TJIABA 1 * OBIIUE ITPOBJIEMbI

TEOPETUHO-TPYIIIOBHIE CBOUCTBA
MATEMATUYECKUX MOJIEJIEA B BUOJIOI'MU

10. A. J{anuaos

BaykmocTs mpuell cmMMeTpHHM M ypaBHeHHH AudQysum ¢ HelWHeHHEM
pacIpefeleHHHM HCTOYHUKOM (HeInHeliHON quddysnn, min puddysun,
COeMHEHHOA ¢ BO3PACTAHHEM KOJMYECTBA BelecTBa) KAK OCHOBEI Ma-
TeMaTA9eCKUX MofeJieli MopdoreHesa m cTpyKTypooOGpa3oBaHus Grina
0CO3HAHA TOBOJBHO AaBHo. UgHaKo Mo faBHell rpagmuum o6a Iogxo-
Ja ~— CHMMeTPWitHE#M, WK IPYIIOBOM, ¥ HeMNHeHHO-TUPPY 3N OHH bt —
cymecrsoBain HesapucuMo. llprnMepamn paboTr mepBoro HampapieHNA
MOTYT CIYKUTbh 3HaMeHnTble KEHATH X Apcm Tommcona [Thompson,
1942] n Beitna [1968], npuMepaM:a BTOpOTo — cTABOIME KJaccmye-
cknmu Tpyau A. H. Hoamoroposa, . I'. IlerpoBcxoro u H. C. Ilme-
rkynosa (1937] m 1wpwopmura [ Turing, 1952].

Mesxay teM, eciu moj CHMMeTpHel IMOHMMATh He TOJBKO CHMMeT-
pHI0 BHemHAX $OPM MW BHYTPEHHETO CTPOEHHA }KUBOTO OpraHHm3Ma,
HO ¥ WHBAPHAHTHOCTL CAMO# MAaTeMaTH9eCKOodl MOJeJd OTHOCHTEeJIbHO
HeKOTOPHX IpeoOpa3oBaHM BXOZAIAX B Hee BeNUYNH, TO OTKPHBALT-
CA BO3MOYKHOCTH CHHTe3a 000mx HampaBieHmit. IlpoHmKHOBeHNE Heil
CIMMeTpHN B TeOPHI0 ypaBHeHME HenmHeiHo# ampdysum mospoaser
KIacca)RuupoBaTh HCTOYHHMKHN IO 3amacy JAONYCKaeMHIX MMH Ipeo6-
pasoBaHmil, HAXONUTh TPYIONY YPaBHEHHA C HCTOTHHKOM 3aJaHHOIO
BIJa, 10 U3BECTHOH IPYINIe YpaBHEHUA CTPONTh HHBAPWAHTHLIE M H9a-
CTHYHO-HHBAPHAHTHEE PelIeHNA, [elaTh Ba)KHHE BEIBOZH O CYIIECT-
BOBAHNH ¥ HeCYN[eCTBOBAHNH B JaHHO! MaTeMaTAYeCKOH MOJIeiH aBToO-
BOJIHOBHIX IIPOIECCOB OHmpefeIeHHOI'0 THIIA, HaXOXWTh Gojee IpOCTHe
CHCTeMB!, KOTOPHE MOTYT CIY;KUTh IOCTABHIMKAMH pellleHUi 1y Goliee
CIQKHBIX CHCTEeM, CTPOUTH Mojeid, ofJafalomye 3apaHee 3aaHHOH
cUMMeTpHell U pellaTh MHOTHe APyTHe He MeHee Ba)KHHe 3ajgadu.

B Hacrosmeil 3afage TeOpeTHKO-IpynNOoBoll (cHMMeTpHAHEIM) noA-
XOJf HCIIOJIB30BAH [Jifl MOCTPOSHAA IPYNIOBOH KiIaccHPUKALAN HCTO9-
ankoB B ypaBuesmu Honamoroposa —Ilerposekoro —llmckynosa

Ui = Dutgs + F(u) (1)
u B cuHcreMe ThOpmHra

Uy = Dluxx + Fl (u’ v)’ vy = Dyvyy 4 F, (u’s .1)), (2)
a TaKyKe AJA BHIACHEHHA 9HCIA HpelieJIbHHX I[AKJOB B COCpeIOTOIEeH-
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HOH cHmcTeMe ]
ug = Fl (u1 'U), Yy = F2 (u’ 77)’ (3)

rae F, m Fy — xBagpaTHIHNE IOJHHOMEL.

METOJ, U

TexHU9ECKYI0 OCHOBY HCIOJb3yeMOT0 HAMHI IOZXONA COCTABJIAET
Teopusa Jlu rpynmoBmx cBoifictB AuddepeHAaNbHNX YpABHEHAHR.
Ilyers

S (z, u) =0 (4)

— cucreMa guddepeHNHANPHEIX YpaBHEeHHUI, OOHKHOBEHHHX WJN B
YaCTHHIX NPOU3BONHEIX (BO3MOIKHO, COCTOAMAA N3 ONHOTO YPaBHEHAA).
3nech £ — Bce He3ABHCHMEIE IIEPEMEHHEE, U — BCe IOJJIeKAILNe OIl-
pefesieHAI0 3aBHCHMbIe IepeMeHHBEEe cHCTeMHl.l0gopam, 4To CHCTEMA
(2) momycraer mpeoGpasoBaHUA

' =f(zx,0,0), u =0 u;a); (5)

$' la,=3 == O, u, |a=0 = O.,

ecliM OHA MHBAPHMAHTHA OTHOCHTEIBHO IEepexXofa OT MCXOAHEHIX {He-
MTPAXOBAHHKX) BeNAYMH K mTpuxoBaHHHM. CoBOKYnHOCTH Ipeol-
pasoBaHmii (5) ofpasyer Tpynny (, Ha3HWBaeMyI0 I'pYyIIoil, Jomyc-
Kaemoil cmcreMoit (4).

