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TO HX OGBECIMHEHHE MOXeT GHTb YXe H He KBajgpupyemoii durypoit. Bor mpo-
TOi mpuMep. PaccMOTpUM Ha TJIOCKOCTH KBAajgpat

0<r<l, 0Ky <L,

¥ OTMETHM B HEM TOYKH C PauMOHANbHHIMH KooPamHaTamu. Herpynno mnokasarts
YTO BCE 3TH TOUKH OGPA3YIOT CUSTHOS MHOXKECTBO, T. €. YTO HX MOXHO PacroJo-
KHUTL B BuAe TOCJASAOBATEAbHOCTH
pi= (%5 Y1} p2=(%2 Y2 oo s Pn="{(%0 Yn)s ...
4
BosbMeM tellepb Hexoropoe uncao € >0 u nocTpouM kpyr pamuyca r; < 7
< HEHTPOM B TOUKE p,. Jaaee, BO3bMEM NEPBYIO U3 TOYEK py, pPs ..., HE TIONAB-
4
?v
/He mepecekampomuiica ¢ neppuM kpyrom. flocae saroro BospMeM INepByio H3 OCTaB-
IUMXCA TOYCK, HE TOMABLIYIO B MOCTPOSHHHE KPYrH, ¥ NPHMEM ee 3a UEHTP Kpyra

Uyl B 3TOT KPyr, H IOCTPOHM € UEHTPOM B 3TOH TOUKe KPYr pajuyca rp <

€
pamyca r; < —2—3, He nepecekamwmerocs ¢ AByMsl yXe NOCTPOCHHHMH Kpyramu.

Bynem nponomxartb 1akoe NMOCTPOEHHE KO GeCKOHeYHOCTH. Mbt TogydmiaH mocaeno-
.BATEJALHOCTL TIOMEIIEHHBLIX BHYTDPH KBaApaTa kpyroB (0e3 OGmUX TOYEK),
PACTIOJONEHHHX B 9TOM KBajparte «Bciojly InotHo *)». HeTpyauo nokasats (cae-
.naftre 310), 4TO OOBeduHeHue 3muX Kpyz08 npedcmasasem co60ii guzypy F,
He KeadpupyeMyl 8 cubicae JKopdana. Buecre ¢ Tem aroii gurype ecrecTBenHO
APATICATh TVIOLIANb, PaBHYI CyMME IJIOIIAASH COCTaBASIOMIAX €€ KPyroB. Jta
<CyMMa, OY€BHJHO, PaBHa

MNono6ubie 3aTpynueHus OTMAAAIOT, eCJAM BMecTO MOHATHA Mepbl M{opaana
d10J1b30BaThCa GOsee THOKUM H COBEPUIEHHHMM TIOHSTHEM Mepo JleGeza **), koTo-
POe MH, K COXAJCHHIO, HE MOXEM 31eChb H3JAararth.

§ 2. Onpenesenne M OCHOBHBHIE CBOiicTBA
ABOHHOIO HHMTerpaJa

1, Onpepenenne fABOHiHOro MHTerpana, Ilepefizem K OCHOBHOH Teme
9TOM [1aBbi — MOHATRIO ABOHHOro uurerpansa. Ilycte U — HekoTopas
KBaapupyemas ¢urypa, u nycts B G onpepgeseHa orpaHuyeHHas (QyHKuus
J(x, y). Pago6bvem (G Ha KOHeUHOE YHC/I0 HENEPECEKAIOUIHXCA KBaApH-
Ppyembix uactett (; u COCTABUM CyMMY

o= l;‘lf(gp 1) AS,, (1.6)

Tre AS; —naowans G, a (§;, 1;) — npou3BoOJbHAA TOUKA, TMPHHAAIENKE-
aas G;. Cymmet Buaa (1.6) Gysem HasuBaTh 4HMezpaAAbHOLMUL CYMMAMY

*) 3710 O3HaaeT, YTO OOBSIMHEHME 3THX KPYyroB NpeicraBiaser coGoH
MHOXECTBO, 3aMHKAaHHE KOTOPOTO &CThb BECh KBaApaT.

**y Anpu Jle 6er (1875—1941) — dpanuyackuii MaTeMaTHk, OfHH H3 CO34a-
Tenel coBpeMeHnol Teopuu dyukmuii.
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(otBevaromnmu  Qynkuun f(x, y) u ¢urype G). Beenem nomsrue npe-
Aena uHrterpanbHeix cymm (1.6) caeayiomnm oSpasom. _
Onpedeaernue 1. I[Tycme D — nauborvmuii u3 duanmempos d(G,)
duzyp G, Mo craxcem, umo uucno J ecms npeden unme-
zpasvnbx cymn (1.6) npu D—0, ecau 0asa 2106020 € >0 nali-
demcs marxoe & >0, amo
lo—J|<e (1.7)
KaK moabio
D <. (1.8)

WueiMu crioBamu, HepaseHCTBO (1.7) HO/MKHO BHIMOAHATHCA A4 BCex.
HHTErpPabHBX CyMM O, COOTBeTCTBYoWHX pasbuenusm G=G,+ G,
-+ ...+ G, xoropeie ygoBaersopsioT ycaosuio (1.8) nesaBucumo oT
Buaa pasGuenua ¢urypel G Ha yacte G; B He3aBHCHMO OT BBIOOpPA TOUKH.
(¢, m;) B KammoM H3 3/71eMeHTOB pasCuennus.

