH B YaC KaXKIbIil.

B ——_—

Ecnmu cymMmupoBaTh MOTOKM Kak BEKTOPBL, TO 500 am/yac
BMECTO O4eBUIHOTO pedysibTara 1000 am./gac Mel

Pucynox 1.3.2.
noJTy4uM (Mo IpaBIly MapajIerorpaMma)
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2°.

3°.

§1.4.

3aBEJIOMO GeccMbiciIeHHOe 3HaueHue S004/2 ~ 700 am./uac. OTcrona CJIely €T, YTO XOTs 1O~
TOK aBTOMAIIWH XapaKTCPU3YETCA YUCJTIOBBIM 3HAYCHUEM U HAIIPABJIICHHUEM, HO, TEM HE MC-
Hee, BeKTOPOM (B cMbiciie onpenenenus 1.3.1.) He sBisieTcs.

C nmpyroii cTOpOoHBI, HEOOXOUMO UMETh B BUAY, YTO JAHHOE ONpPESIeHNe MHOKECTBA BEK-
topos 1.3.1. momyckaer ux manpHeiimyro, 6oxee ToHKyIO nuddepennmannio. Hampumep, B
HEKOTOPBIX (1)I/ISI/ILIGCKI/IX U TEXHUYCCKUX MPUITOKCHUAX pas3INdar0T BEKTOPBI HOJIApHbIE U
akcuansisle. K NEPBBIM OTHOCATCA, HAIPUMEDP, BEKTOPBI CKOPOCTHU, CUIIbI, HAIIPAKCHHOCTHU
QJCKTPHUICCKOr0O MOJA, KO BTOPBIM - BEKTOPbI MOMEHTA CUJIbL, HATIPSDKEHHOCTH MArHUTHOT'O
nojisi. Kpome Toro, B MexaHHMKe BEKTOPBI MOAPA3ACISIFOTCS Ha C80O00HbIE, CKONb3AMUE U
3aKpenienHvle, B 3aBUCUMOCTH OT TOHM POJIH, KOTOPYIO HIPAET TOUKA UX MPUIIOKESHHUSI.

K 3akiroueHnio 0 BEKTOPHOH MPUPOAE T€X WIIH HUHBIX (HU3HUYECKUX XaPAKTEPUCTUK MOXKHO
MPUITH MyTEeM PacCy KACHHM, OCHOBAaHHBIX Ha ompeneneHuu 1.3.1. U s3KCrepUMEHTaIbHBIX
JAHHBIX.

Hanpumep, nycTb HEKOTOpasi MaTepUabHas TOUKA, UMEIOINAsl JJIEKTPUYECKUN 3apsif, Ie-

peMeraeTcs: B pOCTPAHCTBE MO/ AEHCTBUEM dJIeKTpuieckoro nois. Ilonoxkenue sToi To4-
-
KA B MPOCTPAHCTBE B MOMEHT BPEMEHU 7, MOXKHO 3a1aTh BEKTOPOM 7 (7,), a B MOMEHT

- - —

BpemeHHu 7 BekTopoM 7 (7). Ilockonbky mepemernenue 7(7)—7(7,) (Kak pasHOCTb OBYX
BEKTOPOB) SIBJISIETCSI BEKTOPOM, TO M CKOPOCTh IBMIKEHUSI MaTePUAIbHON TOUKH Oy/IeT BEK-
TOpoM B cuily onpenenenus 1.3.1. Paccyxnas aHanoruuHo, MOKHO NPUNTH K 3aKJIIOUEHUIO,
9YTO BEKTOPOM SIBJISIETCS Takke U yckopeHue. C Ipyroil CTOpOHBI, COIVIACHO BTOPOMY 3aKO-
Hy HprOTOHa, yCKOpeHHe MaTepHabHOW TOYKH MPONOPLUMOHATIBHO NEHCTBYIOIIEH Ha Hee
cuiie, U, CIeA0BATEeNbHO, 0 onpexnenerHuto 1.3.1. cuna ects Bexrop. Hakonen, npuanMas Bo
BHUMAaHHE MPONOPLUOHAIBHOCTD CHJIBI, NEHCTBYIOLIEH Ha 3apsSKEHHOE TEJIO, U HAIPSKEeH-
HOCTH 3JIEKTPHUUECKOTO TOJISA, 3aKJII0UaeM, YTO TOCIEIHSISI XapaKTePUCTHKA TAKXKE BEKTOP-
Hasl.

JInHeilHasi 3aBUCUMOCTh BEKTOPOB

Bnauane BBCACM YaCTO HCHOJB3YEMBIC B TIPUIONKCHUAX, INOHATHUA KOJUIMHCAPHOCTU U

KOMIUJIAaHAPHOCTU BEKTOPOB.

Onpepnenetxue JIBa BEKTOpaA, MapajulesbHbIE OJTHON U TOH K€ MPsIMOM, HAa3BbIBAKOTCS KOJLIUHEAD-

1.41.

HBIMU.
Tpu BexTOpa, mapassenbHbple OMHON U TOH K€ IUIOCKOCTH, HA3bIBAOTCS KOMHIA-
HAPHLIMU.
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HyneBoii BekTop cuuTaercsi KOJUIMHEAPHBIM JIFOOOMY Apyromy BekTopy. Hynesoil BekTop
CUMTAETCS KOMILIAHAPHBIM JIF00OH mape BEKTOPOB.

- - -
Onpexnenenue Beipaxxenne Buma A4, a,+A,a,+..+ 4 a,, rne A ;i=[l,n] - HexoTOpBIe UKCIHa,

2

1.42. N

HAa3bIBAETCS JUHEHOM KOMOUHAYUEl BEKTOPOB 4y, ds,,...,d,, .