B 3aBucumoctn oT BmGopa cucremun (4) mpeoGpasosanus (5) Mo-
I'YT OBITH JOCTATO9HO CHOKHEIMA. Teopusa Jlm mosBosseT cyLecTBeH-
HO YOPOCTHTH N3Yd9eHMe IPYNnH G, gomyckaemoii cuereMoit (4), ceogs
ee K M3YUeHHIO TaK HadbiBaeMmoll ajureGpH Jlm L MHPMHATE3UMATBHEIX
omepaTopoB

7} 17
X=8@ u) 5+ nlzu) 5, (6)
rae
=01 _ 99
T R bl vl M @

moposkAeHHuX npeobpaszoBanmaMm (5). llogsepxmeM, ¥T0 KOBpPH-
mueHTs § U 1) HHOWHVTe3HMAaNbHEHX OIEPATOPOB (TAK JKe KAK W PYHK-
ouu f ¥ ¢, 3affaiye KOHeUHHe Ipeolpa3oBaHMA) 3ABUCAT TOJIBKO OT
Z, U, HO He 3aBHCAT 0T IPOMU3BONHLIX YHRIUH 1 1o z. TpeGopanue uu-
BapMAHTHOCTA CHCTeMH (4) oTHoCcHTeNbHO mpeolpasoBaHmit (5) mos-
BOJIAET YKa3arh AJTOPHTM A NOJyUeHAA ONP eI iAIONUX YPaBHeHHI,
KOTOPHM YIOBIETBOPAIT & u 1}. ITH ypaBHEHHA, KaK IPaBmjio (X0TH
¥ He BCeIfa), Ipome HMCXOgHOH cmcteMHl (4). Pemas mx, Moskmo Ges
KaKHX OBl T0 HYM ORLIO JOIOJHATENBHHX HPeRI0N0KeHA, YIATHBA0-
IAX COfepsKaTeibHyI0 MHTEpPHpeTAnuio cucTeMH (4) (ee Pusnmyueckmit,
Gumosiormuecknii, xmMmuecKuii cMeicn) Halitm Kosddmumentn § m 1
¥ 1o u3BecTHOU aarefpe Jiu L BoccramoBUTh TPyNLRy G.
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Ecnu umcxopnmas cmcTeMa COXep:RUT OPOM3BOJ (HAIpHMep, B pac-
cMaTPABAaeMHX fajee CIyJafgx 3apaHee He 3ajaH BHI HCTOYHAKOB),
TO UM MOKHO BOCIOJIB30BATBHCA [/ pacHIMpeHWA Tpyunu (7, pemuns
3ajflady o TPyNNoBoil KIacCHPUKANAA IPOU3BOJIGHLX 5JI€MEHTOB CHCTE-
MHI, T. €. BEIACHHB, B KAKHX CJYydasax, moMEMo o0rraHoro- Habopa mpe-
o6pa3oBaHUH, cHcTeMa JONYCKAET OMOMHHTe ibHEE IpeolpasoBaHms.

IeiicTBys Ha nw060e pemenne cucreMst (4), mpeoGpasoBamms (5)
IIepeBONAT €70 B KAKOe-TO ApYyroe pemeHHe Tol ke cmcteMul. OgHaKo
IpOCTPaHCTBO pemenuil cucreMH (4) B o0meM ciyiae HeoXHOPOJHO OT-
HOCHTENbHO JOIyCKaeMo#l efo rpynnnt G, mam, 49To To e, rpynma G
TefiCTBYyeT Ha NPOCTPAHCTBe pelIeHUii, BooOme TroBopA, WHTPAH3HU-
THBHO. IT0 03HAYaeT, YT0 X0TH npeoGpasoBanns (D) mepeBOAAT peime-
HHA CHCTeMH (4) B pelleHUA TOH jKe CHCTeMHI, AJA JN0GOT0 pelleHUA
cucteMHsl (4) He ofsBarennuo Hajimercs npeobpasoBanue (5), KoTopoe
nmepeBofuao OH ero B Al000e 3apaHee 3alaHHOoe PelleHHE TOH e CH-
CTEMBI. .

Ilpeo6pazosanus (D) MO3BOMAT HAXOLWUTH peMIeHWs, 3aBUCAIIUE
OT MEHBIMET0 IO CPABHEHMIO ¢ oOIMAM caydaem Yucaa nepeMeHHRx. Ho-
BHE IepeMeHHEE NMpPefCTaBIAIT co0oif MHBAPHAHTH TIpynlw G wim
ee moarpynn H;.

Onpenenenne cUMMeTPER CHcTeMu (4), mo Jlu, He egHHCTBEHHO
Bo3MoskHOe. Ml3BeeTHR U gpyrue onpefeleHAA cHMMeTpnH AuddepeH-
UAaNbHHX YPABHEHHH, NO03BOAANIIME JJIA CHCTEM ONpeeieHHOro
BUAa (HampmMep, AJs IHHEHHHX cHCTeM) HaXOAUTH Golnee MUPOKYIO
rpynny, 9eM G. VIsBecTHH TaKsKe MeTOH pPelleHNA YpaBHEeHNHA oTeNb-
HEIX THIIOB, [03BOJAIONINE HAXOMUTH Oojlee oOIMme peIIeHHA, 1UeM
MeTop, JIm. Tem me Meree Meror JIu o6aanaeT ogfHAM HecpaBHUMBIM J0-
CTOMHCTBOM, MO3BOJAIIHM eMy YCHeIIHO KOHKYPHWpOBaTh C GoJee
ITUPOKUMHE oI peJeeHNAME CHMMeTpun U ¢ (oJiee MONIHEIMH MeTOIaMH
petieHnA AndpdepeHIUaNbHEX YPABHeHUA: oH 06JagaeT YHWBepCalb-
HOCTBIO, T. €. IPUMEHAM K JOGHM cuCTeMaM, He3aBHCHMO OT HCIa
BXOQAIMHX B HAX ypaBHEHWIl, IOPAIKa NIPOUSBORHEIX, HEJHHEHHOCTH
U T. 0., H 9T0 BHITOJIHO OTJIMYaeT ero ot Gojee cnenMPUIHbIX onpemeie-
HWii CHMMETPHE ¥ METOIOB pellleHNA ypaBHeHnll, HCIOJNb3YIONNX HHAR-~
BHU/yalibHble 0COGEHHOCTH CHCTeMH (4).

