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7. MpopomxeHue GyHKoMA 06aacTH NO agxAMUTHBHOCTH. Ecan wexoropas
- ¢ydKuua 3amana He BCIOAY, TAE Oda MOMET OblTb oupejeneda, TO €€ OGHYHO
MOXHO HPONOJXKHTL, €CAN H3BECTHBI Te WM HHble ee CBOHCTRa. Hanpumep, ecan
u3BeCTHO, U0 Qyuxuud f (x) aunella, T. e. ©MeeT BHT

f(x)y=ax-45

TO JIOCTATOYHO 3HAThb €€ 3Ha4Yeddsd B JBYX TOUKax LIS TOTO, 4TOOBI OUpenesuTh
ee 3Havenne Bcwoay. Ecam we dyukuma f(x) nepuoaudeckas, 1. e. 06janaer
TeM CBOHCTBOM, 4TO npu #ekoropom 7

Fx+T)y=f(x)

Lasi BCEX X, TO JIOCTATOYHO 3HATH 3lauedus 910# dyHKumM #a orpeske [0, T} nas
TOTO, 4TOObI ONpefe]UTh ee 3Hauedus BCIOAY (MalpHUMep, 3Had simx Jad BCex X
or 0 g0 2m, Mpl MOxeM HafiTh cudyc JI060TO yria). AHaJOrHYMO OGCTOUT HEJO
u ¢ dyaxuuamu obaactd. Ecan uaectio, 410 dyukims o6actu F (G) agnuTHBHA,
TO, 3daf ee 3uHaueHusd Ha HEKOTOPOM KJacce OOjaactedl, MBI MOXeM BO MHOTHX
cay4afx OLHO3HAYHO NPOZOJKHMTL ee (C COXpaHedHeM CBOHCTBA afAMTHBHOCTH)
Ha HEKOTODHI# Gonee mHUPOKHA Kaacc oGaacredl. Hampumep. nycts F (G) — anau-
TuBHad Qyukuusa o6aactu, onpepeedidas Ha BCeX TpPeyroJbiankax. Torna ee MOXHO
NPOROMKUTL «[O aAAMTUBHOCTH» i#Ha BCe MHOTOYTOJbHHMKH (2 3aTeM M Ha Gojee
wWHpOKuit Kaacc oGaacreit).

PakTHuecKH HMedlO ¢ TakOd 3ajauell O NpPORO/MKeHHMH YHKUHMH 06/1aCTH
10 afIMTHBHOCTH MBI MMeJH 1eno B § 1, rae pacCMaTpHBaiOCh NOHATHE IIOMIALH.
TMnomajs npeAcTaBiaseT COG0H aAAMTUBHYIO GYHKIMIO O6JaCTH. KOTODYIO MBI
CYuTaMM oupenedeHdOd Ha MHOTOYTOAbHMUKAX (MJAM Ha MHOrOyroJbHbIX Qurypax)
M 3aTeM MPOROJMKA/AN., C COXpaHeHHeM aiJIMTHBHOCTH, Ha 6Ojee IIHUPOKHMH Kaacc
¢uryp, KOTOpele MBI HasBaaM KBaapupyeMbiMu. OGmas 3agaua O NPORONKEHHH
anJNTUBHBIX QYHKUUH «NO aRZUTHBUOCTH», O HAaXOXIAEHUH TOr0 BO3MOXKHO 60jee
IHPOKOTO Kjacca ¢uryp, #a KOTOPBIA TaKOe NPOROJKEHHe BO3IMOXHO, M T. I.
MrpaeT BaXHUYyi0 PO/Ab BO MHOTMX BONPOCAX MaTE€MaTHKH.

K coxaneanto, Mb ie HMeeM BO3MOXHOCTH M3JaraTb 3J€Chb 3TH BONPOCHL:
3TO MOTPe6OBai0 6h OT HAC BBENEHHS U CHCTEMATMYECKOrO HCIOJNb30BaHuA uiaed
M nouATHi o6iuel Teopuu Mepsl.