Ecmu 6ce uncna A, A,,..., A, paBHBI HyJJI0 OJHOBPEMEHHO (YTO PABHOCHJIBHO Y C-

noBuio | 4| +|4,+ ... 44,

=0), To Takas JuHeilHas KOMOWHANMSA HA3bIBAETCS

mpueUANbHOIL.

Eciu xoma 6wvi oowmo w3 uucen A, A,,.,A, OTIMYHO OT Hyad (TO €CTb
|4+ |4+ ... +{4,] > 0), To nanHas nuHeiHas KOMGMHALMS HA3BIBACTCS HEMPUBI-

AIbHOIL.

CornaiueHne 0 CyMMUPOBaHUN

B tex cnyuasx, korna siBHas 3aIiCh CyMMbl HEKOTOPOTO YHCJIa CJIaraeMbIX HEIenecoo0-
pa3sHa WU HEBO3MOXKHA, HO U3BECTHO, KaK 3aBHCUT 3HAUEHUE KAXKOrO U3 CJIAraeéMbIX OT €r0 HOMe-
pa, TO AOMyCKAeTCsl HCITOJIb30BAHKE CIIELUATBHOM (POPMBI 3aITMCH ONepaIii Cy MMUPOBAHHUS:

N
F(n)y+F(n+1)+..+F(N)= Y F(k),
k=n
(uuraercs: "Cymma F(k) no k om n 0o N ), rae k - unaekc CyMMHUPOBaHUs, /1 - MUHUMAJbHO®
3HaYEHNE MHAEKCa CyMMHUPOBaHMsA, /N - MAKCHMaJIbHOE 3HAYEHHE MHIIEKCA CYMMHPOBAHUSI U, HAKO-
Hen, F'(k) - oOmumii BUJ CliaraeMoro.

'1_'2"'1""ep Mo cornamieHno 0 CyMMHPOBAHUH OyAyT CIIPABEJIMBBI CISAYIOIINE PABEHCTBA
4. I

P +22 4 +(N-1)?+N? = Zkz _ NV+DEN+D
k=1 6
N 2 2 N 2

Pa2is 4 (N=DP+N3 = s NVHDhT (Z])
i=1 4 j=1

11 1 & N-1

—t—t —_— —
12 23 (N -1)N Sk(k+1) N
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Ucnonb3yst JIAHHOE — COTJIAIIEHHE O CyMMMPOBAHMH, JIMHEHHYIO KOMOWHALIHMIO
- - - n -
Ay ay+ Ay ay+ ...+ A, @, MOXKHO 3aIHCaTh B BUIE » Ay ) .
k=1

[IpuBenem Temnepr onpeneieHne BaXKHOTO MOHATHUS JUHENHHON 3a6UCUMOCHU CUCTEMBI BEK-
TOPOB.

- > -

Onpepenenve  BekTopel ay,a,,...,d, HA3bIBAIOTCS JUHEUHO 3A6UCUMBIMIY, €CIIU CYIIECTBYET UX

1.4.3.
n -

HeTPUBUAJIbHAS JTMHEIHAA KOMOUHALMSA »_ A @ TaKasi, 4To
k=1

- > -

Onpenenenne  BekTopel ay,ds,...,d, Ha3BIBAKOTCS JUHEIHIHO HE3ABUCUMbBIMU, €CIIA U3 YCIOBUS
1.4.4.

n > - n -

D> A @ = 0 crenyer TPUBMANBHOCTH JIMHEIHHOH KOMOMHALME » A @ , TO
k=1 k=1
ectb, ut0 4y =4, =..=4,=0.

> > -
Wnade roBopst, €Ciu BEKTOPHI ¢y, ,...,d,, JTUHEHHO HE3aBUCHUMBI, €CJIH AJIS JTI000ro Habo-

n -
pa uncen 4,4,,...,A,, He PAaBHBIX HyJIFO OXHOBPEMEHHO, INHEHHAS KOMOMHALMA » A () HE Mo-
k=1
JKET OBITh HyJIEBBIM BEKTOPOM.
CrpaBeuIMBBI CIEAYIOIINE YTBEPKAEHHUS:

Teopema OauH BeKTOp JIMHEIHO 3aBHCHM TOTAA U TOJBKO TOTAa, KOrAa OH HYJIeBOil.
1.4.1.
Teopema JIBA BEKTOPA JIMHEHHO 3aBUCHMbI TOTAA H TOJbKO TOT/A, KOTAA OHH KOJLIH-
14.2 HEeAPHBI.
Teopema Tpu BeKTOpAa JIMHEHHO 3aBHCHMBI TOTAA U TOJILKO TOTAA, KOTJA OHH KOM-
143 IUIAHAPHBI.

Teopemer 1.4.1. u 1.4.2. npennararoTcs Al CAaMOCTOATEIBHOTO 10KA3aTeIbCTBA. 371€Ch JKe
MBI paccMOTpuM NonpobHO TeopeMy 1.4.3., noka3aB mpeaBapUTENBHO CIEAYIOLIEEe BCIIOMOTaTelNb-
HO€ yTBEPKAEHHE:
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- - -
Nlemma Jast IMHeHO# 3aBUCHMOCTH BeKTOPOB d,d>,...,d, , HEO0XOAUMO H A0CTAa-

1.4.1. o o o
TOYHO, YTOObI OAMH U3 HHX ObLJI JTHHEHHOH KOMOHHAIIHEH OCTAJTbHBIX.