CUMMETPU A YPABHEHNA
KOJIMOTOPOBA — NETPOBCKOI'O — MUCKY HOBA

Kar wu3BecTHO, JaHHeliHoe ypapHeHWe Audysuum — ypaBHeHme (1)
¢ F (u) = 0 — "HenpurogHo AJNA ONHMCAHMA AaBTOBONHOBHX IIPOIECCOB
(m, clnegoBaTeNBHO, HE MOKET CIYKHTh MaTeMaTH4eCKOH MoOJeJbIo
CTPYKTypooGpasoBanmst wim MopdoreHesa): jwboe HagalbHOe pac-
npeJieJleHIE CO BpeMeneM pPaclIbBaeTcs, NepexofuT B IPOCTPaHCTBEH-
no-ongaopoguoe. A. H. Hoamoropos u gp. [1937] o6napy:xmun, w0
ypasHerme (1) o6iafmaer pemeHneM, B KOPHE OTIHIAIIHEM ero OT JH-
nefinoro ypasmenus auddysnu,”a mMeHHo pemeHmeM TAma Gerymei
wonHs. Crorr {1977] mocBaATHN 3T0MY BayKHOMY OTKPHTHIO ClelyIO-
ique IpOoYYBCTBeHARE CTPoKE: «Ecin orIAnyTHCS HAadaK, TO OKAKETCH,
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970 MATEMATHKH YIYCTHIN NPEKPACHYIO BO3MOKHOCTE IONYIHTH BasK-
HEe Hay9YHBE Pe3yJbTATH TOJHKO IOTOMY, 9TO KTHOPHpPOBANA M3YYe-
Hue HeXmHEeiHOTo ypaBHenus puddysmm. McekirogenneM Grma pabora
Konmoroposa, IlerpoBexoro u ITmckyHoBa, MOCBAMEHHEAS yPaBHEHHIO
(1), xoTopoe Grulo -cBA3aHO ¢ OmojormuecKoid 3amageir o Auddysun
nomyasaui (ypasueHme (1) momsxHO 6HTH, WO-BHAAMOMY, HA3BAHO
ypasaenmeM RIIII). Oun moxasanwm, vro ia06oe HaTalbHOE BO3MYMIE-
HHEe B BHAe Iepellafia CTPeMHUTCH K OJHOMY H TOMY 3Ke YeIHHEHHOMY
CTANIOHAPHOMY DeTIeHHI0 BHJA

u (2, 1) = u, (x —vt), v = const. (8)

ABTOpPH H3Y9IAJHA 3T0 pelleHHe C MOMOMbI0 a30Bo# IIOCKOCTH A
MOJIYy9HJIA B ABHOM BHJe BHPaKeHHAE NIl CKOPOCTH .

To, 9T0 MaTeMATHKY He CYMEIX CBOEBPEMEeHHO W3YUHTh YPABHEOHHE
(1), we Moser GHITE 00BAicHEHO CIa00CTHI0 UX TeXHHKH Iepeq JHIOM
OTPOMHHIX MaTeMaTHIeCKMX 7TpyjHocreil. ...Bumonmennme Byccm-
HeckoM, a Takke Kopreserom w ne @pusoM Teoperwgeckne mCCIeRo-
BAHNA Ve[MHEHHHX BOJNH Ha Bofe, onmcasHnXx CkorroM — Paccenom,
CBMAETEABCTBYIOT O JOCTATOYHOM NOHWMAHMH CyTH Reia. ...Ilpemsr-
CTBHE, BePOATHO, 3aKI0YaJ0Ch B TOM, IT0O MATEMATHKH aBTOMATHIECKH
NepeHeCIH BHBOM O HEBOJHOBOM MOBEJeHNY pelieHd JuHeliHOTo ABd-
depeHITANBHOTO YPaBHEHNA HA HeJWHeHHKHN caydail. ...UroOn nuMeTs
HaTJAANHED OpEMep HeJudeiHoll nuddysmu, HaM HeT HeoOXORMMOCTH
ofpamaTbes K DK30THYECKMM HpHUMepaM: JOCTATOYHO B3ATh OGHIKHO-
BEHHYI0 CBEYY, BEKAME 0CBeIaBOIYI0 paboume cronis yyenux. Huddy-
3HS TEILIa OT IJIaMeHH 0CBOGOMAAeT 0T BOCKA BCE HOBHE YIacTKH fm-
THIA, KOTOPHE B CBOIO oqepenb 3aTOPAITCA W CIYKAT HCTOYHHKAMH
temna» (c. 288).

Kax moxassiBaer rpynnosoit aranms [lammnos, 1980al, ypasue-
aue (1) B ofmem corygae (Ipu OPOU3BOIBHOM BHGODe HeToTHUKA F (1))
ROIYyCKaeT JUING CABWUTHU 110 OIPOCTPAHCTBEHHO! IepeMeHHOH m Bpe-
MeHH, T. ¢. mpeobpasosanus (5) BAAA

r=z+a t=t+a. (9)

Herpynao y6enutses B ToM, 910 ypaBuenue (1) geficTButesnHo momyc-
KaeT 5TH OpeobpasoBaHUA: [IJid HTOr0 JOCTATOYHO 3aMeTHTh, ITO KO3{-
dunaeHTH ypabHeHHA (1) He 3aBHCAT ABHO OT IPOCTPAHCTBEHHOH
nepemenHo# u BpeMenn.'Teopns JIu mossonser yTsepKaaTh HeIT0 50D~
TIee: OHA HE TOJIBKO JlaeT AJITOPHTM JUIA HAXOJKIeHHA Jerko poBepHe-
MHX npeoGpasosanmii (3), Ho n Tapaurupyer, 910 ApyTux npeodpaso-
BaHMi, KoTOphe He m3MeHANH 651 Bu ypaBHeuns (1) mpu npounssonsb-
HOM mcTounmke F (u), He cymecrtByer. Pemenue 7tmma Gerymmeit
BOJIHHL OPOKIACTCA THUHeiHON KoMOmHAMEH

] a
%+ o 10

HHOEHUTE3HMAJIBHEIX OIepaTopoB mpeobpasopammil (9). Jloxasartens-
CTBO CYIMECTBOBAHHS HAMMEHBIIEH CKOPOCTH Uyyy, IPH KOTOPOHA Ge-
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rymas BoJHA ycroiiyuBa, rpeGyer mpHuBiedeHdAs HerpYNMOBHX €000-
PasKeHHH,