Onpedeaserne 2. Ecau npeden

lim 2 f G m)AS;
D-0i=1

unmezpassnox cymn (1.6) cywecmesyem, mo on nasvigaemca 080 bi-
Houm unmezpaarom om pywryuu f(x, y) no o6aacmu G u 060-

3Ha4aemcs cumsmomfff(x, yds unu fff(x, wdxdy. Cama
¢ ¢

¢yukuna f (x, y) npu 3T0M HasbiBaeTcHd #Hmezpupyermoli no dpurype Q..

Mporpa noHaTue IBOHHOrO HHTerpajsa BBOIAT Heckoabko Huaue. Purypy G,.
B3ATYI0 H3 TOTO HaH HHOTO kJacca ¢uryp, pasGHBAOT NPSMBIMH, NapajieibHLIME
ocAM KOOPIAHHAT Ha NPAMOYTOJbHHE SueiH-
ku (puc. 1.9). B xaxno#t us aveex G; Bo- g
6upaloT no Touke (&, M;) H COCTaBAAIOT
cymmy 0 = DVf (&, m;) AS;. Cymmy Gepyr,
CKaxXeM, 10 BeeM sueHkaM, AexalmuM BHy-

Tpu G, HTHOPHPYA AYeHKH, TPHJIEraioMmHe j
k rpannne G (MX cyMMapHas IJIOWAAbL Ma- o
aa). 3aTeM NEPeXOAAT K Upejety, Koraa
MaKCHMaJbHHH AHaMeTp fuefikH CTpeMurt-
ca ¥ Hymo, Heymo6cTBo artoro onpenene- Ea
HHA COCTOHT B TOM, 410 OHO no dopme & z
TPHBA33HO K OINPEAeACHHOH  cHcTeMe

kgopmmar Ha TMOCKOCTH, B TO Bpe- Puc. 1.9,

M KaK HHTYUTHBHO SCHO, 4TO HHTErpa.

fff(x. y)ds, T. e. 00beM UMJAXHIPDUYECKOTO TEJa, HE JOMKEH 3aBUCETh.
G

OT BHOOpa CHCTEMH AEKapTOBHX KOODAMHAT Ha IMJIOCKOCTH. OTpeeneHue

¢ TpAMOYTOJbHBIMH gquelikaMu UOTpe6OBas0 6GH CIMenUaJbHOrO AOKA3aTCAbCTBA:
storo ¢akra. [lpn Hamem ompeagieHuM 37O TOAydYaeTcs aBTOMAaTHYeCkH. Mano--

KEHHOE BHIIE onpeneseHue 061afaeT ¥ APYTMMH npeuMymectBamH. [Iyctb, cka--

weM, dynkuusa f (x, y) npuHuMaer na G TOJABKO JBa 3HauY€Hus: @, U @, (puc. 1.10),.

[ nan
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Ecan wactu Gy u Gy, Ha KOTOPHX f (X, y) PaBHA @) U @y COOTBETCTBEHHO, KBAAPH-
PyeMH, TO HaUle ompejeseHne MO3BOJACT MNOJYYUTL HHTErpat fff(x, y) ds,

¢
N0 CywecTBy, Ges IpeaensHOro mnepexoga. M-
z TYHTHBHO OYEBHAHO, UTO

fff(x’ V)ds=1n1G-a;4-nn G- ay
G

(mokasats!). Onpegenenne ¢ NPAMOYroJbHBMHU
auyelikaMu nOTPe60oBaI0 GH AaXKe B 3TOM OUEBUJ-
HOM CJyYde KPONOTJIHROIO NpeneJbHOro mepe-
XO0AA.

Bumecte ¢ TeM caegyeT NORUEPKHYTH, UTO
00a YKA3AHHLX nymu npue0dsm K OOHOMY u
z MOMY Jice NOHAMUIO O80lHO20 UHMEZPANQ.

Puc. 1.10. 2, YcaoBus CymecTBoBaHMs JBOHHO-

ro uurerpana, BepxHue M HMKHME CyM-

MBI, BhbificHuM, Kakue YC/0BHA HYXHO HaloxuTh Ha (yHkuuio f(x, y),
-Onpese/eHHyl0 Ha HekOTopoH kBappupyemoft durype U, aas Toro,
'yTo6sl MOKHO OblI0 TAPaHTHPOBATHL CyIIeCTBOBAHHE ABOHHOTO HHTErpana

[ [fe vas.
[

Bpoas onpeneneHne ABOKHOrO MHTIErpana, Mpl NPEANONAranyu, uTo
‘cooTReTcTBylowas dyHkuus f(x, y) orpanuuena *). OnaHako, Kak
JIErKOo TOKAa3aTh HA TIPUMEPAX, He BCAK A orpaHuyeHHas QYHKUnS uHTe-
TpupyeMa *¥),

*) B ra. 10 Bun. 1 npumenuTe bHO K QyHKUMAM OxHON NepeMeHHOR Ha OT-
‘peake OBLIO AOKA3aHO, YTO BCAkad MHTerpupyeMas Qyuxuust orpanuueHa. Onuako.
‘TIPOBEICHHBE TaM PACCYyXACHHA MB HE MOXEM IOJHOCTHIO TIePEHECTH Ha Cayuai
ABYX nepeMenHHx. JeHcTBHTENBHO, PACCMAaTPUBas DasjMuHbe PasOGHEHHS KBaapu-
pyemolt durypw G na xBagpupyeMolt wacte G;, MH, BOOGILE TOBOPS, HE CMOXKEM
‘U3bekKaTn cayuas, kOraa HEKOTOPHE H3 3THX 3JEMEHTOB p636HeHHﬂ HUMEIOT I1J0-
mans Hyas. Ho torpa ua HeorpaHnueHHOCTH QYHKUMH HE CJAENYET HEOrPaHHYEH-