JokasaTenscTBo:
- > -

HokaxxeM HeoOxomuMmocTb. IlycTe BEKTOPBI @y, ds,...,d, JTUHEWHO 3aBUCHMBI, TOTJA Cy-

IEeCTBYIOT unucia Ay, A,,..,A,, ONHOBPEMEHHO HE paBHbIE HYJIO, TakHe, 4YTO

n > o>
Zﬂk a, = o . ]Iy onpeneneHHOCTH MOYKHO CYUTATh, uTo A; # 0, HO Torna
k=1
- n A, >
_ k
a=2,(- 7) I »
k=2 1
YTO M JOKA3bIBAET HEOOXOAUMOCTb.
- n -
JlokaxkeM pgocTtaTo4HOCTb. IlycTh, nIs  ONpeneneHHOCTH, dy = Zﬂk a,, TOorma
k=2
- n > >
D+ Zﬂk ap = o, npuueM |—1|+|A4,|+...+|4,| > 0. To ectb HETpUBHAJIbHAS JIH-
k=2
-> - -

HelfHass KOMOWHAIMS BEKTOPOB d,d,,...,d, PaBHA HYJIEBOMYy BEKTOPY.

Nlemma pgokasaxa.

Joxaxem Tenepsb Teopemy 1.4.3.

[okasaTenscTBO:

JlokazxeM HeOOXOAMMOCTb.
> > >
Ilycte Tpu BEeKTOpa dp,0,,d; JIMHEWHO 3aBUCHUMBL TO €CTh CYLIECTBYIOT TPHU, OJHOBPE-

- - > o>
MEHHO HE PaBHBIX HyJIO, 4ucia A, A,, A3, Takux, uro 4 ay+ A, a,+ A3 a3 = o . Torna,
no jemme 1.4.1. onuH U3 BEKTOPOB €CTh JIMHEHHAsE KOMOWHALINS ABYX OCTAJIbHBIX M, 3HA-
YNT, JaHHBIE TPH BEKTOPA KOMILIAHAPHBI.

- -

JloKakeM NOCTAaTOYHOCTh B MPEANOIOKEHUH, YTO BEKTOPHI (; U d, HEKOJUIMHEAPHBL
> 5> o

IlycTe naHBI TPH KOMIUIAHAPHBIX BEKTOpPA d,,d,,d, . [lepeHeceM 3TH BEKTOPHI TAKIM 00-

pa3om, 4yTOOBI MX HAa4aJIa [OIAJIH B OOHY TOYKY.
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%
ol Uepe3 KkOHEI BEKTOpa «; MpPOBeAEeM NpsiMble, Mapai-
a, - -
JeNbHBIE BEKTOpaM a; U a, . IIpu 3TOM mony4um mapy
N - - > > o>
b, BEKTOPOB b, u b, Takux, 4ro a; = b, +b, . (Puc. 1.4.1.)
- -
ITockonbky BeKTOp b, KOJUIMHEApPEH BEKTOPY d; , & BEK-
- -
TOp b, KOJIMHEapeH BEKTOpy d, , o Teopeme 1.4.2. mo-
b_> - - - -
2 N aydaem, uto b, =4 a;, ; b, =4, a,, HO, ¢ Apyroii cTo-
> > >
a, - - -

POHBL, UIMEEM a5 = A, a;+ A, a, , ¥ BEKTOPLI &y,d5,d5 TIO

gemMe 1.4.1., 1uHEeHHO 3aBHCUMBI.

- -
Cayvail KOJNIMHEAapHBIX 4; U 4, PacCMOTPUTE CaMO-

CTOSITEJIBHO.
Pucynox 1.4.1.

Teopema gokasaHa.

CBoOKICTBA NMUHENHO HE3ABUCUMbIX BEKTOPOB
1°. OpuH BeKTOp IMHEHHO HE3aBHCHUM TOTA U TOJIbKO TOTA, KOTIa OH HEHYJIEBOH.

2°. Jlpa BekTOpa JUHEHHO HE3ABUCHUMBI TOTZIA U TOJBKO TOTJA, KOr7a OHU HEKOJUIMHEAp-
HBL.

3°. Tpu BekTOpa NMHEHHO HE3aBUCHUMBI TOTAA U TOJBKO TOTAA, KOTJa OHU HEKOMIJIaHap-

HBbI.
-> > -
Teopema Ecan cpenn BekTopos {a,,a,,...,a,} UMeeTcsi MOAMHOKECTBO JIHHEIiHO 3a-
1.4.4.
-> > -

BHCHMBIX, TO H BCe BEKTOPbI {d,,d,,...,d, | JTHHEI{HO 3ABHCHMBI.
ﬂ,OKa3aTEJ'IbCTBO:

Bes Ol"paHI/ILIeHI/Iﬂ O6H_IHOCTI/I MOXHO CUHNTATh, YTO .]'IHHefIHO 3aBUCHUMBbI HepBbIe k <N BCK-
TOpPOB (MHAYE, MPOCTO MEPEHYMEPYEM ITH BEKTOPBI), TO €CTh CYIIECTBYIOT HE pPaBHbBIE Hy-
IO OMHOBPEMEHHO, unucna A, 4,,..., 4, Takue, 4uTo

Zﬂial-zo.

i=1
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> - -
ITocTpouM HETPUBHANIBHYIO JIMHEHHYIO KOMOWHALIMIO BEKTOPOB {dy,d,,...,d, }, B3B B Ka-

4yecTBe MepBbIX & ko3 duimenToB uncia A,, i =[1,k] u HyJu B KauecTBe OCTANBHBIX. TO-

noo> kS5 1 5 o
raa nojy4uM, u4To Zﬂial- :Zﬂial- + ZO-al- =o0.
i=1 i=1 i=k+1
Teopema AOKa3aHa.
> - -
1CJZG1ACTBM€ Ecau cpeau BexkTopoB {a),a,,..,a,} HMeeTcs XOTSl Obl OAMH HYJIEBOH, TO
> - -

BEeKTOpHI {d),0>,...,d, } THHEHHO 3aBHCHMBI.

§1.5. bazuc. Koopannatsl BekTopa B 0a3uce

Onpegernenne

basucom na npamoii HazpiBaeTCs TIOO0H HEHYJIEBOW BEKTOp, MPUHAIJISKAIIUN
1.5.1.

5TOH NPSIMOM.