§ 4. HexoTopbie du3uueckue M reOMeTpHYECKHE NPHMEHEHHS
IBOHHBIX MHTErpaJios

1. Beruucaenne oGbemoB. B camoM Hauazne 3TOH TaaBH MH yXe
PACCMATPHBAMH OIHY TeOMeTPHYeCKylo 3a1ady, Jexaulylo B OCHOBe MOHs-
M LBOMHOTO MHTErpana, a MMedHO 3alauyy O BHUMCIeHHMH oGbeMa
KpPHBOJIMHEHHOTO LMiAMHApa. MB BuAeaM, YTO A1 UMIMHIpPA, OFPaHHYeH-
Horo CHU3Y 3aMKHyTOH 061acTeio (, a cBepXy NMOBEPXHOCTsIO 2 = f (X, V).
rae f(x, y)— HeoTpHUATENbHAA HenpepbiBHas QyHKUMA, NMpUOIHKEHHOe
3HaueHne o6beMa NaeTCs HMHTErpaibHOM CyMMOH

;j[ f G m)AS,. (1.22)

(Cymma Gepercas mo BceM 3jementaM G; pas6uenns ¢urypet G Ha kBa-
ApupyeMbie uactd; AS; —maowans sneMenta Gy (8, m;) € G;.) Kax yxe
TOBOPH/IOCL BO BBeJEHHHM K 3TOH raaBe, TOYHOe 3HAYeHHe 00beMa — 3TO
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fpenes, K KOTOpOMYy CTpeMarca MHTerpa/bHbe CyMmbl (1.22) mpu Heorpa-
HIYEHHOM M3MeabueHMH pasOuenma ¢urypn G. Ho nperea cyum (1.22)—
310 nBoMHOR uuTerpan or ¢ymxumu f(x, y) no G. Ero cywecrsoBanme
(npd yKaSaHHBIX BHULE Tpennojoxenusax o6 f(x, y) u @) 6uio noxkasauo
(teopema 1.3). HUrak, o6beM V kpupoiuHeHHOTO UMAMHIpa, oOrpaHHYeH-
HOTO CHHU3y 3aMKkHyToR 06nacTblo G, a cBepxXy NMOBEPXHOCTbLIO 2 = f (X, V)
(f HenpepniBHA), NMpeiCTaBAACTCA ABOMHLIM HHTETpanoM

[ [ 70 yyas.

(¢4

Ha camom pgeae 06beM KDHBOJAMHEHHOTO lMJAHAADA CaedyeT onpedeaums
‘KaK 3davedHe ITOrO Harerpana. Belb caMO noufATHe O06DbEMa. XOTH H ACHOE
TeOMETPHURCKH, 3apanee He onpefeneio. Crporo rosops, npHBeledunbie pac-
CyXAedHs NOKAa3MBAIOT JHMIIb, YTO TAKOe Onpeje/eHHe eCTeCTBeHHO H XOpOIo
corsacyercd ¢ HameH reoMeTpHuYeckoH HaTyHuueH.

PaecMoTpuM ellle HeKOTOpHE 3alauH, B KOTOPHX HAXCLMT NpPHUMeHeHHe
MOHATHe ABOMHOTO MHTErpana.

2. Beruncaenue naomapedt, ITonaras B ABOHHOM MHTerpasie NOILIH-
TerpanbHyio (QyHkuuio f (X, y) TOXKIECTBEHHO paBHOH 1, MBI noayuyuM

HHTETpan
fo [ as. (1.23)

paBHB#, OuesunHo, niowany Guryps G (nMockoabKy aTo# mowanu Gyner
paBHa KaxJad M3 MHTErpasbHLIX CyMM, oTBeualowux HHTerpaay (1.23)).