Ilpu F = u®, s~ 1, s 3= 0 (Ma paccMaTpuBaeM HejMHEHHEE HC-
TogHHKA) B F = el%, L 5= 0 Tpynma paciogpAeTcs: B Hee, IOMHEMO
OOHYHHEIX CIBHTOB, BXOQAT IpeobpazoBanme IoKo6HMs

t' =e2t, z'—=e% (11
He3aBICAMHIX IePeMeHHBIX , COIPOBOKAAEMOe KOMIEHCH P YIOIAM IIpe oG-

2
2 , 2
pa3oBaHHeM QYHKIHH 4’ = ¢ 1—3 “u (amaF =udYn u'=u— I (ras

F = e¢l%), Pemenus, nHBapunaHTHBE OTHOCHTENBHO IIpeoGpasoBaHUsd
.TMomo0NsA, HABHBAKTCA ABTOMOAENbHHIMA. TakmM of6pasoM, W3 rpym-
IoBOro aHaam3a ypaBHeHns (1) ciefyeT, 9To aBTOMOXeIbHHMH pe-
HeHNAME 00Jafal0T TOJIBKO YPABHEHHS CO CTeNCHHHMH N SKCIOHEH-
OAAJTbHHIMH HCTOYHHKAMI.

IIpu mepexome K n-MepHOMy ciaydal, IOMHMO CIBHTOB IO IpPO-
CTpaHCTBGHHHM oepeMeHHHIM B BpeMeHH, YpaBHEHHe

ur = DAu + F (u) (12)

(n-MepHHl aHasor ypasHeRHsA (1) npm IpOU3BONBHOM MCTOYHHKE
F (1)) momyckaeT moBOPOTH B KOODAMHATHHX ILIOCKOCTAX IO IPO-
CTPAHCTBEHHEIM HepeMeHHKM '

I} = ;0080 + T, sin @, I, = —x; sina + Tycosa. (13)

Pacmupenne rpynms npoMcXonT, KaKk ¥ B 0{HOMEPHOM ciydae, JAIMb
IIPY HCTOYHMKAX CTEIEHHOTO U YKCIOHEHIMAJhHOro THIOB. HoMOnuu-
pyA IOBOPOTH ¢ pacTshxenHeM (mpeoGpa3oBaHmeM MmoAo0maA), MH
mojiydaeM apXHMefOBY CIHMPAaJ b B COOTBeTCTBYIOMEd KOOpAWMHATHOR
HIIOCKOCTH, a QYHKOHA, B3aBHCAMAA OT HWHBAPHAHTOB HABMKEHHUA
II0 CIMpAaJH, YZOBJeTBOPAeT OOHKHOBEHHOMY AH(pQepeHINalIbHOMY
VPaBHEHHIO, AHAJOTHIHOMY [AJA CTEIeHHOTO0 MCTOYHHKA YpPaBHEHMIO
IMena.

CUMMETPUA CUCTEMBI THIOPHIHTA

Ucxoms w3 mepmogwdnocT: B pacmpefelieHmH narten Ha Dalma-
tium, cerMeHTAnWM KOJIbYaTHX YepBeld M 06pa3oBaHMA BeHINKOB Y-
majier; y THAPOHUIOB, a TAKKe 3aKoHOMepHocTeH dmmnorakcnca, Thio-
puar [Turing, 1952] npepgmososkui, 94T0 0COGEHHOCTH NpPOTeKAHAA
ABNeHHA MopdoreHesa Momuo o00BACHATH B3aMMHOK Ampdysmeil m
peaxrue#l 0cOGHX BemECTB, KOTOpPHE OH HadBajl MOpQoreHaMm.

B mpocreitmem caydae ABYX Mop(oTeHOB peaKuud MekAy HUMEI
OPOUCXOAMT JUIIG NPH TOCTAKEHAW HEKOTOPOH NMOPOTOBOM KOHIEHT-
paumn ofHOTO MopdoTeHa B ApyroM. Bce sBieHHe B mesioM, mo Thio-
PHHTY, aHaJOIW4HO ofpasopaHui Kojer Jlmseradmra. CHawama Mop-
orens guddyHgUpyOT KaskawL U3 cBoero pesepeyapa. llo moctm-
#eHHH IOPOI'0OBON KOHHEHTPANHU MEMIY MOp(oTeHaMH IPOHCXONHT
XUMAYeckasd peakuus. B pesyibrate cofeprkaHde OJHOTO MOp(poTeHa
B JIpyroM oGefHAETCA: KOHCHTPATIHA IajlaeT HU/Ke Noporosoil. Yepes

9



HEKOTOpOe BpeMs KOHI@HTPAnHA (yiKe B HOBOM MecTe, PaCIol0KeHHOM
[aJbile OT HCXONHOIO Pe3epByapa) BHOBb ZOCTHTaeT IIOPOTOBOTO 3HA-
9eHNA, IPOMCXOTAT peaKnud MopQOreHOB @ T. A.

TropuHr moKasad, 4T0 cucTeMa (2) 10 CBOMM CBOHCTBAM TaKKe
pe3Ko oTIHIaeTcs OT CBOETo JMHEHHOT0 aHAJAOTa — CHCTEMH ¢ HyJie-
BHMHA ACTOYHHKAMA: IPH HEKOTOPOM BHOOpe MCTOYHMKOB ONHOPONHOE
II0 IPOCTPaHETBY CTAIMOHADHOE COCTOSIHME cHcTeMEl (2) HeycToi9mBo.
ToroopuHr o0HAPY!KHJI INECTh THIOB ACHMIITOTHYECKOTO IIOBEAeHH:A
OHOPOJHOTO CTAIMIOHAPHOIO COCTOAHNAA, W3 KOTOPHX [Ba PeadusyioT-
cA npn yucae MopdoreHoB He MeHee Tpex. Fecmorps Ha orpanmyen-
HOCTh ¥ HOsBJeHNe (ojiee CHOKHBIX Mofeneil, cmcrema ThIOpWHra n
ee MHOTOUMCJCHHHNE CHeTUANA3anyd IPOSOKAT CIY/RATH OMHON N3
OCHOBHHIX MareMaTHYecKHAX Mofieseil MOpPOreHeTUUIECKNX IPOTECCOB
H CcTpyKTypooOpasoBaHHA.