Bbazucom na nnockocmu HasbIBaeTCs JII00As YHopsAaoOUCHHaA rapa JIMHEHO He3a-
BUCHUMBIX BCKTOPOB, MPUHAAJICHKAIIUX 3TOH IJIOCKOCTH.

baszucom 6 npocmpancmee Ha3bIBaeTCs J00ast yNopsiAOYeHHAs! TPOUKA JTMHEHHO
HE3aBHUCHUMBIX BEKTOPOB.

Onpepenenve  basuC HA3BIBACTCS OPMOLOHANBHBIM, €CIIA O0Pa3yIOIUE €r0 BEKTOPHI MOMAPHO
152. OPTOTOHAJIbHBI (B3aMMHO MEPTIEHANKY JITPHBI).

Onpefenenne  OpTOrOHANBHBIA 0a3UC HA3BIBAETCS OPMOHOPMUPOBAHHBIM, €CIH O0pasyroIne
153. €ro BEKTOPbI UMEIOT EJUHUYHYIO AJIUHY .

IIpoctpaHCTBeHHBIH 0a3uC, COCTABICHHBIH W3 JMHEWHO HE3aBUCHUMBIX BEKTOPOB
> > > > > >
21,£>,83 , OyneM obo3HavatTh {g,g5,g3}. OPTOroHaNbHBIA MM OPTOHOPMHUPOBAHHBIN Oa3HC yC-

i
JOBUMCs 0003HAa4aTh Kak {e},e5,e3}.

- > > -

Teopema IlycTe pan 6a3uc {g,,g,,83}, TOraa J060ii BeKTOP X B MPOCTPAHCTBE MO-

1.5.1.

’)KeT ObITh MpeacTaBjJeH, W NPHUTOM eIHHCTBEHHBIM 00pa3oM, B BHAeE
- - - -

x=ag,+Pg,+yg;,rae a, ff, ¥ - HeKOTOPbIe YHCJIA.
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[okasaTenscTBO:

1°. JlokaskeM BHauaJe CyIeCTBOBAHNE TAKUX YHUCEIL.

- i e T
g3 CoBMecTuM Hauaja BCEX BEKTOPOB g1,£-,83 U X
%
B Touke () U NpOBEAEM uepe3 KOHEI[ BEeKTopa X
-> -
IUIOCKOCTh, TapajulelbHyI0 TIIOCKOCTH (), €1,85 .
(Puc. 1.5.1)
- - -
z / . IToctpouM HOBBIE BEKTOpPBI y M Z TakK, 4TOOBI
x g > o5 o - -
2 X=2z+y,a z u g, ObUIN KOJUIMHEAPHBI, TOTAA, B
O - -
5N CHUJly KOJJIMHEAPHOCTU BEKTOPAa Z BEKTOPY g5,
&1 - -
Z=V8s-
Pucynox 1.5.1.
%
ITepenecs Hauano BekTopa ) B TOuKy () M paccy’kaast Kak MpHU JOKa3aTeIbCTBE TEOpe-
- - - - - - -

mbl 1.4.3., monyunm y =« g+ g, W, CIENOBATENbHO, X = g+ fg>+7 g3, UTO U

AOKA3bIBACT CYILICCTBOBAHUEC PA3JIOKCHUS.

2°. JlokaxeM €AMHCTBEHHOCTh pa3iiokeHus 1o 6asucy. Ilycts Mbl nMeeM
- - - -

X=ag+f8+78,
U TIPEATIONIOKUM, YTO CyIECTBY €T ApyTras Tpokka yucen «’, f', ¥’ Takux, 9410
- - - -

x=a'g+p'g+r'g;.

Brrunras nouseHHO 3TH PaBEHCTBA, TTIOJIyYacM
- o>

- -
(a-aYg1+(f-Pg+(r-rgs=o0,
rae, B CI/IJ'Iy COCIIAHHOT O HpGI[HOJ'IO)KGHI/ISI O HCECOAUMHCTBCHHOCTHU paSJIO}KeHI/IH,
+|,B—,B' +|7—7' >0

> o> -
Ho 310 03Hauaer, uTO BEKTOPHI {g,g>, L3} JUHEHHO 3aBUCUMBI U, CICIOBATENLHO, HE

|a—a'

MoryT ObITh 0a3ucom B cuiy onpenenenust 1.5.1. [TonyueHHOe mpoTHBOpEUne TOKA3bI-
BA€T €IUHCTBEHHOCTDb PA3JIOXKEHUSI.

Teopema gokasaHa.
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- - - -

Onpeaenenne  Yucna «, f3, 7 - KO3(pPUIMEHTH B Pa3ioXKeHUN X = g1+ [ g>+ Y g3 Haszbl-

154
- > > o>

BAIOTCS Koopounamamu (WA KoMHoneHmamu) BeKTopa x B 0asuce {g,g-,83}.

- - - -
Jlns 3amucy BekTopa X =a g1+ g+ 7 £3 B KOOPAUHATHOM NPENCTABICHHU HCIIONb3Y -

10TCS1 POPMBI:

R
1° x(a. f:y) 2°. (@ i7) . e B 7|
a a
4| B SAB
y y

U3 KOTOPBIX B JaJbHEHIIEM Mbl Oy/1€M UCTIONB30BATh IMTOCIEAHIO.

