FTMTABA 2
TPOAHBIE U MHOIOKPATHBLIE HHTEIPAJIbI

B npenminyuwett raase M BBEAM Nousatue ABoHHOro uxrerpana. Ceti-
yac Mbl ONpelenuM HHTErpaa OT QYHKUMH TPeX NePeMeHHbIX, TAK Ha3H-
paeMul mpoiinoit unmezpaa. Tpotinble MHTErpaanl, NOLOOGHO ABOHHBIM,
HAXOMAT LIHMPOKOe NpHMEHEeHHe B PA3ANUHEIX (USMYECKUX W reoMeTpuye-
cknx 3anavax. Hexoropnie n3 stux 3anady OyayT paccmoTpenbl B § 3.

Mexny TpolHbIMM MHTerpaiaMy U ABOHHBIMH CYILIECTBYeT MOYTH MOAHAS
ananorns. Te n0KasaTegbCTBA, KOTOPHE HE OTJIHYAIOTCI CKOJAb-HAOYAb
CYIIECTBEHHO OT JOKa3aTe/IbCTB COOTBETCTBYIOWINX YTBEpIAEHUH Mg ABOMK-
HHX HMHTErpajoB, MH OyzeM, KaK NpaBuao, ONMYCKAaThb.

B § 5 sroit raaBbl Oyler JAHO NOHATHE O MHOFOKpPATHHIX HHTErpajax,
T. €. 00 MHTerpupOBaHWM QYHKUMH NPOU3BOJLHOrO 4YHC/Ad HE3ABHCHMBIX
NEPEMEHHEIX.

§ 1. Onpegenenne u OCHOBHbIE CBOHCTBa
TpOHHOTO HHTErpaJa

1. MpeasapurenbAble samedanusa. O0beM NpOCTpaHCTBEHHOH (H-
rypol. Ilonstust BHyTpenHeH TouKu 0O0jacT, rpaHuubl, 3aMKHyTOH o6na-
CTH, AuameTtpa u T. M., ompelenenupie B § 1 ra. 1 amm nmiockoctu, me-
penocarcs Oe3 BCAKMX W3MEHEHHMH HA cayda#t TPEXMEPHOTrO NpPOCTPAHCTBA.

BBons pBofHON MHTerpas, MH NOJb30BANHCL NMOHATHEM M JIOULAl H.
AHaJOrMYHO ONpele/eHHe TPOHHOTO HHTErpana ONMpAeTcH Ha NOHATHE
o0beMa NPOCTPAHCTBEHHOH (UIYpbL.

Onpepesenne o0beMa MHOPOTPAHHHMKA Mbl CUMTAEM HM3BECTHbIM U3 3Jie-
MeHTapHO# reoMeTpuH. PacnpocTpanuTth 3TO NOHATHE HA Oosee WIMpOKuH
KJaacc Quryp MOXHO TaK ke, Kak B § 1 ra. 1 Mbl pacmpoctpaHuam no-
HATHE TJIOWANM C MHOFOYTOJBbHBEIX (UrYyp Ha KpUBOJMHEHHEHE KBaipupye-
Muie Qurypbl. HagoxuM BKpaTue COOTBETCTBYIOIIME DACCYKACHHA.

O6sen V (P) muozozpannozo mesa (1. e. Teld, COCTABJIEHHOr0 W3
KOHEYHOrO 4HCJAd MHOTOTPAHHMKOB) NpeicTaBageT coloft HeoTpuua- '
TEAbHYI0 BeIM4MHY, 00AaNAOULYI0 CJAEAYIOIUMH CBOHCTBAMHU:
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I (MmonoTrornHocTb). Ecau P u Q—38a MHOZO2ZPAHHUIX meaa
u P codepoacumcsn 8 Q, mo

VPV Q.

2 (anantuBHocCTh). Ecau P u Q—08a MHOZOZpAHHUX meaq
6e3 o0uux BHYMPEHHUX MOUEK, MO

VIP+Q=VP)+V(Q.

3 uuBapuautHocTh). Ecau mHozozpannse mesa P u Q xou-
2PYIRMHE MedHCOY c060lk, mo ux 06Bembl pasHul.