He wucritoseno, uTo K cBoeit Momenu Mopdorenesa TprlopHuar, cos-
ZaBUIAH alCTpPaKTHYI Mofelib YHHBEPCAJIBHOTO aBTOMAaTa, KOTOpas
II03BOJIANIA YTOYHATH BayREEE MOHATHA BRYUCINMON QYHKINKA 1 alNTo-
PATMAYECKH PaspemuMoil mpo0ieMsl, IPUIe i B Pe3yabTaTe PasMBilI-
neHuil Hag npobiaeMaMHd BO3HHKHOBEHUA CTPYKTYP W CAMOBOCIIPOHB-
pogAmmuxcs aBroMaroB. O ToM, UYTO TaKMe pa3MEINLICHUA He GHIIM
YY/RIB IpYTOMY CO37aTeiI0 COBPEeMEHHOHl TeOpPHH aBTOMATOB, CBUJIE-
TeibeTByeT Bepre, Boccodgarmuit mo sanucam gon Heiimana mopmens
caMoBocuponssoasamerocs asroMara [fon Heiiman, 1971].

I'pynooswie cBoitcTBa cucreMsl ThIOpHHra, Kak I CHENOBANIO OKH-
JaTh, OKA3HBAIOTCHA AHANOTMIHBIME TPYIIOBHRIM CBOHCTBAM ypaBHG-
Hus (1), HO THIH HMCTOYHMKOB, MONYCKAKIIHX PaclIHpPEHHe T'pYIIIb,
oTInvanTcs GONBIINM pa3HooOpa3ueM M3-3a HANHYHUA NBYX Mopdore-
HoB [Jlanunos, 19806]. IlomMumo cyBuros mo mpocTpaHCcTBeHHBIM Iepe-
MEHHBLIM M BpeMeHH, cACTeMH ThIOpHHTa JonyckaoT npeobpasoBaHus
momo0uA  (COIPOBOMKIAEMOE COOTBETCTBYIOIMM IpeoGpasoBaHueM

dyHKnu) TUIL B TOM clydYae, eClId MCTOYHMKHA IPHHAJNJIEMKAT K Of-
HOMY M3 CJEAyIINUX THIIOB.
1. CreneHHEE HUCTOYHUKH

Fi=u®!, Fy=u", (14)

He BHpOMKIaoIAecH B JuHeitHble. IlpeoGpaszopanns mopobus mMeoT
BU;:

t=e2, g '=e*x, w'=emy, v =9, (15)
rae m M n - pelleHWA CHCTeMH JIMHEHHHX ypaBHEHHH;
s—1m-t+tn= =2, km+4 ( —1)n= =2 (16)

2. JKCIOHeHNMAaJIbHEIe MCTOYHNKM, HE BHIPMKAAIOIUECH B KOH-
CTAHTHL.

Fl — eLm+sz’ F2 J— eLau+ L, (.17)
ITpeoGpasoraHna monobma MMeEOT BHI:
t' =e, 2 =ew, u =u-Fma, v =v4 na, (18)
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TAe m B n — pEIMEeHHA CHCTeMH JIMHeWHHX YDPaBHEHHM.
Lim + Lyn = =2, Lgm + L,n= —2. : (19)

3. NcTouynnKN CMEIIaHHOTO (3KCIOHEHIXANbHO-CTeIIeHHOTO) THIIA.

Ecan ¢pyHENEAA BXOQAT B HCTOYHMK KaK CTeIeHb, TO IpH mpeobpa-
30BaHAM IONOOHA HE3ABHCHMHIX [EpPEeMeHHHX OHa Ipeobpasyercs
MYJBTAILIAKATHBHO (YMHOKAETCA HA MHOMKHUTENDb k% ¢ COOTBETCTBYIO-
muM k). Ecan ¢yHRUMA BXOOUT B HCTOYHMK KAaK DKCIOHEHTA, TO IPHU
npeoGpasoBaHNN HOKOOMA He3aBUCHMBIX IepeMeHHHIX OHA Ipeobpa-
3yerca apnutuBHO (ODpmobperaer cinaraemoe No ¢ COOTBETCTBYIOMUM
N). ITosromy wkammas u3 GYHRIUN MOKeT BXOTUTH B MCTOYHUKH G0
B BuUfie cremenu, AuG0 B BHAe HKCIOHEHTH, HO He B BHME CTENGHH H
DKCIOHEeHTH OfHOBpeMenuo. ClefoBaTrebHO, BO3MOIKHE [[Ba BapUaH-
Ta SKCIOHEHI[MAALHO-CTEICHHEX MCTOYHMKOB: B OMHOM W3 HHX U
BXOIUT B CTEIIE€HB, ¥ — B YKCIIOHEHTY, B PYTOM U BXONHUT B BKCIIOHEH-
Ty, ¥ — B CTeleHb.

3a. F{=utelr, F,=usel®, (20)
'HpeoﬁpaaoBaHuH mono6us
V=e2, g =e*x, u =c¢ek%y, vV =v+la, (21)

rme k| | — pemieHusa CHCTEME IMHeHAHEX YpaBHEHHI:
k(s, —1)+ 1L, = =2, ksy -+ 1L, = —2. (22)
36. Fi=elwS, F,=elupS:, (23)
IlpeoGpasorannsa nomobus:
t'=e2%, z'=¢%x, u =u-+tka V=el%, (24)
rme k u | — pelieHHA CUCTeMH JHHEHHEIX ypaBHEHMIE:
kL, + Is; = =2, kLy + 1 (s —1) = —2. (25)

ITpeo6pasoBanua mogo6ua HOPOKIAOT aBTOMOMEIbHEE pellleHns,
sasucamue ot z/) 1.

B meomHoMepHOM caydae KOMOMHAN AN IIOBOPOTOB M IpeoOpasoBa-
HOA Mofo0uA MO3BOJNAKT MOJNYydYaTh COHUPANBHHE peIleHnd.

IIPEJEJBHBIE HHKJBI B CHCTEME TBIOPHHTA
C KBAJPATHYHBIMH UCTOYHUKAMH

Hagr 6mu10 mowrasamo BuiIle, TPYNIE, NOIYCKaeMuie ypasrenmeM (1)
¢ cuctemoit Triopuura, moBoAbHO Oemmel mpeobpasoBaHUAMHA. ITO
00CTOATENBCTBO, KadaaoCh OB, NOMYKHO 3HAYATENBHO O6GECHeHMBATH
NpUMeHeHHe TPYIIOBHX METO0B K AHAJH3Y CAOMKHEIX CHCTEM, ITe
pe:uM, obaagaomiui CKOJbKO-HHOYIh 3aMETHOH CHMMETpHUe#, OoJ-
JKeH CUMTATHCA CKOpee MCKJIOUYEeHHEM, YeM LPABHIOM.