- > > o>
B obmewm cnyvae ytBepkaeHue "sekmop x 6 oazuce {gy,£,,83} uMeen KOOpOUHamHuoe

a

-

npeocmasenenue || B | " 3anuceiBaercst kak |x| =|/ |, HO HHOTMA, €CJIM 3TO HE MPUBOIUT K HEOH-

/4

a

N
HO3HAYHOCTH TOJIKOBAHUA, MbI 6y):[eM HCIOJIb30OBATh U COKPALICHHYIO 3allUCh BUA X = ﬂ

/4

- -> >
Haxkonern, eciu BexkTop x B 0asuce {g,,g,} Ha INIOCKOCTH MOXET OBITh IIPEACTaBJIEH KaK

- - -
X=ag;+ g, TO ero KOOpANHATHAS 3aIIUCh UMEET BUJI

N

a
X =

: P

§1.6. [leiicTBug ¢ BeKTOpaMH B KOOPAMHATHOM MPeEACTABJIEHNH

> > o>
ITockonmbKy B KOHKpeTHOM 0Oazuce {g,g>,g3} KaKABIH BEKTOP HAXOIUTCS BO B3aUMHO

OJTHO3HAYHOM COOTBETCTBHHU C YIOPSIOYEHHOH TPOHKOW uucen «, ff, ¥ - CBOMM KOOPAUHATHBIM

NpeACTaBICHUEM, TO €CTCCTBECHHBIM TMPEACTABIIACTCS BOIIPOC O TOM, KAK BBIMTOJHAKOTCA ONEpaluun C
BEKTOpaMH B KOOPAWUHATHOM NPCACTABIICHUH.
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OxkaspiBaeTcs, YTO BO3MOXHO HE TOJBKO 3alUCBHIBATH BEKTOPBI NMPU MOMOIIM MAaTpHI
(cTonbuoB), HO U OMEPUPOBATH C HUMHU B MATPUYHOH (pOpMe, ITOCKOJIBKY NpaBUiIa ITEHCTBHIA C BEK-
TOpaMH B KOOPAWHATHOH (pOopMe COBMAAAIOT C MPaBHJIaMH COOTBETCTBYIOIINX ONMEpauuil ¢ MaTpH-
LAMH.

HUmeer mecTo

Teopema

B xoopaMHATHOM NpeaCTABJIEHHH OMEPALIHH ¢ BEKTOPAMH HMEIT CJedyo i
1.6.1
' BHA:

1°. Cpasnenue  /ABa

BEKTOpA
8eKMOPOB

- - - -
x=58g+E6, 8,185 85 H
> > > >

Y =18+, &>+175 g3 PABHBI TOrAA U TOJILKO TOrAa, Ko-

raa paBHbI HX KOOPAUHATHLIC NIPEACTABJICHUSA:

S =1
- -
X y| mm <& =n,.
g 4 —
A
2°, Cnoorcenue KoopaunatHoe mnpeacTaBjeHHe CyYMMbI /JBYX BeKTOpOB
8€KMOpPOB - - - - - - - -

X =8181182,8:+8383

H y=mg +1n&8>+t1;&3 PpaBHO
CyMMe KOOp)_]I/IHaTHbIX l'lpe)_]CTaB.]'leHl/Iﬁ cJadaraeMbiXx.

- >

x+y

-

Y

IR
=l x| +

4 g g

3° Vmunoowcenue KoopamHaTHOe mnpeacTaB/ieHHEe TPOHU3BEAEHHSI BEKTOpPa
6eKmopos Ha —

- - -
wuCcHo x =& g11+¢,8>,+¢E32; Ha 4uceao A paBHO NMPOHU3BEIEHHIO

-

KOOPAMHATHOIO NMPEACTABJCHHUA BEKTOPA X HA 3TO YHUCJI0 A

-

N
Ax| =2 x

A

g 4
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JokasaTenbCTBO:

JIoKa3aTenbCTBO BCEX TPEX MYHKTOB AHAJIOTMYHO, MO3TOMY PACCMOTPHUM JIMIIb MPABUJIO
CJIOJKEHUSI BEKTOPOB B KOOPAMHATHOMN (popMme.

IIo cBoiicTBaM omnepanuii CIOKEHHS U YMHOXXEHHS Ha BELIECTBEHHOE YMCJIO BEKTOPOB
(Teopema 1.3.1.) umeem

- >
x+y

H & g+éE g+E g+ g+n, g+, 8)

2 2
&+, ¢ m
= ‘):2 T, = ‘):2 =

N &+, & B

= ” (é‘l +ﬂ1)§1+(§2 +772)§2+(§3 +773)g:

— — — — — — — —
= §1g1+§2g2+§3g3 &+ &8 =X T (V| -
g g g g
Teopema gokasana.
— —
CneactBue Koopz(m-laTbl JUHEHHOH KOMOHHALMH BEKTOpPOB Ax+ MUY ABJIAIOTCA TEMH
1.6.1. N

e JIMHEHHBLIMH KOMOMHAIIMSIMH COOTBETCTBYIOIHX KOOPAMHAT BEKTOPOB X
Loa ) | AG
my: A& +uin, = A8, +umn,|.
& M) (A +un,

PaCCMOTpI/IM TENECPb BONIPOC O TOM, KaK B KOOPAWHATHOM MNPCACTABJIICHUHN 3alTUChIBAOTCA
YCJIOBUA JIMTHEMHOM 3aBUCHUMOCTH U HE3aBUCUMOCTH BEKTOPOB.

- & U
Teopema Jast Toro 4Trodbl ABa BEKTOpa X = H Y= HA MJIOCKOCTH ObLIH JIH-
16.2. ¢ 1,
HeHHO 3aBHCHMBI, HeO0X0AUMO H AOCTATOYHO, YTOObI MX KOOPAHUHATHI B He-
s T
KOTOpPOM 0a3uce yAOBJIETBOPSJIH ycaoBHI0 det =0.
&
JokasaTenbCTBO:
JlokazxeM HeOOXOAUMOCTb.
- -
IlycTe BEKTOpBI X U y JUHEHHO 3aBUCUMBI, TOTAA B cUily JeMMmbl 1.4.1. nMeer mecto
27 o §1=4Am
PaBEHCTBO X = A y WJIH, B KOOPAHMHATHOU popme, . UckimounB A u3 3tux

2 = ATl
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ABYX CKAJISPHBIX COOTHOIIEHUH, modyuuM &1, —&>1 =0, HO 3TO M O3HAYaeT, YTO

det &oom
& M

=0.