Ot Tpu cBOHCTBA HO/KHE ObITb COXpaHeHbl NpPH PacHPOCTPaHEHHH
noHaTHs 0o0beMa ¢ MHOrOrpaHHHX Tea Ha Oogee OoOW MU Kaacc KyOu-
pyeMbIx Ted. :

BosbMeM mpousBosbHOe mMpocTpaHcTBeHHoe Teao*) @ u pac~
CMOTPUM BCEBO3MOXHEIE BJIOXEHHbIE B HEro MHOTOT'PaHHEIE Tead; TOUHYIO
BEPXHIO0 IpaHb HX 00BeMOB HA30BEM BHYMpeHHuM 00semon tena @
(eciu Teno @ TaKoBO, UYTO BHYTPb Hero BOOOIIE HeJb3f MOMECTHTb HH
OJHOrO HeBEIDOXIEHHOIO MHOTOIPAHHOTO Teaa, TO €ro BHYTpeHHuM
00BbEM MBI NOJOKHM IO ONpPeNe eHWI0 pPaBHBIM HYmO). TO4HYIO HIXKHIOW
rpaH OOGBEMOB MHOTOTpaHHblx Teda, obbemmomux Tteno @, Mb HazoBem
ero BHewtHum oGsemom. Ecan BHewnn#t o0bem Teaa @ pasen ero
BHYTpeHHeMy 00bemy, TO 9T0 ofwee WX 3HaueHHWe HA3EIBAETCH NPOCTO
o6semor meaa ©, a caMo 3TO TenO HaswiBaeTcA KyOupyemvim. Amua-
JOTMYHO TeopeMe 1.2 NOKasHBAeTCA Caelylomias TEOpeMa:

Teopema 2.1. Tearo © xy6upyemo 8 mom u moaskKo mos
cayuae, ecau 0as ao6ozo & >0 Rralioymcs 08a maxux MHOZ0-
epannox mesa Pc® u Qo®, umo

VQ—-V©P)<e.

MH CKaxeM, YTO HEKOTOpPOe MHOMEeCTBO HMeeT 00beM HY ab, ecan
ero MOXHO NOMECTHTb BHYTpb MHOTOI'DAHHOI'O Te€Jd CKOJb YFOMAHO MAJoro
o6bema. [loab3ysicb 9TUM NOHATHEM, MHB MOxeM Teopemy 2.1 cdopmy-
JMPOBATh TAK:

YmobGe meao ® Owao Ky6upyemo, Heo6xo0uno u docma-
mouro, umobs €20 2panuya umesra 005eM HYAb.

DrorT KpuTepHH# MNO3BOJAET YCTAHOBUTb KYOUPYEMOCTb NOCTATOUYHO
IWHPOKUX KaaccoB Tea. Hampumep, xyOGupyemo BCAKOE TesO, COCTaBJAEH-
HOe M3 KOHEYHOrO YMCJA KPHUBOJMHEHHBIX UMJIMHAPOB, KaWAbIH M3 KOTO=-
pbIX MMeeT KBaAPHPYeMOE OCHOBAHHE, a CBEPXY OrpaHuyeH NMOBEPXHOCTHIO,
3allaBaeMoit ypaBHeHHeM z = f(x, ¥), rie f(x, y) — HenpepbiBHag QyHK~-

*) To ecTo HexoTOpoe OrpaHHUEHHOE MHOXKECTBO TOUEK B MPOCTPAHCTBE.
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unst. OO0beM KaXIoro TAKOFO UMJAHHAPA NPENCTABAAETCH ABOHHHIM MHTE-
£pajioM

[ [ 7@ vaxay,
G

B3ATHIM O OCHOBAHWIO STOTO UMJIHHAPA.

Jpyroti BamHbi Kjaacc KyOUpyeMbIX Tea— 9TO IPOCTPAHCTBEHHEE
©00/1acTH, OrpaHWYeHHHE KOHEYHBIM 4YHCJIOM FJIAIKHX ¥) IOBepXHOCTEH.
JlokasateabCTBO TOTO, YTO 06/ACTb, OrpaHMYeHHad TJAAIKUMHU NOBEPXHO-
cramMu, KyOupyema, MO CYWIECTBY, aHAJOIMYHO JHOKAa3aTeJbCTBY TOrO, YTO
rAanKas KpuBag MMEeT MJIOWAib HYJb, HO HECKOJbKO 0oJee IpOMO3IKO.
Mb1 He OylneM NpPUBOIWTHL €r0.