HOCTb €€ WHTErpajbHHX CyMM Ef(xl, ¥;)AS; Tipn kammom pasGuennn (uno-

-CKOJbKY QyHKUMA MOXET OKa3arTbCsl HEOTPAHHUEHHOM TOABKO HAa TOM 3jeMeHTe
pas3buents, KOTOPHit MeeT TuowWaAb Hyab). B cayuae opmoit nepeMeHHoO# IipH
‘pa3bueHuK TPOMEXYTKA HMHTErPHPOBAHMS HAa HeMepecexaiolmueca IOoJyCerMeHTH
"TAKOE TOJOXKEHHE He BO3HMkaeT B cayuae IByX (MiH HECKOJbKHX) NEPEMEHHBIX
Mbl MOTJH OHf HCKJMOYHTDb TOABJCHHE 3/SMEHTOB HyJeBOl TJIOMIANH, CY3HB Kak
K/acC paccMaTpuBaeMbix ¢Uryp, Tak M KAaCC paccMaTpuBaeMbix paabuenuid. Ipy-
-TO¥ BOSMOXKHHHK nyTh (KOTOPBIH MH 31echb M BbiOpajsu) COCTOUT B TOM, YTOOH
.3apaHee MCKJIOYHTh M3 PacCMOTPeHHMs HeorpPaHHueHHble (yHKIMU.

**) [IpumepoM orpannuenHol, HO ne uHTerpupyeMo# yukuuu AByX mepe-
MEHHHX MOXET CAYXHTb QyHkuks, oupesenennas va kpagpare 0L x <1, 0Ly <1
-caeayolumM O6pasom: f(X, y)=1, ecan x u y pauuonaibusl, H f(x, y)=10
. B OpOTHBHOM ciyuae. JloKkasaTeabCTBO HeHMHTErpHpyeMoCTu Takoil yHkmun npeao-
CTABASETCA YUTATeNIo.
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Jliq HAXOMAEHHA YC/IOBHM uHTErpHPyeMOCTH YROOHO, KAK M B Cay-
yae OAHOHM NepeMeHHOHW, BOCMO/NbL30BATLCH TAK HA3HIBAGMBIMM HHIKHHUMHU
u BepXHUMH cyMmaMu apGy *).

ITycte f(x, y)— orpanuvenHas (QyHKuud, onpefenenHad Ha Kpaapu-
pyemoit ¢urype G, u {G;} — HexoTopoe pa3buenne sro#t durypel. O6o-
snaunM M, W m; COOTBETCTBEHHO TOUHYI0 BEDXHIO I TOYHYIO HHIKHIOIO-
rpain 3uauenn#t f(x, y) Ha snemenre G, Cymmbi

Q= M,AS, u o= 3 m,AS,
i=1

i=1

HA30BeM COOTBETCTBEHHO 8epxneli u nuscHel cymmanu Hapby QyHk-
unn f(x, y) (oTBevaioluumu Ranuomy pasbuenmio {G,} ¢urypet G). Oue--
BHAHO, uT0 Q> @ aaa aoboro pasbuenns {G}.

YkaseMm OCHOBHHIE CBOMCTBA BEePXHHX H HIKHHX CyMM.

1) dasn 0aunozo pasbuenusn (G;} dueypw G .gepxuas u Hugvc--
HAR CYMMb NPEOCMABARIOM CO6O0l COOMBEMCMBEHHO MOYHYIO 8P X~
HIOIO U MOYRYIO HUNCHION 2PAHU UHMEZPAAbHUX CYMM

2 f G m)AS:

omsewaomux 0annomy pazbuenuno {G;} (4 8ce803MONCHOM 8660 paM
mouer (&;, m,)). B wacmuocmu, scezda

o= 3 m AS Zf@. )AS; < LM AS; =Q.

i=

—

Hepagencrso
n

f G n)AS; < D M AS,=Q

=1

oueBuaHO mTpu aAoGom BuiGope Toukn (§;, m;) na G,
C npyroft CTOpOHHE, NO OnNpeleieHHI0 TOYHOH BepxHEeH TpaHu, AIs
KaXA0ro &> 0 MOXHO B KaXAOM H3 9/1eMeHTOB AaHHoro pasbuenus (G}

Bubpars Touky (§, 1) TaK, uyro M;— f(E; ) < % (§ — n1owanp
obaactu (). Ho roraa

Q— Zf@. n) AS, = 2<M — Gt < £ 345,

i=1 i=1

Hna HuXHeM CyMMbl pacCyXieHHs AHAJIOTHUYHBHL

*) Tacron L ap 6y — dpaunysckuit Matemarnk (1842—1917).
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Hasopem pasouenne {G;} usmesvuenuen pasGuenns {G;}, ecm kax-
et anement U, Broporo pasbuenus Au0o CAYKUT 3JAEMEHTOM HepBOro
pasGuenus, mbo npexctapiager coGoit 0ObenuHeHne HeCKObKHX S/eMeH-
‘ToB 3TOr0o mepporo pasGueHusd. CHpaBel/MBO CleAylOllee yTBepKIeHHE:

2) Ecau Q 4 @—BEPXHASR U HUINCHAR CYMMbl, OMBewaOWue PA3-

Guenuno {G;}, a Q 4@ —BePIXHAR U HUNCHASL CYMMbl, OMBELAIOULE

nexomopomy ezo usmensuenuno {Gjl,
oL <YLY,
M. e. npu u3IMEAbUEHUU PAIOUCHUA BEPXHAL UHMEZDALLHASL CYMMA

He Y8eAUYUBAEMCS, O HUNCHAN He YMeHbULaemcs.
Heticreuremro, mycts {G;} — Hekoropoe pasbuenne ¢uryput G n

’
{Gj}—ero uaMejbueHne. JTO O3HAYAET, 4TO KaXABH 3nement G; pas-

’
Buenns {G;} npeacrapaser cobott cymmy sneMentos Gy, a=1,2, ..., &,
Broporo pasGuenns. Ilpu 3toM

AS, = 2, ASiq (1.9)
Mi>Mg oa=1,2, ..., ki (1.10)

!
# KamAbi# saement G; Bxoant B cocta oaHoro u3 G;. Orciona creayer
k

Q= 2,/14 ASl> > 3 MigAS;q=9'.

i=1 =1 a=1

=
O

AHA/I0THYHO AOKA3BIBACTCH HePaBeHCTBO O L @,
’ "
3) Hycme {Gij u {G;} —dsa npoussosenwx pazbuenus Hu-
y bj p
2ypa G, a ¥, @ u ', @ — omsewanumue um epxHue u HuNCHUE

cymmos. Toz20a
o }0)”, o }wl,

.m. e. aw06as eepxras cymma (oTBevaolwlan gaHHOH QyHKuuME f (X, ¥))
‘He MeHbuie, e A06af HUNHAA cymma (OTBedaomas Tofl XKe QyHK-
unn). Jas 10KasatesbcTBA ITOTO yTBePIKAeHHA 3aMeTHM IpeXle BCero,
’ "

'4T0 A4 JI00BX ABYX pPa3bueHntt {Gi} H {G,-} ¢urypsl G Hallmercd Hx
«o6uee npodosxcenuey», T. e. Takoe Pas3bueHHe, KOTOPOE CAYXKHT H3-
MelbYeHHeM KAXAOIO M3 ABYX AaHHbIX. B KauecTBe 3/eMeHTOB 3TOr0
«06lIEero NPOROMKeHHS» MOMXHO B3ATb, HampuMep, mepeceyeHHs NMPOH3-
’ "

-BO/IbHOTrO 3ieMenta (F; OAHOTO pasGheHus C NPou3BOJbLHBEIM 37eMeHTOM G
’ "

_BTOpOro pasbuenus (HyxHo Opath, KoHeuHO, ToAbkO Takne U; u Gy,
KOTOpbie UMEIOT 00llHe TOUKH). ‘
PaccmoTpuM Tenepr BepXHHe W HMXHHe CYMMB, OTBeuaiolllhe pasbue-

amam {Gr), {G)) u ux obmwemy mpomomkenuio {G,). O6osnaunm su
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cymmbi cootsercreenno &, @'; 7, @”; Q, @. Torma mo ceoitcray 2)
% O 4 O
Q>0 Q>Q

~

o <o, o Lo

}(pOMe TOro, O4YeBHAHO, HMeeT MeCTO HePABEHCTBO

Takum o6pasom,

# aHAJOTKWYHO

YrBepmaeHue noKasaHo.

COoBOKYMHOCTL BCEX BePXHHX CyMM, OTBEUAIOIMX AAHHON (YHKLMH
f(x, y), orpanuueHa cHu3dy (HampuMep, N0GOK HuXKHel CyMMOoH), a COBO-
KyNMHOCTb BceX HHMHUX CyMM oOrpaHudeHa cBepxXy (nanpuMep, moGoH
BepxHell Cymmo#t). OGosmaunm J TOUHYIO HHXKHIOIO IPaHb BePXHUX CyMM,
a J—Toqﬂylo BePXHIOI0 T'pPaHb HHKHuUX cymm. Yucna J w J HaswmBaiotca

8EPXHUM N HUINCHUM uxumezparanu Pyrnyuu f(x, y) (no obaactn G).
Vimeer Mecto HepaBeHCTBO

J <.

Je#cTBuTebHO, eCin Obi UMEN0 MecTo 00paTHOe HepaBeHCTBO, TO Ha-
wA0Ch Obf 4UCAO € TaKOe, 4TO

J—J>e>0. (1.11)

Jlanee, Mo OnpeAeNeHHIO TOYHBIX TpaHel, HauIuch Gbl BepxHAS cymma £
¥ HUXKHAS CYyMMa ©, TaKue, 4TO

Ql—7<% " ._1—(02<%,
T. €.
Q—o+ (=9 <e,
otkyaa, B cuay (1.11),
Q —a, <0,

YT0 NMPOTHBOPEYHT CBOHCTBY 3).

Cao#ictea 1) — 3) BepXHHX K HIDKHMX CYMM MO3BOJAIOT YCTAHOBUTHL
caeayouee Heo0X0AHMOe 1 AOCTATOUHOE YC/IOBHE MHTerpupyemoctu QyHK-
uun f(x, y), BIOJHE AHAJIOTHYHOE HEOOXOAMMOMY H AOCTATOYHOMY ycC/0-
BUIO CYyIIECTBOBAHMA oOmNpefejeHHOro uHTerpaia (cm. Bem. 1, ra. 10,
Teopema 10.1).