Jlokaxkem TOCTaTOYHOCTD.

ITycts det S 7 =0, Torna uMeem 4To i = 68—2 mpu n; #0; 1, #0, TO ecTb CO-
2 1
- -

OTBETCTBYHKOIIHUE KOOPAHUHATHI BEKTOPOB X M Y IMPONOPLUHOHAJBHBI, YTO M JOKA3LIBACT
HHHefIHYIO 3aBUCUMOCTDB 3THUX BCKTOPOB.

Cnyuait 717, =0 npennaraercs pacCMOTPETb CAMOCTOSITENIBHO.

Teopema gokasaHa.

& gl K
- - -
Teopema s Toro 4Todbl TpU BekTOopa X =|<&,|, ¥y =|1,| 1 Z =| K,| B IPOCTPAHCTBE
1.6.3.
& /B K
ObLJIM JIHHEHHO 3ABHCHMbI, HEO0OX0ANMO H JOCTATOYHO, YTOObI HX KO-
OPAHHATHI B HEKOTOPOM 0a3Hce yI0BJIETBOPSIJIH YCJI0BHIO
a Mmook
det| &, 71, x,|=0.
& K
ﬂ,OKa3aTeJ’IbCTBOZ
IIpusonurcs B pasnene “Cumeutannoe npoussedenie exmopos” (cm. §2.6.).
£ n o oK
1 1
Cneactaue PapencrBa det =0mdet| &, 7, «k,[=0 cOOTBEeTCTBEHHO ABJISIIOT-
16.2. g n,
& K

csl HeoOXOAMMBIMH H JOCTATOYHBIMH YCJOBHUSIMH KOJIMHEAPHOCTH MApPbl
BEKTOPOB HA MUIOCKOCTH U KOMILIAHAPHOCTH TPOMKH BEKTOPOB B MPOCTPaH-
cTBe.
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§1.7. lexapToBa cucreMa KOOPIAMHAT

- > -

Onpepenenne  COBOKyHmHOCTb Oaszuca {g,,g,,&;} U Touku () , B KOTOPYIO NOMEIIEHbl Havaja

1.7.1. . . .
BCeX OA3MCHBIX BEKTOPOB, HA3BIBACTCS 00ufell OeKapmoeoil cucmemoil Koopou-

> > -
nam u odosHauaercs {0, g1, 9>,83}.

> - >

Onpeaenenne  Cucrema xoopmuHat {0, eq,e5,e3}, MOpoKaAaeMasi OPTOHOPMHPOBAHHBIM 0a3H-

1.7.2. Ny . .
COM, Ha3bIBACTCS HOPMANLHOMN NPAMOY201bHOM (WA OPMOHOPMUPOGAHHOI) CUC-

TEMOU KOOpAUHAT.

- > -
Ecnu 3apana cucrema xoopaunar {0,g,,8,,8;}, TO IPOU3BOJIBHON TOUke M B IPOCTpaH-
—
CTBE€ MOYKHO TMOCTAaBUTh BO B3aUMHO OJTHO3HAYHOE COOTBETCTBHE BEKTOP [, HA4aJO KOTOPOro Ha-

xoaurcs B Touke (J, a KOHeI[ - B Touke M.

- —
Onpegenenne  Bekrtop 7 = OM HasbIBaeTcs paouyc-6ekmopom TOYKU M B cucTeMe KOOpIUHAT
1.7.3. NN

{0,£1,.82.43}

Onpenenenne  KoopauHaThl paauyc-BeKTOpa TOUKH A/ HA3bIBAIOTCS KOOpPAUHATAMU TOUKU M B
17.4. RN

cucteme koopauHat {0, g,,2,,85} .

[MpounarocTprupyem 0COOEHHOCTH UCTIONb30BAHUST BEKTOPHOTO OMUCAHHS T€OMETPUIECKIX
OOBEKTOB Ha MPUMEPE PEILSHHS CICAYOMUX 3aa4:

> > o
3anava B nexomopoii ooweir dexapmosoii cucmeme koopounam {0,g,.g,,8;} 3A0aHbl
1.7.1.

KOOpOUHamul paouyc-6ekmopos mouex M u N, komopwvie A61510MCst HAYAIOM U

konyom eéexkmopa MN . Ipebyemcs naiimu koopounamer eexkmopa MN .
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Pewenne: Pewenune oueBngHo u3 puc. 1.7.1. u cBoicTB KOOpAUHAT
BEKTOPOB.
M
N Sl N U
N Iycts OM =| &, u ON =|n,|. Torga
& — é:i — " - — -
g OM+ MN =0ON ; MN =0ON-OM
2
) 1 OKOHYATEJIbHO
g 5 m=3&
1 MN =y =&
Pucynorx 1.7.1. n;—&
3agava B nexomopoii obweii oexapmoeoii cucmeme xkoopounam {0,g,,2,,8,} 3a0ansi
172 KoOpOunamer necosnaoaiowux moyvex My u M, , 015 komopwix coomeemcmeenHno
5 3 5 T
OM =&\ u OM;=|m|.
&3 3
Tpedyemcs natimu mouxy M maxyio, umo MM = A MM, .
Pewenue: 3ameTuM, 4TO A MOXKET MPUHUMATH JIIO0OE 3HAYEHHE, KpoMe -1, Mpu KOTOpOM
touka M yxomut B GeckoneuHocts (Puc. 1.7.2.). Haiinem paguyc-BeKTOpP TOUKU
M. U3 cootHomenuii B Tpeyronsaukax OM M n OMM , nonydaem
OM,+ MM =0M ; OM+ MM, =OM,,
HO, Tak Kak M M = A MM, , 1o
OM—-0OM, = A(OM, -OM)
0
- 1 - y) -
u okoHuatenbno, OM = —OM+ —OM, .
1+4 1+4

Pucynox 1.7.2.
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g +An
1+4
S +An,
1+4
S3+Am
1+4

9
Panuyc-BekTop Touku M pasen OM = , B cunty caenctsust 1.6.1.

3ameyaHue: k 3amaue 1.7.2. mpUBOAUT pelleHME 3a/laud OTHICKaHHs LIEHTpa Macc CHUCTEMbl MaTe-
pHAJIbHBIX TOYEK.