IlosTopuB paccyxieHus, NpopeleHHble B M. 4 § 1, MOXHO ycTaHO-
BUTb CNPaBEJJHBOCTb CJAEAYIOWIMX YTBEPHKAEHUH:

1) Ecau @y u ®y— dsa xybupyemvix measa, mo ux 06sedure-
Hue ® — gybupyemoe meno, u ecau mesa @, u O, ne umerom o6uux
suympennux mouex, mo o6sen O pagen cymme o6semos O u D,

2) Ilepecewenue (00wasg yacTv) 08YX KYOUPYEMBLX MeEA €Cmb KY-
Oupyemoe meo.

3ameuyanue. OOparuM BHHMMAHHe HA TO, YTO K MOHATHIO 00BbeMa
Yy HAac MMeIOTcA [ABA PAa3JMuHbIX N0 opMe MOIXOHA.

C OIHO# CTOPOHBI, MH OMNpeNeHan 00BEM KPHUBOMMHEHHOTO UMIMHApA
€ KBaIPUPYEMEIM OCHOBaHWeM (J, OrpaHMueHHOr0 CBepXy MOBEPXHOCTHIO
2= f(x, y), KaK HBo{HOH uHTerpa’

7 naxay.

[¢5

C 1pyroft cTOpPOHbl, MH BBEJH NOHATHE 00beMa KyOupyeMOro TeJaa C no-
MOWBI0 ANNPOKCUMANMHM TAKOrO Teaa (M3HYTPH M CHAPYHKHU) MHOrOrpaH-
HBIMU TeJaMu. MOXHO, OAHAKO, NMOKAa3aTh, YTO AJf HOCTATOYHO MIMPOKOIrO
Kaacca Tea (BO BCAKOM caydae, AAf TeJ, OrPaHMYEHHBIX KYCOYHO-TAal-
KHMH NOBEPXHOCTAMH) 00a 9TH NOAXOJAAa PABHOCHJbHHL.

2, Onpepenenue TpoitHOro HHTErpata. [Tyct Ha xyGupyemom teae V
‘8ajlaHa orpanudeHHas Qyskuust f(x, y, 2). Pasoobem V Ha uwactn V)
M, NMpOM3BOJbHO BLOpaB B Kamuo# us V; Hekoropywo touky (§; M &)
COCTaBUM CYMMY

T=i:lf(§ir M &) Avy, 2.1

rae Av, —o6bem saementa V;, a cymma Oepercs 1O BCeM 3JeMEHTaM
pasbueHnd. BeelleM caenyiouue ONpejeaeHUs.

*) IToBepXHOCTb Ha3blBAETCH 2.4a0K0I, ecau B KaxnoH ee TOUKE CymecCTBYET
‘KacaTe/ibHas MJIOCKOCTbp ¥ MpH Mepexofie OT TOUKH K TOUKE MOJOXKEHue 3Tol Ka-
caTelpHO# MIOCKOCTH MeHsleTcs HellpePhIBHO.
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Onpeodenerue 1, [Tycmo D — nau6oavumui u3 duamempos d(V))
saemenmos V,;, na xomopue pa3bumo meaoV. Hucao J na3visaemcsn
npedeasom uumezpasrvueax cyunu (2.1) npu D—0, ecau
0aa awbozo &€ >0 Halidemca maroe 6 >0, umo

[T —J| <e,
xax moavko D < 0.

Hnaue rosops, HepaBeHcTBO |T— J| <& [HOMKHO BLIMOMHATHCH AJIS
Kaxao# WHTerpasbHOM cymMme T, oTBevawomell nao6oMy pa3bue-
nmio {V;}, nas xotoporo D <6, u n060MYy BuGopy Touek (§;, ;. L))
B KamloM us V.