Teopema 1.3. Ozpanuwennan Ha x8adpupyemoii guzype G
Pyuxus f(x,y) unmezpupyesma na G 8 MOM U MOAbKO MOM CAYHAE,
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ecau 0as w6020 £ >0 pabdemcs maroe pasbuenue guzypw G,
4mo omsewanouue smomy pasbuenuio cymms Hap6y yoosisemso-
paom ycaosun Q—ao < €.

JlokasarenbcTBO 3TOH TEOpPEMBl OmMmpaercs Ha caefywomyno aemmy HapOy,
Jdemma Jap6y. Bepxuuii u nusxcruil unmezpaavt J u J caysrcam coomsem-
CMEEHHO RNPeienaMiL BEPXHUX U HUNCHUX UHMezpaAbHux cymm Hapby npu
D - 0. (D — makcumym puamerpoB d (G;) saementop pa3buenus {G;} durypu G.)
Iaa ypo6ctBa BBelneMm nouATHe 2paHuljsi pasbuenus. Ecim naxno pasbue-
e {G;} durypn G Ha kBajpupyembie 3aeMentnl G; 1O nox rpamuue#d L pas-
6uenna {G;} Mu OyneMm nouumarth obnenunenue rpanul] L; pcex azemenror G

L=L, 4L+ ... +L,

Hna Bcakoro pas6uenns ¢urypw G Ha kBajgpupyemme G; rpannul L; uMewnT
mIomanb Hyab, NO3TOMy rpanmia L pasbuenus (G;} Tamke HMeeT MIOWAAb
HyJIb.

Fpabuita L kxax o6beguHeHMe KOHEUHOTO YMCAA 33aMKHYTHIX MHOxkectB L;
ABJAETCA 3AMKHYTHM MHOXECTBOM. (D710 Ofllee yTBEPKACHHE O 3aMKHYTHX MHO-
WEeCTBAaX YMTATENIO NpejJjaraercs J0Kasath!)

[NepedineM temeph k nokasareanctBy Jemmb JapOy.

JoxasareabctBo neMmmu Japo6y. [lo onpeneseHuio BEPXHErO HHTE-

2 n _ .
rpana J mas BCakoro e > 0 waligerca Takoe pasGueHue {Gz} ¢urypn G, uro

OTBEYAOmad €My BepXHfia cymMMma Q* ynOBJAECTBOPAET YCJOBHIO

o< —T< <.

2
3akaouyuM rpauuny L* 3T0ro paséueHus CTpPOrO BHYTPb HEKOTOPOH MHOrOyroJb-
Hoit Qurypn Q, mAOLANbL KOTOPOH MEHbLIE YeM L rme M= sup | £ (x 1
: M * y)ce

Ipamuua L* u rpaHaua MHOTOyroapHO# o6aact Q — 310 ABAa OrpaHUYEHHBIX
3aMKHYTHX MHOXecTBa Ges o6mux touek (puc. 1.11). CrepoBarenpHo, mo Teo-
peme 1.1 paccrosHHe MexAy HMMH €CTh HEKOTOpas NOJOXKHTEJAbHAA BeaNYMHA O.

PaccmoTpumM Ttenmepb NpOM3BOJBHOE pasbueHne
{Gp} durypm G, aas xotoporo D < a. daemen-
TH Gy 3T10r0 pasbueEns 064aNal0T, OYEBUIHO,
cnenylomuM cpoitcTBoM: ecan Gp uMeer xota Obl
oxny o6myio rouky ¢ L%, 10 Gp LENMKOM JEKUT
Buytpu obaactu Q. Takue snemeHTH Gjp MH Ha-
30BEM TpaHHUYHBIMH, & BCe OCTajbHbie — BHYT-
pennnMu. [Tokaxem rtenmepn, 4T0 BCAKOMY Ppas-
6uenuio {Gp}, mas xoroporo D < a, OTBeuaer

BepXusis CyMMa Q, orauualomasca o1 J Meupiue
yeMm Ha €. Paso6beM cyMMy £ Ha /Ba CJaraeMbix:

n
Puc. 111 Q= M, S, = DM AS, + 2" M, AS,
k=1 '

roe ueppas cymma X’ '6eperca N0 BCEM BHYTPEHHMM, a BTOPas 27 no BceM
TPaHMYHBIM JIEMEHTaM Pasbuenns {Gp}. OueHuM kaxAyio U3 3TUX CyMM B OTACJb-
Hoctu. Kawami BHYTPEHHMH snemenT pasbuenns {Gp) LEMKOM JEXNT BHYTPH

HEKOTOPOI'O 3JEMEHTa PaszbueHus {G’:} pu sTOM COOTBETCTBYIOIIAA TOUHAS
4 '3
BEpXHAS TPaub M, He NpeBOCXOAMT, OYEBHAHO, TOUHOH BEpXHEil rpanu aHaueHud
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) *
dynxuun f (£, y) HA 9TOM 3jeMEHTE Pa3bueHUs {Gi}. Orcioaa caeayer, 4To
SV M A8, < Q.

Jlanee, oueBHAHH HEPABEUCTBA

IM“<M= sup |f(x, y)| upu Bcex k

(x, ¥)CG

u
SAS <m Q< QLM
CnefoBaTeabHo,
V4 v 8

|2 M, AS, l <3

#, 3HA4HT,

"

Q= M A8+ B MpAS, < @'+ < T+e,

410 1 Tpebopanoch KOkasath., Qi HUKHMX CYMM JOK33aTEAbCTBO AHAJNOTNYHO.