dopuyna
s= | [ as (1.24)
G

A/ BLIYMC/IEHHS TLIOWANN 4acTo ObiBaeT yaoOHee, ueM dopMmyna
b R
S= f f () dx,
a

BhIpaXAlowas MI0Waldb KPHUBOJIMHeHHOR Tpameuuu, mNOCKOABKY ¢op-
Myna (1.24) npumeHMMa He TONBKO K KpPHBOJHMHEMHBIM TpaneuusaM, HO
M K /MoOnM KBaIpHpyeMbM (HrypaM, pPacniO/IOKEHHBIM NPOM3BObHbIM
00pasoM 10 OTHOIWUEHHIO K KOOPAMHATHBLIM OCAM.

3. Macca nuaactuuxn. PaccMoTpHM Ha MJOCKOCTH XY MaTepHANBHYIO
NAACTUHKY, T. e. HeKOTOpYIo obaacte U, no KOTOPOH pacmpeleneHa Macca
€ NAOTHOCTHIO P(X, ¥). BHuMC/IMM 1O 3ajaHHOR MAOTHOCTH p (X, ¥) MacCy
STOH NJACTMHKM, Cuurad, uT0 p(x, y)— HenpepHBHas QyHKuUUS OT X
M y. Pasobem G kakuM-mm60 06pasom Ha uactu G, M B KaxIOH U3
9THX vacTe# BhiGepeM HeKOTOPyW TOuKy (§;, 7;). Maccy Kaxaoro Takoro
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spementa (G, MOXHO cuutath paBHOH npubmixenuao p(§;, ) AS; (rze
. AS; — npowane G;), a Macca BCe#t NIACTUHKH NPHOMDKEHHO PABHA CyMMe

g,lp(ai. n) AS,, (1.25)

B3ATO# TO BCeM 3jeMeHTaM pa3Ouenud. [Lna moayueHws TOUHOTO 3HAUYEHUS
Macchl MJACTHHKHM HYXHO nepeliTh B 3TOM CymMe K npeleny, Heorpa-
HUYEeHHO M3Menbuad pasbuenue {G,} ob6nactu G. Ipu srom cymma (1.25)
nepexONuT B ABOHHOR HHTErpas

fff(x. y)ds, (1.26)
G

KOTOpH# M mpencrapaser cO00H Maccy HJIACTHHKH.

SIcHO, YTO HaXOXJeHMe MACChl MJACTHUHKH MO NMAOTHOCTH eCTb YaCTHHH
ciy4yalt 3ajauMm O BOCCTAHOB/EHMH (yHKLMM OOJacTH 1Mo ee NMpOUSBOAHOH
NOo N/OWAAH, KOTOPYI0 Mbi PACCMATPHBAJNM B mpejbinyuieM mnaparpade.

4, KoopaunaTh meHTpa Macc naacTuuku, Haftnem xoopaunathi
HEeHTpa MacC NJACTHHKH, 3aHHMalomeR B NAOCKOCTH XY HEKOTOpYHo
obmacte G. Ilyctb p(Xx, y)~— NAOTHOCTL 3TOR MAACTHHKH B TOUKe (X, V).
Pa3bup o6nacte G wna uactm G, BubepeM B KaxIAOK M3 3TMX uvacTelt
HekoTOpylo TOUKy (E;, M;) u Oylem NpUOAKEHHO CUHTATL MACCy KamaOH
U3 yacTelt naacTHHKH paBHOH p (§;, M) AS;, rie AS; — naowans yacTHunoH
obnactu (G;. Ecam cumrath, 4TO KawJaas M3 3THX MacC COCpeNOTOYeHa
8 OLHOH TOUYKe, 4 MMeHHO B TOuke (§;, 1;), TO A7 KOOPIMHAT X, U Y,
LeHTPA MACC TaKOH CHCTeMbl MAaTepHAAbHBIX TOUYEK MOJAYyYaloTCAd CJe-
Ayiolliie BHIPaXeHHUA:

> 50 (5 M) AS; E n;0 Gp M) AS; ‘
xy= = Doy= . oa.en
> 0 G 1) AS, z o (EpM)AS;

n

KOTOpble TPEACTABAAIOT COOOH NpUOMIKEHHbIE 3HAYCHNA KOOPAMHAT LeHTPa
M4acC TJACTHHKM. UYToOB TMOAYYMTh TOUHBIE 3HAUYCHHS STUX KOODPLMHAT,
HyxHo B Qopmynax (1.27) nepeéhTu k npefeny, HeorpaHHYEHHO U3Me/buas
pas6uenue obnactu (. Tlpm srom croswue B dopMynax (1.27) cywmuui
nepefilyT B COOTBETCTBYIOlIMe MHTETPAJbl H MBl TOMy4YHUM, YTO KOOpIM-
HATH LEHTPA MACC TIACTHHKH ompefensiorcss ¢opMynaMmu:

[ [ pas [ [y x pyas
- . @ e * __—:..__________G .
[ [ewmnes’ Ye [ o yas

[ [

(1.28)
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Ecan niacTHMHKA ofHoponHa, T. e. p==coust, To (opMyan A1 Koop-
JIMHAT LeHTpa MacC uMelot O6ojee npocToR BHA:

ffxds jc;fyds

G

Xe=—TF7 % V=" (1.29)
jc;fds ffds

(¢4

5. MomeHTH HHepUMM NJacTHHKH. Kak HM3BECTHO, MOMEHT MHEpLUHH
MaTepHanbHOM TOUKH OTHOCUTENBHO HEKOTOPOH OCH paBeH NMPOM3BEIEHHIO
MaccH TOYKHM Ha KBaNpAT €e PACCTOSHHUA OT 3TOH OCH, 4 MOMEHT HHEpUHH
CHCTeMbl MAaTepHanbHbIX TOYeK (OTHOCUTENbHO OLHOM W TOH ke ocH)
paBeH CyMMe MOMEHTOB HHepuMi, COCTABAAIOIUX 3Ty CHCTeMYy Macc.
[Mycts ob6aacts G mAOCKOCTH XY 3aHATA NJACTHHKOM, HMelolle# mnaor-
Hocth P(x, y). Pas6us obmacts G wa wactu (;, naowamy KOTOPHIX
pasHu AS;, ¥ Bi6paB B KAXKIOH U3 3THX YacTel HEKOTOPYIO TOUKY (E; M;)s
BaMeHMM HAWY NJAACTHHKY cucremod mace p (8, ;) AS;, nexawux B
Toukax (§;, m;). MoMeHT HHepUMHM TaKkOM CHCTeMbl TOUYRUHBLIX MAce
OTHOCHTE/IbHO OCH y paBeH

iz:,l & (5p m;) AS,.

dto BhIpAXXEHHUE Mbl NpHHHMAEM 3a npn6aneHHoe 3HAUYeHHe MOMCHTa
HHepUMM NJACTHHKH, TeM Oojee TOYHOe, 4ueM Mejbue B3ATOe pasbueHue.
[Tepexons 3aechb K npeleay NpH HeOTPAHUYEHHOM H3Me/bUeHHM pa3bueHUs
obnactu G, noayyuM A4 MOMEHTA HHEepUHMH MJIACTUHKU OTHOCHUTENBHO
ocH ¥ caenyolyio ¢opmyay:

1= f f X2 (x, y) ds. (1.30)

a

Auanorudno MOMEHT HWHepUHM NJACTHHKH OTHOCHUTENBHO OCH X paBeH

1x=ffy2p(x, v) ds. (1.31)
G

Hatinem ewe moMmenT MHepLmM [; NAACTHHKM OTHOCHTE/LHO HAYANA KOOP-
nunat. ITpunsB BO BHUMaHHe, 4TO MOMEHT MHEPLUHMM MATEPHATLHON TOUKH
C Maccolf m OTHOCHTe/NbHO HA4YAJA KOOPIMHAT paBeH

m (5~ v

M BOCNO/Ib30BABIINCL PACCYXAEHUAMH, AHANOTUUHEIMH NIPOBEJeHHbIM Bhllle,
NOAYYUM, UYTO

Io=ff(x2+y2)p(x, y) ds.,-
G

T. €.
Ly=1,41,.
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6. CeroBoii moTok, majarommuii Ma naactueky. Ilycts naacTHaKa,
Jexalas B NJAOCKOCTH xy, OCBElleHa TOUCYHHIM HCTOYHMKOM CBET4,
Haxojswmmcs B Touke ¢ KoopAaunatamu (0, 0, z;). Ero cuay cmera
(onuMHaKOBYI0 TO BCeM HanpapneHHMAM) o6osuauuM /. BoiuumcauM ceeropoit
NOTOK, majaloumit Ha njacTumky. CperoBoH mnorox dF, namaoWui Ha
3/eMEHTAPHYI0 Mowanxky ds, pasen [dwe, rie do—rtenecum#t yros,
nol KOTOPHEM BHAHA njomwanka ds w3 toukn (0, 0, zy). B cow
ouepelr d® PABHAETCA NJOCIWAAM NJAOWAAKH dS, AeneHHod Ha KBaapar
paccToAnMA IO MCTOUYHHKA M YMHOMEHHOM HA KOCHHYC yTaa Mexay uop-
Ma/bio K NJIoUIafKe U HanpaBaenueM ua HcTounuk. Ocsewennoctsio 4 (X, ¥)

dF
NJACTHHKH B TOYKe (X, y) HASBIBAETCA Be/HUYUHA w5 W3 ckasaunoro
BHIIUE CJAeAyeT, YTO
dF Ido Iz

A(x, y)=—-——= = o ot
ds ds (K24 y2 22y
[Tonunit cBeroBo# TOTOK, NajaloUMi Ha NJACTHHKY, paBeH ABOHHOMY
unrerpaay or A(x, y) no o6naactu G, sauumaeMoli NAACTHHKOM, T. e.
paBeH

7. Tlotox xuakocTn uepe3 NolepeuyHoe cedYeHue Kananxa., Pac-
CMOTPHM KaHaJ, 1O KOTOPOMY TE€YeT XMUAKOCTb, M BHEENUM HEKOTOpOe
ceyenye 3TOro KaHa/ja, neplenNUKY/NAPHOE HATIpAB/eHHI0 Teuenud, [Tpuusas
N/JOCKOCT, STOFO CeyeHHd 33 IJAOCKOCTh XY, MBI MOXEM CKasaTb, UTO
CKOpOCTh V KUIAKOCTH B KaXAOH TOUKE PAacCMaTpHBAEMOrO CeuenHs ecTb
¢yuxuua or x U Y, 1. e. V=V (x, y). Bouncium KonmMuecTBO KuIKOCTH,
nporekaimlllee yepes 3TO CeuewHe B eIMHHUY BpeMenH. Paccmorpu Gec-
KOHEYHO MAJEIH 3/eMenT NAoWanu ds aToro ceuenus. KoauuectBo XHUEKO-
CTH, TpoTeKalollel yepe3 3TOT 9/JAEMEHT B €IMHHIY BpeMeuH, paBHO, OdYe-
BHIHO, Macce CTONGHKA C OCHOBanHWeM ds M BrcoTolt V (x, ¥), T. e. paBHO

oV (x, y)ds, - (1.32)

rie Pp—IJAOTHOCTL XUAKOCTH. N5 No/iy4eHns KOINUeCTBa MUAKOCTH, TPO-
TEKAIOllero yepe3 BCe CedyeHus, HALO NMPOCYMMHDOBATb GeCKOHEUHO Mabie
anementsl (1.32), T. e. B3aTL ABOMHOH HuTerpaj