Onpedeserue 2. Ecau npedesr unmezpasvivtx cysmnu (2.1) npu
D -0 cywmecmsyem, mo ox Ha3u8aemcs mMpPpoLHo M UHMEZ DO~
404 om gyuryuy f(x, v, 2) no V u o6o3nawaemcs cumsororm

[[[fw v na0 v [[[ie s 2arayae.
4 v

dyHkuus f(x, v, z) NpH STOM Ha3blBaeTCk uxmezpupyemoi no V.

3. Ycuaosus cymecTBOBaHHA TpOHHOro HHTerpasna. Hrrerpupye-
MOCTh HempepoiBHBIX Gynxumit, Kaxk u B cayuyae ofHOH nam HBYX ne-
pPeMeHHHX, He BCAKad orpaHuuenHas Qyuxkumua f(x, y, 2) HHTErpupyema.
Jasg HaxoxHAEHHS HOCTATOYHBIX YCJAOBHH CYLIECTBOBAHMA TPOWHOrO HHTE-
rpana HMCNojb3yioT OOHYHO, KaK W B cJyude ABOMHHX HJIH OLHOKpPATHBIX
MHTerpaJdoB, BEPXHHE W HUXHUe cyMMu JlapOy.

Iycts f(x, v, 2) — orpanndeHHas QyHKuMA, 3a1aHHAdA HA KyOUpyeMOoM
tene V, {V;] — Hexoropoe pasGuenne srtoro teaa u M;, m; — coorser-
CTBEHHO TOYHAR BEPXHAA M TOUYHAA HHKHAA T'PAHU 3HAYEHMH QYHKUUM
f(x, 9, 2) va V,. Torna

n
;‘,MiAfui u
=l

(3zecb Av, — 06beM saeMeHTa V) Ha3bIBAIOTCH COOTBETCTBEHHO 8epXHel
u muoxcneir cymmamu Hap6y pasg dyukuun f(x, y, 2) 1 JaHHOTO pas-
6uennst {V',} tena V. CsoficTBa Bepxnux u Huxkuux cymm Hdap6y, cdop-
MyaupoBaHHHE B § 2 ra. 1, HOCAOBHO mNepeHOCATCH HA cJayualh Tpex
NepeMeHHbIX.

C noMowpbio paccymieHnl, B TOYHOCTH TNOBTOPSIOIIMX HOKA3aTe.lb-
CTBO TeopeMul 1.3, JOka3miBaeTcss cJefyiouiee HeoOXOAWMOE W HOCTAaTO4Y-
HOe YCJIOBHMe CYIIeCTBOBAHWMA TPOHHOTrO HMHTerpaja:

Teopema 2.2, Ozpanuyennasn Ha Kybupyemon meseV Pyuxyus
J(x, v, 2Yunmezpupyena noV 8 mor u moavko mom cayiae,
ecan 0as w6020 € >0 Haidemcsa maioe pasbuerue meaa V, umo
pasrocms mexncdy sepxnel u Huosirel cymmanu Hap6y 0rsn Pynr-
yuu f(x, y, 2), omeewqiomuny amomy pasbuenuio, MmeHvuie .

/] B

m; Av,

(=
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C noMoupl0 3TOr0 KPUTEPUR YCTaHABIMBAIOTCHA CJAEAYIOLINE TEOPEMBI,
aunanornyubie TeopeMam 1.4 u 1.4’ nas IBOHHBIX MHTErpasioB.

Teopema 2.3. Beaxas pyrryus f(x, v, 2), Henpepusras 8 3a.m-
KHYMON o02panudennoli*) obaacmu V, unmezpupyema 8 smoi
o6aacmu.

Teopema 2.4. Ecaun ghynxyua f(x, v, 2) 02parudena 8 3aMKHy-
mol o2panuvennol *) o6aacmu u HenpepuisHa 8 smol ob6aacmu
8C100y, KpoMe, OuviMb MONCEM, MOYEK, NPUHAOAELHCAUNX HEKOMO-
pomy muoxcecmsy o6vema Hyas, mo f(x, v, 2) unumezpupyena
no amoit o6aacmu.

4. CpoiicTBa TpoliHBIX MHTerpaJoB. OCHOBHbIE CBOHCTBa TpOHHBIX
MHTErpasoB BINOJHE aHAJOTHYHBI CBOMCTBaM HBOHHBIX MHTerpasoB. [lepe-
4UCAUM HX.