Mepesifem Tenepb K AOKa3aTeabCTBY TeopeMb 1.3.

Heo6xoaumocts. flycts f(x, y) nurerpupyemMa u nycrb 3agaHo € > 0.
QO6o3naunM uuterpaa or f (x, y) cumpoaom J. [lo onpeaesennio npepena uure-
rpajbHHX CYMM, AJf AaHHOTO € Halinerca takoe 6 > 0, ur0 Ans BCAkOro pasGue-
ans {G;}, Aaa kotoporo D < 8, BHIOJHSAETCH, HE3aBHCHMO OT BHGOpAa TOUEK

(gi, ;) ycaosue

J—Ef(gi, n,)AS, | < %. (1.12)

=1

Jlasee, BepXHAs W HHXHSA CyMMBI, OTBeuaomue pasbuennio {G;}, npencrapasior
€060ft COOTBETCTBEHHO TOYHYIO BEPXHIOI0 M TOUHYIO HIXHIOK TPaHH HHTErpaib-
HHX CyMM, OTBEdaomuX stoMy pas6uenmo. [lostomy, saduxcHpoBaB pasbuenue,
MoxHO BHOpath Touku (&, W) # (,/. m;) B snementax G, 91010 pasbuenns Tax,
4706H BHIOJHAMNCE HEPABEHCTBA -

n n

Q—Zf(g;, n;) AS; <%: Ef(gg', nf)Asi—co<%. (1.13)
i=1

i=1 i

Tak kak Xamaas M3 3TUX JBYX HMHTETPaJbHHX CYMM YAOBJCTBOPSIET HEpaBeH-
<y (1.12), 10 M3 (1.13) caenyer:

Q—o<e.

HJoctartousdocTts. Ecan mna mo6oro € > 0 cymecrByer Takoe pasbue-
Hue, 410
L—o<e,
TO, OUEBHAHO,

O6o3nayumM obuiee 3naueHue 3THUX BEANYMH uepe3d J u mokaxem, uto J Npexcra-
Biasger co60l TpeAes HMHTErpajibHHX CYMM, T. € [BOHHOH uurerpan or Qyuk-
utt f(x, y) mo G. B cnl.:_xly aemMu Jlap6y, J ects o6mui npeaen BepXHUX H
anmkuux cymm npu D - 0. Ho tak kak mo6as uHterpaibHasd CyMma, OTBEuYaloInas
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HEKOTOPOMy pasbueHHio, 3aKIOUCH MEHKLy COOTBETCTBYIOLIMMH CYMMaMH & H, @,
10 J ecTh mpesea uHTErpaAbubix cyMm nph D ->0. Teopema nokasaua.

3. Bawwefimue xJjgaccsl uHTerpupyemmx ¢yuxnuit. C nomoubio
TeopemMbl 1.3 mpl yCcTaHOBHM CeHyac MHTETPUPYEMOCTL HEKOTOPHLIX BaX-
HHX KJAaccoB (GYHKuHE, B NEPBYIO ouepenp HempepuiBHHIX (YHKUHH. Huxe
Ml Gygem cumtath, 4TO KAMIAAA U3 pacCMaTPHBAEMBIX ¢yHKuUMK 3agaHa
B HEKOTOpoH 3aMKHyTOH orpaHnyeHHOR KBazpupyemoft obaactu.

Teopema 1.4. Bcarxas @yuxyus f(x, y)., nenpepo8rnas 8 3a mu-
Hymol ozpanuuennoll *) obracmu G, uumezpupyema Ha G.

Hokaszateanctso. [ockoaeky f(x, y) HenpepuiBha Ha 3aMKHY-
TOM OrpamuueHHOM MHOXECTBE, OHA OTDAHHYEHA M PABHOMEPHO Hempe-
DHIBHA Ha 9TOM MHOXKECTBE **). B cuay paBHOMepHOM HempepniBHOCTH
dyHkmun f(x, y), A1 KaXKIOTO € > 0 Ha#merca takoe & > 0, uTO Kak
TOMbKO ¢urypa G pasGuta Ha vactn G;, AuaMeTp KAKAOH M3 KOTOPBIX
MeHble O, koaebanue CQYHKIHU f(x,y) B kaxao#h mu3 stHX uacrted,
T. e. passocts M;—m,; Oyzer menbine uem €. Ho rtorma

Q‘-‘G)::f:S Adilﬁsi—— :S nhl&si‘<:8 :S A:%:=:ES,
i=1 {

i=i =1

crenopatensno, ¢yHknnd f(x, y) unTerpupyema.
Tpe6opatne HenmpepbBHOCTH TMOABIHTErPANLHOR (yHKUMK CAMILKOM

CrecHUTeALHO. [lostomMy i npuaokeHu#t BaxHa ciaeaymuai reopema,.

: rapasTHpyIollas CyllecTBOBaHue ABOHHO-

4 ro uHTerpaja naas HEKOTOpPOro KJjacca
paspuBHBIX (QYHKuMH.

Teopema 1.4, Ecau Gyucyun

W f{(x, y) o2panuvena 8 3amkrymoi

q ozpanuyedHol ob6racmu G u Henpe-

posra na G 6cwody, kpome Hexomo-

P020 MHOJXMCECMBG RAOWA0U HYAb,

7 7 mo f(x,y)unmezpupyena s G.