OnHako monyyeHHe WHBAPWAHTHHX M YACTAYHO HHBAPHUAHTHHIX
pelleHMi MajeKo He MCIePIHBAET BOSMOKHOCTH TPYIIIMOBEIX METONOB.
Har Oyger mokasamo HmsKe, flaske B TOM CIydae, KOTHa CHCTeMa He
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HOIyCKaeT HEKAKAX mpeolpasoBaHmil, KpOMe TO)KAECTBEHHOT'O, METOJ
JIu moaBomAeT MesaTh BayKHHE 3aKAKNUEHHSA, HANPUMEp, O JUCIe H
XapaKTepe THIIOB aBTOBOJHOBHIX DeXUMOB. IIpomeMoncrpupyem aT0
Ha BaJKHOM IpmMepe — cucreMe Triopmara (2) ¢ KpafpaTMYHBIME
HCTOYHWKAMM.

Ilonroe BpeMA cumTaioch, YTO B TAKOU CHCTOME, TOUHEE B COOTBET-
CTBYIOmIEH eif Togeunoil cucreMe (3), He CYMECTBYeT MeXaHM3Ma, CIO-
cOGHOTO HAPYIUNTH YCTONIMBOCTH TePMOAUHAMUIECKON BETBH M IIpH-
BECTH K BO3HHKHOBEHHIO aBTOBOJHOBOTO HpoIecca.

Takoe MHeHWe HOAKPENAAIOCH OTYACTH TeM, 4TO K UHCAY CHCTeM
(3) ¢ KBampPATUYHKHME HEIAMHEHHOCTAMYI LNPHHAMIEHNAT H3BECTHAA MO-
nens Boasreppsi —Jlorku [Lotka, 1965; Boasreppa, 19761, o6manaio-
mas upu

u = ku — kuv, v = kguv — kw (26)

u >0, v > 0 ocoboit Toukoii TMma meHTp. BHBeNeHHAA M3 COCTOA-
HUA PaBHOBECHHA, COOTBETCTRYIOMETO 9TOH Towke, cucreMa (26) maum-
HaeT COBepIIaTh BOKPYT Hero KoxeGaHus. AMIIUTYAa W MePHOJ 3THX
KoneGanuil, UpHHANISKAMUX TEPMOAXHAMHIECKON BeTBHM, B3aBUCAT
OT HHTEeHCHUBHOCTH BHemuero Bo3KeiictBuA. Cucrema (26) komceprarnp-
Ha, oHA o0JafaeT mepBHM WMHTETPAJNOM, IIPEICTABMMEIM B AHATHUTHIE-
ckom Buge [Tayae, Burr, 1934].

BosaukaeT BoOpoc: KaKOBa MUHAMAJIbHAA HeAUHEHHOCTD, IIPH KO-
Topo# B cucreMe (3) cymecTByeT mpefieAbHHNE MARI (TepMofUHAMEATE-
CKafl BeTRL TepAeT yCTOMIHBOCTH)?

Huxomnc u puroxun [1979] yreepxnawoT, aro noreps yeroiuu-
BOCTH T€PMOAMHAMHICCKOR BETBH MO)KeT IIPOMCXOAUTH B cucreme (3)
UpE HeTWHeHHOCTHE He HWKe KyOmueckodl. MM mpumamieskur sma-
MEHHUTafd TPUMONEKYIApHAsA MONelb, WIH GpPICCeNATOp, ¢ KyOmue-
ckoft HeMHEHAHOCTHIO:

ur = kA — (kB + k) u + kuty, vy = k,Bu — ku?y, (27)

B KOTOpOIl IpeeNbHEI [IUKN CYIHECTBYeT U, CIEeN0BATENHHO, BO3MOMK-
Ha MOTepsA YCTOHUMBOCTH, NPUBOAAIMaA K 06pa3oBaHuio ACTUHHO JIHC-
CHNATHBHON CTPYKTYPH B OoTAWdIMe 0T KoJdeGawmir B Momeau Boib-
reppsl —JloTHM, nMpHHANNIEKAMHUX TepMOREHAMUIECKOA BETBH.

B BuGope (@am mo mpatimeit mMepe B oBocmoBammm BEIGOpa) He-
auHefiHOCTH B Gplocceladrope BAKHY0 POJb CHIPala ClIeRYOMan
TeopeMa: B [BYXCTaiWiAHO# peaKmuun C MoOHO- W OUMONEKYIAp-
HBEIME CTafHAMA M ABYMS IIPOMEKYTOYHEIME HIPOAYHKTAMH HE MOKeT
CYIEecTBOBATh TpeleJbHHA MUKJI, BHYTPH KOTOPOTO HaXxOmwmicsa Gl
HeyCTOWUMBHIE Y3el mau meycToiuuBmiél omyc.

AmTopu GproccenaTopa HApYIMWAU YCIOBHA TEOPEMHl, BBEA €Ta-
AMI0 ¢ TPUMOJEKYJIApHoH peaKmmedt, B KoTOpoll yuacrsyior oba
IPOMeRyTOIHEX NpoAyKra. CymecTRyIoT B pyrue croco6sl Hapymre-
HUA YCIOBHH TeopeMBl, KajKI0e W3 KOTOPHX CYIOIECTBEHHO B TOM
CMHCJe, 9TO UIPpH HapYMIeHAH €T0 TeopeMa yTpaduBaer CHIY.