§1.8. N3MeHeHne KOOPAUHAT NMPH 3aMeHe 0a3uca
U HA4YaJ1a KOOPAUHAT

ITockonmpKy BBIOOP CHUCTEMBI KOOPAMHAT MOXKET OBbITh CAENaH Pa3MYHBIMHU CIIOCOOaMH,
BONpoCc 00 M3MEHEHHH KOOpJAMHAT IPH MEepexoze OT OAHOro 0asmca K APyromy U 3aMeHe Hadaja
KOOPAHMHAT NMPEACTABISAET 3HAUUTENbHBIN NPAKTUUECKUI nHTepec. Halinem npasuia, BEIPAKAIOIINE
3aBHCUMOCTb KOOPAUHAT MPOU3BOJIBHON TOUKM MPOCTPAHCTBA, 33JlaHHBIX B OAHOW CUCTEME KOOp-

JIHUHAT, OT KOOPAUHAT 3TOH K€ TOUKU B IPYTOM.
- > -

Ilycte maHBl OB HEKapTOBBI CUCTeMbI koopauHatr: “crapas’ {0,g,g,,83} U “HoBas’

- > - -
{0, g1,25,25} (Puc. 1.8.1.) Beipasum BekTopbl “HOBOro” Oasmca, a Takke Bektop (OO’ uepes

BEKTOPBI “‘CTaporo”’. ITO MOXKHO CIENATh BCETAa U MPUTOM €IUHCTBEHHBIM CIIOCOOOM.

- - - -
14
81=011811702182103143
- - - -
14
82=012811028>+03 83 (1.8.1)
- - - -

14
83=013811702382103383

— - - -

00'= By g1+ Pr g2+ P58

Teopema  KoopauHaTbl NPOH3BOJILHOI TOYKH B “cTapoii” cHCTeMe KOOPAHHAT CBSI3aHbI C

18.1. ee KOOPAUHATAMH B “HOBOH” COOTHOIIEHUSIMH:
§1 =011+ o0&+ 01383 + By
$r = 02181 + 00083 + 02353+ o (1.8.2)

&3 = 0318 03285 + 03383 + B
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ﬂ,OKa3aTEJ'IbCTBO:
> o> > 9
ITycte HekoTopas Touka M B “crapoit” cucreme {0, g1,g5,g3} UMeeT KoopauHatsl || & |,
3
g!
> o> > 1
a B “HOBOI” cucreme {0, 81,825,825} - [ &5
’
3
ITonyuum cBs3b MeKAy “cTapbiMU’ U “HOBBIMU® KOOpAMHaTaMu Touku M. IMeroT MecTo
COOTHOILIEHHUS:
- - - -
OM =8, 81+8,8,+8383 1
- - - - -
’ ’ ’ ’ ’ ’ ’
M g OM=6181+5282+5383=
- - -
e
=¢1(011811021821031 83)
- - -
’
- +62(012, 81102 82103 83)+
&> - - -
b ’
g +83(0138117 023821 03383) -
- -
, IToncraBuB ~ BBIpAKEHHS]  IJIs1  BEKTOPOB
9] & &1 - N -
OM, O'M wu OO’ BpaBeHCTBO
g — - -
! OM = O'M+ OO0’
U MePEerpymnnupoBaB claraeMble, MOJy4YUM COOT-
- - - -
HoleHue Buzaa A, g1+4, g, + 4385 = 0, rne
Pucynox 1.8.1.

A ==&+ o1 Hoér 038 + By
Ay ==&y + 0318 + 0285 + 02383 + B

Az ==&3 + 0318 + 0380 + 03383 + .
> o> -

ITockonbky BEKTOpHI {g|, &>, g3} JUHEHHO HE3aBUCUMBIE, TO UX JINHEHHass KOMOWHALNS, pPaB-

5
Has 0, 00s3aHa OBITh TPUBHANBHOM, 1 HOTOMY A = A, = A3 =0 uiu, OKOHYaTEIbHO

& =0t opétosés + B
&y =018 +00ds +op3és + B
&3 = 03181 +038) + 03383+ f3

Teopema gokasaHa.
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Onpepenexne  @opmynsl (1.8.2.) HaswBarOTCA Yopmyramu nepexooa OT CUCTEMbI KOOPIAHHAT
18.1. > 5 > > 5 >

{0,81.8,,85} x cucreme xoopaunat {0, g1, 85,85} .

Cpasnusast popmyusl (1.8.1.) u (1.8.2.), MOXKHO 3aMeTUTB, YTO KO3(D(PUIIUEHTHI yPaBHEHUH
B (popMyax mepexona, BEIPAKAIMUX ‘cmapeie” KoOpOunamst yepe3 “Hogeie”’, 00pa3yroT MaTpH-

1y ” S'||, cTonOubl KOTOPOI €CTh KOOpOUHamer “HOGbIX™ DAUCHBIX 6eKMOPOE 6 “‘cmapom’” basuce.
B

Cronbewn || f>| comepKUT KOOPAHUHATHI “HO6020” Havyaia KOOPIUHAT B “‘cmapom” Gazuce.
B

011 012 O3
Onpegernexune Marpuua || S ||: 0,51 O Oo3| HaswpiBaeTCs mMampuyeili nepexona ot OGasuca
1.8.2.