1—2 (amuetinocTh). Ecau fi(x, v, 2) u fo(x, vy, 2) uumezpu-
pyerw no obracmu V, a Ry u ky—nocmosuusie, mo ki f;—+ kyfs
unmezpupyema no V n

fff[klfl(x’ V. 2)FRofy(x, v, 2)]do=
v

=k1fvfff,(x, v, z)dv-l—szvffmx, y. 2) dv.

3 (anautusHocTb). Ecau V— o6sedunenue 0syx mea Vy u V,
6e3 o6wux srympennux modex u f(x, y, 2) unmezpupyena no V,
u noVy, mo f(x, v, 2) unmezpupyemna noV u

J[[i@yna=[[[jwynaw+[[[ic s a0
|4 Vi Vs

4 MOoHOTOHHOCTL). Ecau fi(x, 9, 2> fo(x, v, 2) u obe
amu Pyrxyuue unmezpupyems no V, mo

ffffx(x, v Z)d’0>ffff2(x, Yy, 2) do.
4 1%

5 (oneunka uurterpana no moayaw). Ecau f(x,y, 2) unme-
epupyema no V, mo |f(x, y, 2)| maxoce unmezpupyema u

'ffff("' yDao| < [ [ [1f v, 2)do.
v | v .

*) U xyGupyemoil. ¥YcioBue KyOUpyeMOCTH Ml B lanbHeiillieM Bcersa GyneM
npeanonaraTs, HE OroBapHBas 9TOro Kauulil pas ocobo.
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6 (reopeMa o cpenunem). Ecau dpynryusn f(x, y, 2) unmezpu-
pyema no V u yoosiremsopsem Hepagencmganm m<_f(x,y, 2)< M,
mo

mo< [ [ [ £y, 2)av< Mo,
v

z0e v— 00sem meaa V.

Jast HenmpepHBHbIX (QYHKUMH TeopeMa O cpelHeM MoxeT ObiTbh cdop-
MyJHpOBAHA TaK:

6’. Ecau gyuxyus f(x, y, 2) nenpepusna, a V— cea3nas 3au-
KHymas o2panuvesnas o6aacme, mo 8 ob6aacmu V Halidemcs
maxas mouxa (§, n, ), umo

J[[f@ v nav=5@ n 0o
|4

5. Tpoiiroii MHETerpan Kak agautiuBHas QyHxuHs ob6macTH, AHa-
JOTHUYHO PYHKUHMAM OOJMACTH HA NAOCKOCTH MOMHO BBECTH NOHATHE PYHK-
yuu npocmpancmeennoi o6aacmu *). IlpuMepom Tako#t ¢yuxunu (onpe-
HeasieMO Ha BCeX KyOMPYEMBbIX Tesdax) MOXET CAYXUTb 00beM obaacTu.
Janee,  ecan npocTpaHCTBO (MAM HEKOTOPAf €ro 4acThb) 3aNOJHEHO MaTe-
pueit, TO, CTaB® B COOTBETCTBHE KamHOH oOaacTw Ty Maccy, KOTopas
HAXOAWTCH BHYTpH 9To#f 006/acTH, Mbl ONATb-TAKH HOJYYHM HEKOTOPYIO
¢yuxnmio obaacti B mpocrTpaHctee. OObeM M Macca 06JafaloT yxe 3Ha-
KOMBIM HaM CBOHCTBOM aINUTHBHOCTH, KOTOpoe ¢opMyaupyercs 3iech
TOYHO TaK e, KaK M AAd MJAOCKOro caydas: ¢yukuug obaactu F (V)
HasuBaeTCc adoumugnoi, ecanm jaas Jmobbix AByx obaacrett V, u V,,
nas xoropux F (V) onpeleneHa M KOTOpble He HMEIOT OOWINX BHYTpeEH-
Hux- rouex, F(V,-}-V,) onpelenesa u

F(V,+Vy)=FV)+F V)