oV as
(¢

N0 PACCMATPUBAEMOMY CeyeHHIO. A

3aMeuaunue. Boilie, B YACTHOCTH NPHU PACCMOTPEHHUH TOC/eaned
3a0auyd, MBl NOJAb30BA/INCHL TAKUMH BEPAXKEHUAMH, KaK «GeCKOHeuHo Ma/bi
3/IEMEHT NJAOIWALNY, «3/IEMeHT Macchi» M T. NM. Tako# H3HK IHIHPOKO
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npuMensiercsd, ocobeHHo B (uauueckolt inrteparype. Hampumep, o6buuo
TOBOPAT, UTO AJif MAACTHHKH C TJIOTHOCTBIO O (X, Y) BeIHUYMHA

p(x, y)yds

eCTh «9JeMEHT MACChiy (COCPENOTOUEHHbIH HA «3JEMEHTE TJIOWANH ds»),
a Macca 3ToH TJACTHHKH, T. €. HHTErpai

ffp(x. v)ds,
a

€CTh «CYMMa 3THX 3JEMEHTOB MacCCH».

CMBICH 10AOOHHX BBIpAXEHHU# COCTOUT B TOM, YTO B HHUX KaWAHH
pa3 nojJpasyMeBaeTcd TOT NpOLECC NpeneabHOro mnepexona (0T KOHeuHHX
CyMM K WHTETpa/laM), KOTODHHl HAaM BCTPEYa/Cs B KAXIOH M3 paccmo-
TpeHHbIX BBHILE 33ajad. B panpuedimeM MB TOXe OyneM IO/b30BATLCA
HHOT A4 3TUM «(u3nueCKuMy» A3BIKOM (OTHABadA, OLHAKO, cebe ACHLIH oTyer
B TOYHOM CMbIC/Je€ TOrO TMpeAedbHOro mnepexosa, KOTOPHH 33 nuM
CKPBIBAETCH).

§ 5. Ceeaéuue ABofinoro MHTErpajta K NOBTOPHOMY

MB nosuakoMuJANCh YXe C Olpene/eHueM M OCHOBHHIMH CBOHCTBaMu
IBOHHOTO MHTETpa/ta, YCAOBHSIMH €ro CYLIECTBOBAHMA M HEKOTODPLIMU
(r3HYECKUMHU M FeOMeTpUUECKHUMH 34JaUaMH, CBA3AHHBIMU C 3TUM TMOHATHEM.
Ho MH ewe coscem ue 3aTparu-
Baju BOIpoCa o cnocobax ¢ak-
THYECKOT' o BBIYHC/IEHUA ABORHBIX
HUHTErpaJoB. B pelennu atofi 3a-
Jaud  OCHOBHYIO pPOJb HIpaer
TEOpeMa O TOM, YTO BHUHC/IeHHE
IBoHHOTO HHTErpasa CBOAWTCA,
TpH AOCTATOYHO IIMPOKHUX yCJo-
BHAX, K TOC/eNOBATE/JbHOMY HH-
. S G, TErPUPOBAHKIO TO KamIoH U3
g/ z=a az. z=6 z  TepeMeHHHX B  OTZeJbHOCTH.
HlokasaTenbCTBO 39TOH{ TeOpeMHl
H COCTaB/deT CojepxaHHe Ha-
crofulero mnaparpadga.

1. HaBoxsimue cooSpawenns. OcuoBuas wuied H3jaraeMplx HHXKe
TeopeM COCTOMT B CleaywowmweM. bynem paccmaTpusarh ABOHHOH MHTETpan

[ 7 paxay

G

z Z=r1(5,y)

<D

UL
=1l

Puc. [.13.

Kak o0beM KpuBOJWHeHHOTO umiMuapa T, orpauMYennoro Cumdy o6a-
ctoio G, cBepXy MOBepXHOCTBIO Z = f (X, ), H COOKY LHJMHIDHIECKOH