HokasartenbcTro. BossMeM npo-

Puc. 1.12. uzsoapHOe € > 0. Ilo ycaosuio f(x, y)

OrpaHWYeHa, T. e. CyWecTByeT TaKoe

K, w10 |f(x, y)| < K. BaxmouuM MHO®eCTBO, Ha KOTOpOM (yHK-
uua f (x, y) MoxerT ObiTh paspbiBHOH, BHYTpL MHOTOyTo/bHOH ¢ury-

pol @, Muowalb KOTOpOH MeHbllle uyeM :—K (puc. 1.12). Yactp obaactu

G, ue BXOIAILYIO B Q. o6o3HaunM (. [paHuuHble TOuKM MHOTO-

*) M, koueuno, KBaAPUPY e MOIi; B AajbHeiieM MBI BCEra 6yaAeM Tpex-
[0/IaraTh BHIIOJAHEHHbIM YCAOBHE KBaXPHUDYeMOCTH, u€ OrOBapuBasi 3T0rO 0OCOGO.
#*) Cym. potl. 1, ra. 14, Teopemnt 14.6 u 14.8.
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yroabHo# uryphi Q. npuHannexawue G, MH npuyHCaTeM K G, nosto-
wy G 3aMKHyTa. Ha 3aMKHyTOM MHOXecCTBe G dynxuus S (x, y) wuempe-
pEIBHA, a CJENOBATEJIbHO, M PABHOMEPHO HeNpephiBHA. BuiGepem & > 0

TaKk, 4ToOw B /10608 uwacTh Qurypsl U, uMelowel MaMeTp Meiblue
ueM O, kosneBanue ¢Qyukuuu f(x, y) Obao Obl MeHble uyeM ?9—- (rne
S — naowane G). PaccMoTpum Tenepn Takoe pasbuelie {G;} o6ractu G:
nepBbiM ero sieMeHtoM Gy cayxur Q, a Bce oOCTanbHBIE MMeEIOT [1Ha-
MeTp, MeHbun# ueM O. OueHuM pasHocTb @ —@ 119 3TOro pasbueHus.
Hmeem

Q— o= MAS; — m AS, + Y, (M, — m)AS, <
=2

[

< (M 1>4,<+' 2 AS,.

m

Ho M, —m, << 2K, a 2 AS, < S, crenopatensho,
i=2
4 4
Q——(D<2K—4?+-2-§S=8

Tak kak & > 0 npousBoJibHO, TO, B CHay TeopeMet 1.3, dyukuua f(x, y)
HHTErpHpyeMa.

4, CsofictBa papoiinoro wuuTerpasa., OcHoBHHe CBOHCTBa IBofiHOro
HHTerpa/a BIOJHe AHAJOTHYHBI COOTBETCTBYIOIMM CBOHCTBAM oONlpelne/eH-
HOrO MHTerpaja i (YHKUMH OLHOM MepeMeHHOHM, MO3TOMY MBI TOJ/BKO
Nepevynuc/auM 3TH CBOHCTBA, He OCTAHABJAMBAACH HAa [0KAa3aTe/lbCTBAX.

1. Ecau dyuxyuu fi(x, ) u fo(x, y) unmezpupyems 8 o6sa-
cmu G, mo ux cymma (paswocms) mooxce unmezpupyema 8 G u

[ fuee nE fale ynas= [ [ e wyas = [ [ fre pyas.
(¢ (¢ (¢

2. Ecau kR —nocmosnnoe qucao u pynxyusn f(x, y) unmezpu-
pyema 8 G, mo gynryus Rf (x, y) moxce unmezpupyena 8 G u

ffkf(x, y)ds:kfff(x, y) ds.
G G

COBOKYIIHOCTD 3THX IBYX CBOMCTB Ha3bIBARTCA NHHEHKHOCTHIO MHH-
Terpana.

3. Ecau o6aacme G npedcmasasem co6oll 06sedunenue 08yx
o6 racmeli Gy u G,, 8 Kaxcool us komopeix gyrnryua f(x, y) unme-
epupyena, mo 8 G ama pyurkyus maroce unmezpupyena. Ecau,

3 B. M. Bynax, C. B. ®omun
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kpome mozo, G, u G, He umerom O0WULX BHYMPEHHHLX MO4EK, MO

[ [ 7o was=[ [ e pas+[ [ fx pas.
G (e G,

310 CBOUCTBO HA3KIBACTCA ANLILUTHUBHOCTSL IO HHTErpa”na.
4. Ecau fi(x, y) u fo(x, y) unmezpupyenst 8 G u f (x, y)<<
< folx, y) mo

J [ was< [ [ fa0e pas.

G (¢4

310 cBOKCTBO HA3bIBACTCA MOHOTOHHOCTh IO HHTETPana; U3 Hero Bbi-
TeKaloT csodicta 5 u 6.

5 (ouenkxa muTerpana mno Moayaw). Ecaa f(x, y) unme-
epupyema 8 G, mo gyuryus | f(x, ¥)| maxoce unumezpupyena 8 G u

[[remas|<f 15 e
¢ G

6 (treopema o épezLHeM). Ecau dyuryus f(x, y) unmezpu-
pyvema 8 G u yoosremsopsem HepaBeHCMBAM

mf (e <M,

mo
ms<fff(x, v)ds < MS, (1.14)
G

20e S — naowade guzype G.
9To yTBepkIeHHE HEMOCPEeNCTBEHHO BbiTeKaeT W3 CpoHCTma 4 M TOrO
OueBHAHOrO (akra, uTo

ffcds:cS, ¢ = const.
G

Ecan ¢dyukuus f(x, y) HenpepbiBHa, TO TeopeMa O CpelHeM MOMKer
ObITb CPOPMYAMPOBAHA B TAKOM BHIE:
6’. B o6racmu G Halidemcsn maxas mouxa (&, M), 4mo

[ 7o nas=r@E ws. (1.15)
G .