Ilpepmonaras, 4To OMHO U3 BEMECTB, YIACTBYOIIAX B TPHMOJIEKY-
AapHoii cragum, mMmeercA B u3bniTke (pe3epByapHOe BemecTBO, W3Me-
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HeHFe KOHIEHTPAIU¥ KOTOPOTO B XO/i€ PeaKI#K MpeHeGpe:RAMO MAIO0), |
dwep [Escher, 1975, 1979] nocrpoun mpumep cucrems (3) ¢ KBagpa-
THIHEIMI HCTOYHUKAMU

uwy = (kyAd — 2kg) u? — kyuv + kB,
vy = kqu® — kyuv — ko + kB + kD, (28)
HomycKaomeil npu
kiA=1T, k=1, kB=1,5,
k3=2,5, ki=1, kD=2,75,
nmpefiellbHHN IHKX _
10u? — 12uv + 4* + 20u — 16v 4 19 = 0. (30)

TakuMm o6GpasoM, MHeHWE O TOM, OYATO B ABYMEPHEIX CHCTEMax
(c mpyMsa MopdorenaMu) ¢ KBafpaTHYHBIMI HOIWHEAHOCTAME Ipeeb-
HEle¢ MUKJIBI HO CYIIECTBYIOT, JIOMHO: aBTOBOJHOBEIE TIPOIECCH MOTYT
BO3HUKATH ¥ B TAKUX CHCTEeMaX. JTOT akKT OHLI H3BECTEH B MATEMATHKE
IOBOJBHO MABHO U CBA3AH ¢ KPYTOM HpoGieM, IPHMHKAIOIKUX K 3HA-
meumroit 16-ii mpoGuneme TUmnnGepra. JleficTBUTENBHO, YCTAHOBHB
caMeiil GaKT cynIecTBOBAHMA IPeiebHBIX UKJIIOB B cucTeMe (3) ¢ KBaj-
PATHYHBIMA MPABLIME YaCTAMY, €CTECTBEHHO IOMHTEPECOBATHCA, Ka-
KOe BADHAHTH BO3HUKHOBEHUA IPeNeIbHEX [HKIOB 31eCh MOTYT Ipef-

CTaBUTBCA; T. €. CKOJBKO IIPpEeNeJbHBIX IIUKJIOB MOMKET OHTH y cucre-
MBEL

(29)

=2 ayuiF, pp== N bikuivk (31)
o<iHh<2 0i+-k<2
M, eCAU WX GOABNIEe OMHOTO, TO KAK OHHU PaCIIOJOKeHH?
dror Bompoc cramkuBaer ¢ 16-ii mpo6aemoit I'map6epra [1969]:
H3YYeHHE YMCIa, XapaKkTepa X B3aWMHOTO pAacIoJoyKeHUA BeTBell al-
rebpamgeCcKUx KPHBHIX HA MJIOCKOCTH (MM 110A0CTel aXrebpamiecKux
MOBEPXHOCTEH B HPOCTPAHCTEE).

TousiTme rpynusl, gomycraeMmoil nuddepeHnUAAABHNM YpaBHEHHEM
AN CHCTEMO#l TaKUX ypaBHeHMil, B cMmcae Jlu, mosBoxser ceecT:
3TU POJCTBEHHEIE TIPOOJAEMEl K OIHOM.

PaccmorpuM obbikHOBeHHOe AuddepeHnmuanbHoe ypaBHeHHe Iep-
BOTO TOPARKA

F(.’L‘, Y, P) = 01 (32)

e p = dyldz.
I'nasuyro auHeiHY0 TacTh Hpeobpasopauuil (D) B 3TOM Ciaydae MOMK-
HO 3ammcaTh B BUJE

7' =z + a (2, y) + o0 (a),
y' =y -+ oan(z, y) + o (o). . (33

HMomuepkuem eme pas, 970 Ko3pPUIHEHTH & M 1) 3aBHCAT TOABKO
oT BuIGOpa ToukM Z, ¥. Ilox nefictBueM npeobpasosanud (33) npousson-
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Haf p NOXBEPTHETCH HPeoOpasoBaHMIO

p'=p+al(z,y, p)+o(ax) (34)
(rar HasHBaeMOMY IPOMOJKeHHOMY IpeoOpasoBaHHI), THe

o o, % 2 % 35

L@y =5 +rloy +5)— Pay- (39)

Baskno ormMeTnth, YT0 K03QdHnueHT { 3aBUCAT TOJBKO OT Z, ¥, P.
Ecnu B nponssoabHofl TouKe $a3oBoil miAoCKoCTH 3amarh @iar (ua-
nOpaBJleHHe, WU, 9TO TO 3Ke, p), To 06pas guara 6ymeT 3aBHCETH TOJBKO
ot npooGpasa. CienosarenbHo, 3ajaBad B PUKCHPOBAHHOA TOUYRe Z,
Y pPasnudHbe p, MBI GyoeM oaydaTh OfHY M TY 3Ke TOUKY ', Y’ ¢ pas-
AUYHEIMEA P’ KoTopse OYyAyT 3aBUCETh TOJABKO OT BH6Opa 3HAYEHUA P
B MCXOMHOH TOYKe. JHAUMT, ecaM uepes TouKy P (z, y) mpoBecru jBe
KpuBHe ¢ o0mell KacaTeldbHOH, To B 0Gpase Touku P — roure Q (2,
y') — o0passl RPHBHIX Take OyNyT HUMeTh OBIIYI0 KacATeNbHYIO.
B gacrroCTH, 1yTa ¢ KOHTaKTOM moj AedcTBueM upeobpaszoBammii (5)
nepefieTr B Oyry ¢ KOHTAKTOM, a Ayra 0es KOHTAKTa — B MYTY 6es
KOHTAKTA.

Ecanm Ha miockocTH £y MOCTPOUTH OrM0AMYI0 ceMeiicTBa MHTET-
palbHHIX KPUBHX, TO ee o6pas OTHOCHTeXbHO mpeobpasosammit (5)
Gymer ormbaromeii 06pa3oB MHTETPATBHEIX KPUBHX M, CJIEI0BaTeAbHO,
npeobpasoBanud (5) mePeBONAT IPeNeJIbHKM IUKA B CeGA, XOTA Hpo-
M3BOJbHAA WHTErpajibHAs KpUBafg HOR [eiicTBHeM mpeobpasopanuii
() mepexomuT B KaKyr-To, BoOGue TOBOPA, APYTYI0, HHTETPALBHYI0
KPHUBYIO.