031 O3 033

- 5 > > > >

{(21.2,.83} K Gasucy {g].g5,85}.

11 %12 O13

Teopema  [1s maTtpuusl nepexoaa det|o,, 0, 0x||#0.

1.8.2.
031 O3 O33

[okas3aTenbCcTBO:

011 %12 913
Cronbup! MaTpuubl |0, O, Oo3|| 0OpasoBaHbl KO3(UIMEHTAMHU PA3IOKEHUS JIH-

031 O3 033
- > - - > >
HEHO HE3aBUCHMBIX BEKTOPOB Oasuca {g1, g5, g3} 1Mo Bekropam Oasuca {g,g-,23}.

Torga u3 Teopem 1.4.3. u 1.6.3. caenyet 1OKa3bIBAEMOE yTBEPKACHHE.

Teopema gokasaHa.
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’

3agava Ha napannenocpamme nocmpoenst 0se cucmemsl Koopounam: “‘cmapas’
1.81. N RN
{0,8,,8>} u “nosan” {O’,g1,25}, kak noxazano na puc. 1.8.2. Hatimu ¢popmy-
JIbl nepexooaq, ewipascarowue “‘Hogvie” KOOpOuHamsel yepe3 ‘cmapwie”, ecau
- - - 1~

g1=00ug =78

Pewenne: H3 cpolicTB mapanjenorpaMma HaxOAWM COOTHO-

[ICHWSI, BBIPAJKAIOIINE BEKTOPHI “cTaporo’ Oasuca
yepes3 “HOBbIE™

0!
- -
g1= 18
- - -
g2=-81128>.
&1
Torna matpuua nepexoaa
Pucynox 1.8.2. ||S||— 0 -1 Al |1

] a -
-2 2 B 0
CrnenoBaresbHO, BBIPAXKEHUsI “HOBBIX KOOPJIMHAT Yepes “cTapble” UMEIT BUJ

&= o +1
§y =26 +2&,

dopmynbl nepexoga Mexay OPTOHOPMUPOBAHHBIMIU CUCTEMAMM KOOPAWHAT Ha NIOCKOCTU

- — -
Paccmotpum nBe OPTOHOPMHUPOBAHHBIE cUCTeMBI koopauHat {O,e,e,} u {O',e/,e]} . Ilo-

JTy49uM (HOPMYJIbI IEPEXOoaa IS CIIydasi, TOKa3aHHOro Ha puc. 1.8.3.

- - -
. € = €cosp+e,sing
M3 reoMeTpU4eCcKy OYEBHAHBIX COOTHOLICHHT | N N HOJIy4aeM MaTpH-
e, =—e sing+e,Ccose
cosp —sing > A
Iy mepexona H S H = , 1, ecmn 00" =

sing  cos@ Bl
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TO “cTapple” KOOPAMHATHI OYAYT CBSI3aHBI C “HOBBI-

MU~ KaK
14 14 M
& =&icosp—E&ysing + B
’ e ’ :
& =&ysinp+&;cosp+ B,
O ;1 @ B paccmorpeHHOM ciydae 00€ CHCTEMBI KOOPIAMHAT

yAaeTCss COBMECTUTH TOCIIEIOBATEILHBIM BBITIOJTHE-
HUEM TMapajuIeJIbHOTO TEPEHOca “CTapoil’ CUCTEMBI

%
Pucynox 1.8.3. Ha BekTOop (OO’ M MOBOPOTA HA YIOJ () BOKPYT TOUKH
o'

OnHako KOOHUTHCS TAKOTO COBMEILEHHS, UCTIONB3Y sl MOI6K0 TAPAJUIETBHBIN EPEHOC U 1O~

BOPOT, BoOOIIe TOBOPsI, HEeJib3sl. COOTBETCTBYIOIIU ClIydaii moka3aH Ha puc. 1.8.4.
- -
31ecp, MOCe COBMELIEHUs BEKTOPOB e, U e, elle

%
notpedyercst 3epKajJbHOE OTPAKEHUE BEKTOpa €, OT-
HOCHUTEJIbHO MpPsIMOMN, MPOXOAsIleld depe3 COBMELIEH-
HbIE BEKTOPBI, a (OpMyJIbl Iepexona OyayT UMETh BUJ

g1 =&100s@ +&sing + fy
G2 =&18in@ — &5 cosp + f.

Pucynox 1.8.4.

dopmasibHO ciydau, mokasaHHble Ha puc. 1.8.3. u. Puc. 1.8.4., MOXHO pa3nuuaTth, UCMIONb-
3yst

- -
Onpenenenne YnopsinoueHHast mapa HEKOJUTMHEAPHBIX BEKTOPOB ¢ M b Ha TUIOCKOCTH C CO-

183. BMELIEHHbIMU HayajlaMH Ha3bIBAE€TCS MPAGO OPUeHMUPOSAHHON, €CIIN KpaTdaii-
- -
WA TOBOPOT OT BEKTOPA ¢ K BEKTOPY b BHIEH BBIMOJHSIOIIMMCS MMPOTUB Ya-

COBOM CTPEJIKH.

B npotuBHOM ciydae 3Ta napa BEKTOPOB Ha3bIBAETCS 1€60 OPUEHMUPOBAHHOIL.

OTtMeTuMm, 4TO AJ1s1 MAaTPULBI IEpPEX0aa ” S|, cBsA3BIBaIOLIEH 1BA OPTOHOPMHUPOBAHHBIX Oa-
3uca det ” S ” =+1, npudem det”S ” =1, ecnu opueHnTarus y odenx map Oa3UCHBIX BEKTOPOB OU-

HAKOBasi (TO €CThb, €CJIN OTPaKeHHs He TpedyeTcs), u det” S ” =—1 nns cnyyas Oa3MCHBIX Map pas-

JIUYHOU OPUEHTALUH.