Jeticreurenbuo, mnpumeM 3a m U M COOTBETCTBEHHO TOYHYIO HIXKHIOIO
M TOYHYIO BEpXHIOI TrpaHH 3Hauenu#t ¢yHkumu f(x, y) B G. Torma, co-
raacuo (1.14),

m\<-§—/‘ff(x'- Vds M.

(¢4
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Ho (cm. ppm. 1, ra. 14, § 3) ¢yHxkuus, HempephiBHAaA B 3aMKHYyTOH.
‘06/1acTH, npHHUMaeT 3Hauenna m, M. TlpennosoxuM 1 -MpPOCTOTH,
uro ¢ynxuus f(x, y) npuxumaer 3Hauemns M u m B Toukax (x;. y,)
" (X Yo) Jeawux BHyTpH obaactm G. (PaccymieHMe HeCKOJBKO
yCI0KHSAeTCs, €CIN Kakad-Anbo M3 STHX TOueK, WM 00e OHM, MONALAIOT:
Ha rpaHuny- o6aactu G.) JlioGele nBe TOUKM OOJACTH MEI MOMEM COeLH-
HUTb J0oMauoH, /exauwel B obaacth. CoelMHMM JIOMAaHOH TOUKM (X, V)
H (Xg, ¥9), B KOTOpHX QyHKLMA paBHa cooTBeTcTBeHHO M W m. Broab
TakoW AomaHo#t dyHkuus f(x, y) HenmpepoiBHA U, ClIeLOBATE/bHO, BMecTe
co 3HaueHMaMM M W m npunHuMaeT U BCe MpOMexyTouHue. B uacTHOCTH,
Haltnercs Touka, oGosHaumMm ee (§, 1), B Koropo#t

1
few=x[ [ e nas,
=
TeM caMbiM ¢opmyna (1.15) nokasaua.

§ 3. Amnurusupie GyHKuMH 00JacCTH,
Tiponssoanas no naouiagu

1. ®yukuuu TOUKH M ¢yukpum obaactu. OILHO M3 CAMBIX OCHOB-'
HBIX TOHATHH aHanu3a — MoHATHe (yHKUMH. Mpl BCTpeuanncs ¢ QyHK--
HMAMH, SaBUCAWUMH OT oxpHoHM, ABYX MM HECKOJbKHX HE3aBHCHMBIX
nepeMenHbix. [loJp3ysick TeoMeTpHUYeCKOH TepPMUHOJNOrHEeR, MOXHO CKa-
3aTh, YTO 39TH (YHKUMH TNpeLCTaBIAIOT COOOH NepeMeHHble BeJNHUHHEL,
3aBucAillMe OT TOUYKM Ha mnpaMo#t (B Ciaydae OIHOH mnepeMeHHOH), ot
TOUKH HA TJIOCKOCTH (TMpHM JBYX TepeMeHHBX) WX OT TOYKH B IIpo-
CTPAHCTBE HEKOTOpOTO uuc/ia uaMepenud#t. OnHaKO B aHajsu3e M ero ¢u-
3UYeCKMX TNpHUMEHEHWAX 4YaCTO BCTPEYalnTca (QYHKUMM ADPYToro pola,
/B KOTODHX pO/b 3HaYeHMH apryMeHTa HTPAIOT yXe He OTHeabHble TOUKH,
4 MHOXeCTBa— HampuMep IIJIOCKHE HJM TPOCTPaHCTBEHHbIE (QUIYPBI;
TaKHe QYHKUMM HA3BLIBAIOTCA (OYHKUUSMU MHONCECMBA WV (BYHKHUAMU
o6racmy *),

IMpumepoM ¢yHkuuu of6aacTH MoxeT cayxute naowans S (G) 06-
jgacth @, omnpeleieHHas 148 BCeX KBAaApHUPYeMBIX MAoCKux o6JacTelt
Tak, Kak 3T0 Owo onucaHo B § 1. PaccMorpum ewe oauH mpumep.
[TycTs no MAOCKOCTH Xy pacnperne/eHa Hekoropasd Macca. Toria Kaxao#t
obnactu G, nexaiuell B 3TOH NMIOCKOCTH, OTBEUYAET OMpEAeJeHHOE YHCA0 —
Macca W (@), cocpenorouenHas Ha G. 3meCb ONATL-TAKH MH HMeeM [1e/10

*) TepMua «06aactbs ynorpeGasercss 3lech NMPOCTO KaK CHHOHMM TePMHHA
«MHOXECTBO», 4 H€ KAaK TepMHUH, O3HAUYAOIIMA OTKPBHITOE CBA3NOE MHOXKECTBO.
3amac obaacteit (T. e. 3alac MaOXKECTB), Ha KOTOPHIX OlNpeieneda Aaunas dyuk-
s 06JacTi (T. €. MHOXKeCTBA), Pa3jvueH B PAasAMUHBIX CHTyalMsaX. Y Hac TaKuM
3amacoMm Gyler, KaK TpaBH/IO, COBOKYIIHOCTb BCeX KBaApHUpyeMbIXx Guryp.

J*