Herpyaro nposepurs, uto npu o — 0 ornomenue 1/ crpemurcs
K p. MoHO morasark, 9To JIA cucteMsl Tuna (31) § u ) —monunOME.
CremoBaTenbno, nmpefiebHLE [UKIH MOJKHO HCKATh, KAK CBA3HEE KOM-
IOHEeHTH anrefpamdecKoil KpHBOiA

P (z,y, ) =0. (36)

Bosspamasce k Hameit cumcreMe (3), MH Ioxydaem, 4TO ee Ipe-
Jle/IbHbIe NUKIBL COMEPIKATCA Cpell CBABHEX KOMIOHEHT alreGpamdec-
KO#l KpHBOW

hy bikuivk —& aikuivk =0 (37
o<i-HE<e 0i+h<2
IpHE [IOMOJIHATENBHOM YCAOBUM — MHBADHAHTHOCTH CHCTEMHl OTHOCH-
TenbHo npeobpasosanni (0) (U = D bgutt, V=3 auuh
ok i ock-Hisse
g (VUu - UVu) + ] (VU'v - UVv) +
an . ( an R 13
+ U5k + UV (4 — o) — Vi =0. (38)

Tlo reopeme I'apHAaRA, YNCHO CBA3HHX KOMIIOHEHT airebpaudecroi
KpuBoii ctenenu n me upessimaer 1/2 (n — 1) (n — 2) 4 1.

Pesynsratsl Tys [ame-wxy [1962] nmossoxsior meraamsmposaTh
OTHOCHTENbHO® PACTIONOKeHNe MPeneNbHbX nuKIoB. Hammasa saMmkuy-

14



Tasgd TPaeKTODHA CHCTeME (3) ¢ KBafApATAYHEIMU UPABHIMU daCTAMH
Bemykaa. Ecaum B cuereMe cymecTBYIOT ABa IpeNeNbHHX IUKIA, TO
OHM 100 PACIIONOKEHH ORMH BHYTPH APYTOTO M COHAIPABJIEHH, JH-
60 pacmoxoskeHH OfHH BHE APYTOT0 M HMEIOT IIPOTUBOIOMOKEY 0 OPUeH-
tanuo. Ecaum umcio mpefedbHEIX QUKIOB PaBHO TpPeM, TO OHM Ju00
BJIOMKEHH OFHH B [PYTOH M COHAIPABIEHH, JU00 ABA IMKIA BAOMEHE!
U cOHampaBJIeHK, a TPeTWH JeKUT BHE M MMeeT NPOTHBOIMOJOMKHYIO
OpHEHTAIHIO.

Cucrema (3) ¢ KBampaTHYHEIME OpaBHME YaCTAMHA He MOKeT 006Ia-
faTh TpeMs IpeflelIbHKIMA ITUKIAMHE, JIeKAIUME BPO3b, OAH BHE py-
TOr0, WM JBYMA HUKJIAMH, JISKAMUMH OMH BHE APYTOr0 BHYTPHU
TpeThero. ‘

AHajnorW4YHNE YTBeP/ReHNA CIPABENJIABH H B TOM Cilydae, ecld
9HCI0 Mpeje bHBX [UKA0B 60JbIe 3.

TOIIOJIOTUYECKUE METOABI B BMOJIOTNN
C. H. Maaneun

B nmacrosmeii craTbe pedus MO#eT 0 HPUMEHeHUN B GHOJIOrMM Teopun
raractpod. Tepmun «reopua Karactpod» INpernoskeH GpaHIy3CKHM
tomonoroM Tomom [Thom, 1975] gas oboamavemmsa mmporoit mpo-
TpaMMB MaTeMaTUIeCKOTO OIMMCAHUA ABJCHHIA, CBA3AHHHKX ¢ PE3KAMU
CKaYKaMH M KaveCTBeHHHM H3MEHEHHeM KapTHHH MCCIeLyeMOTo mpo-
necca. ToM 3al0)KUI OCHOBEI 00INell TeOpHMH YCTOHYMBOCTH, IpUMe-
HUMO# K MaTeMaTHYeCKHM MOJeJAM paslmuHHX THios. B cymuoctn,
aTa ofmad TeOpHA CoBIafaer ¢ KiaccuuecKodl Teopueir Gudyprarmit
AUHAMAYeCKUX CHCTeM, Pa3BHTOi B mcciaegoBamMax A. M. Jlamymo-
Ba, Ilyanrape u A. A. Annpornosa. ToM coequaun ¢ Teopueit Gudyp-
Ranuit ufem YUTHU 06 0COGEHHOCTAX TIagKHUX 0TObpaskeH i, 910 mpu-
'BeJI0, ¢ OAHOM CTOPOHH, K CYIIECTBEHHOMY MAaTeMaTHYeCKOMY IIpo-
[BU3KEHUIO, a C APYTOo# — K CHCTeMaTH9eCKOMY IPAMEeHeHHUIO PAa3BUTOM
TEOpUM B APYTHX HayKaX, B YaCTHOCTH, B Gmoiaormm. Criemyer moj-
YepRHEYTH, UT0 MeTOAH ToMa, pa3BuBad, Kas3aaock G, TpaJuLiHOHHEIE
pasfesibl MaTeMaTUKH, Bpoxe AH(QPepeHIMalbHOTO UCIUCACHAA U YC-
ToHYMBOCTH OGHIKHOBEHHHX AM(PepeHNUANbHHX YDPABHEHU, comep-
/KAT MHOTO HOBeliIe#l MaTeMaTHURM (TONIONOTHA, aarebpaudeckad reo-
Merpua, obmad TeopHA AUHAMHIeCKHAX chcteM H T. m.). Ioaromy,
XO0TS MHOTHe ABIeHNA, IPENCKA3EBaeMbie TeopHedl KatacTpod, Momk-
HO OGHADYMKUTH HEIOCPeNCTBEHHO (HAmpuMep, KAYCTHKYM BHIHEI He-
BOODY/KeHHHM Ila3oM), 00hACHEHHe WX BHIXOTHUT [ANeKO 32 PAMKM,
cKasKkeM, OGHYHOT0 YHEBEPCHTETCKOIO Kypca MaTeMaTHKH.
Hexroropwie apropn [Ymaamaryopr, 1979] cumraior, aro reopus
KaTacTpod TMpHM3BaHa KaYeCTBEHHO ONMUCHBATh ABAeHHA. PasyMeercs,
MaTeMATHIECKHUH MeTo[ MOJKeH IperKie BCero OTparkaTh KAaUeCTBeH-
Hylo cTopoRy. JacTo ke KOAWYECTBEHHBIE METOAH HCIONB3YIOTCA
AMEHHO IJAfA TOTO, 9T06Hl JaTh IO CYMECTBY OTBET YUCTO KAUeCTBEHHO-
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