Ecan f(x, y, 2)— unrerpupyemas QyHxkums, TO TpOHHOH HHTerpas
J[[r@ v pa,
1%

paccMaTpuBaeMHf KaK QYHKuMA 00JACTH MHTErPUPOBAHMA, NMpPEICTaBJALT
cobott anautuBHyi0 ¢yskuuio obaactu (cBofcTBO 3 m. 4). )
AHaOrMYHO ABYMEPHOMY CJIy4ai0 BBOAMTCH MOHATHE MPOU3BO LN OH#
annuTHBHOM (YHKuMH 00aacTH B NpPOCTpaHcTBe MO 00bEMy, a MMEHHO:
4HCcA0 A MBI Ha3OBEM INpele/ioM OTHOWIEHHS
' F(V)
v

*) Tepmun «o6nacTe» MBI 3gech ynorpefiaseM xaK CHHOHUM TEPMUHA «iyOu-
pyeMoe TENO».



§ 21 TIPUMEHEHUS TPOVIHHIX HWHTETPAJIOB 77

(rae v — obwveM oObaactn V) npu crarmBauun V k Touke M, ecam Ana
moboro & > 0 natimerca takoe & > 0, uto

£ <.

as BcAKo# obmactv V, uneaukoM mnomewiaiomiefica B wape paauyca o,
C ueHTpoM B Touke M,. IDTOT mpenen HasLIBACTCH NPOU3BOOHOH (PYHK-
yuu F (V) no o6semy B Touke M, n obosnauaercs
im £V dF
im ——=, wm -,
VoM Y dv

Ecm F (V)— Macca, comepxawasics B o0aactu V, To ee mpousson-
Hag no o0beMy (ecanm OHA CYWIECTBYET) MPEUCTABJASET COGOH MAOTHOCTbL
O0(x, ¥y, Z) NPOCTPAHCTBEHHOTO paclpeleJeHns Macc.

M3 Teopembl O cpefHeM A9 TPOHHOrO HHTerpasa M W3 HeNpephis-
HOCTH TOJbIHTeTpadbHOH (YHKUMH Cpa3y BHITeKaeT, 4YTO NpPOM3BOAHAS
MHTEerpand OT HenmpepuiBHOM (yHKuMM 1m0 0OBeMy CYIIECTBYET M COBMa-
JaeT C NOAbIHTErpaabHolt (PyHkumeh

%f.vfff(x. v, 2)dv=f(x. 3. 2),

NpuYeM STOT MHTErpaj MNpeicTaBafeT COOOH eNMHCTBEHHYIO aIAMTUBHYIO
¢yHKumio 00JacTd B MPOCTPAHCTBE, MNPOU3BOJAHAaf KOTOpO# NO 00BEMY
ecTb 3ajaHHas HenpepbiBHas ¢ynkuus f(x, y, 2).

§ 2. Hekortopsle MpHMeHeHHs TpPOHHBIX WHTErpaJtioB
B ¢usuKe H reoMeTpHH

PaccMOTpUM HEKOTOpHE TuIIMUHblE 33Jayl, CBASAHHBIE C BbIYMCAEHHEM
TPOUHBIX HHTErpasoB.
1. Briuucaenue o6wvemoB, Ecan V — kyGupyemoe Teno, T0 TpoHHOH

MHTerpa
fffdxdydz (2.2)
\4

paBed o0neMy sroro Tead. HelicruTenbHo, 9TOMYy 00beMy paBHa Kamlast
M3 HMHTErpaJbHBIX CYMM, OTBeualoumx uHrterpaay (2.2). Tpoliueie uHTe-
rpajbl B HEKOTOPHIX CJayuasax ObipaloT ynoOHee A BblUHCAEHHH 0ODBEMOB,
yeM JIBOHHbIE, TaK KaK C MX TMOMOIUIBIO MOXHO 3aMucaTh Cpasy o0beM
He TOJbKO KPHBOJMHEHHOrO WWMJMHAPA, HO M M000ro KyOupyeMmoro reJa.

2. HaxoxgenHe Mmacchl Teja NO MJAOTHOCTH. Ecam HaHO HEKOTO-
poe Teq0 ¢ 00beMHOH MAOTHOCTHIO P(X, ¥, 2), NpeAcraBjsouwed cobokt
HelpepbiBHYI0 (QYHKLMIO, TO TPOHHOH MHTerpan

fffp(x, Yy, 2)dxdydz,
1%



