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§ 3. Boiuncaerue TpoliHOro HHTErpaJia

Kak u B caydae ABOMHBIX WHTerpanoB, OCHOBHOH IpHeM, Ha KOTO-
poM OasupyeTcst BHUHCJIEHHE TPOHHBLIX HHTErpajnoB, COCTOMT B CBEIEHHH
MHTerpaJa K NOBTOPHOMY, T. €. K 3aMeHe MHTerpupoBaHus no oGbemy
WHTEr pUPOBaHHEM I10 KaXHOH M3 NMEPEMEHHBbIX B OTACIbHOCTH *).

3amauy O CBeJEHUH TPOHHOrO HHTErpasa K MOBTOPHOMY Mbl paccMo-
TPUM CHayajJa JMJf cjyuyas, KOrja HHTerpanx OepeTcd IO HEKOTOPOMY
napajjejenunesy co CTOPOHAMH, mapan-

4
. JeAbHBIMH OCAM KOOPAMHAT.
i 1. CBegenue TpoiiHOro HHTerpasa
g Nno mnapaJjJiejenunesy K TNOBTOpHOMY.
J . PaccmorpuM TpotiHo#t uuTerpaa
27 )
P e : ffff(x, vy, 2)dxdydz,
‘. — 4 2
', B KOTOpPOM O00jacTb HHTErpUPOBaHUa Q
z npelAcTaBasger coboff npAMOYroJbHHHA mna-

paaJesenunen;
aLxLb, e LyKd, kL2

(puc. 2.1), npoexTHpyOIMHCA Ha NMJIOCKOCTL XY B NpPAMOYroabHuxk P,
onpejeaseMblii HepaBeHCTBAMU

Puc. 2.1.

aLxLh ey Ld

HMeer MecTo caepyiouas
Teopema 2.5. Ecau 0asn Pyuxyuu f(x, v, 2) cywyecmsyem

mpoldnol unmezpans
ffff(x, y, 2)dv
Q

u ecau 0as Kax#cOod dpurcuposannoli mouxw (x, y) u3 P cyue-
cmayem unmezpan

1
I(x, )’)=ff(x, y, 2)dz,
R
mo nosmopHulL uRmMe2par

1
ffdxdyff(x, y, 2)dz
k

P

*) 3gech MBI HMeeM B BYAy TOUHOe BBIUMCJeHyle uuTerpana. Jas mpubau-
WeHHOro BBIYHCIEUMS KPAaTHHIX MHTErpPaloB CBeleHHE UX K NMOBTODHLIM, Kax mpa-
BH/O, HE MPUMEHSAETCH.
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cywecmayem u uiseem mecmo pageHcmso

1
ffff(x, ¥ z)d"=ffdxd>’ff(x, y, 2)dz.  (2.4)
Q j3 r

JdoxasaTeabCcTBO O9TOH TEOpEMBbl AHAJOIMYHO JOKA3aTeAbCTBY
TEOpeMbl O CBEJeHMHM IBOMHOrO WHTErpaja K MOBTODHOMY (CM. Teo-
pemy 1.5). OHO cBOAMTCA K YCTAaHOBJEHHIO TOro dakra, uro J/olas
MHTErpanbHa# cyMMa, OTBedalowla# NpH HEKOTOPOM pasbueHuH HHTErpany

ff[(x, v)dx dy, 3aKmoyeHa MeXay HUXHe#t U BepxHel cymmamu KapOy,
P

OTBEYAIOAMI TPOHHOMY HHTErpany ffff(x, v, 2)dv.
Q

[MpeanonoxuB, 4TO HHTErpan
d
J =[x, y)dy
4

(npn moboM QurcupoBakHOM ¥, @< X <(b) TaKme CYUECTBYET, Mbl

moxeM B dopmyne (2.4) uHTerpupoBaHue NO NPAMOYroJbHUKY P 3aMe-

HATL MOBTOPHHIM HHTErpPHpOBaHMEM, CHayaaa Mo y, a noroM no x. Cre-

7aB 9TO, MBI MOXeM Tiepemucath paseHCTBO (2.4) B cielylomeM Bule:
d

b 1 )
ffff(x, ¥ z)dv:fdxf»dyff(x, v, 2)dz. (2.5)
Q a k

[4

Ato n ectb GOpPMyaa, CBOAAUAR BHUUCJAEHHE TPOKHOrO HHTErpaJa Mo
fapaiieenunely Q@ K MNOC/eLOBATE/bHOMY HHTErPHPOBAHMIO MO KaMAOH
M3 Tpex MNepeMeHHbIX B oTheibHocTH. B dopmysne (2.5) murerpan cmpasa
Gepercst cHauana Mo 2, MOTOM NO Y M, HaKOHeW, No x. Mu Moran Obl,
Npe/NoNOKNB CYILECTBOBAHHE HMHTETrpPaaoB

b d
Lo D=[fx y. 2dx n  S@=[L0 Day.

IOy YnTh AHAJOTUYHYIO QopMyay

1 d b
[[[16 s ndo=[az [ay [rcx v 2ax,
Q B 2 a

a‘rtakxe (ONATH-TAKH MNpH YCAOBHM CYINECTBOBAHMA COOTBETCTBYIOUIMX
ONHOKPATHBIX U JABOHHBIX HMHTErpaJoB) M APYrue aHAJIOTHUHBIE (QOPMY.IbI,
CBOAsLIME TPOHHOW wWHTerpaJ K IIOBTODHOMY, B3ATOMYy IO X, V U 2
B TOH MM MHOH mocaejgoBaTesbHOCTH. B uacTHocTu, ecam f(x, v, 2)
HeNMpepbiBHA, TO KaKk TPOHHOM, Tak M Bce BO3MOXHbIE JABOHHBLIE M OJHO-
KpaTHble MHTETrpajbl OT 5TOH QYHKUMH CYILECTBYIOT, MNOSTOMY IpH

6 B. M. Bynax, C. B, ®ouun
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BBIYHC/ICHHN TPOHHOrO MHTErpada OT HeNpepbiBHOH (QYHKUMH MOXHO HHTE-
rpUpoBaTh MO TEepeMeHHBIM X, Y M Z B J1000H Moc/elOBaTEAbHOCTH.

2. Csegenue THOHHOrO HHTerpaja MO KpUBOJUHeHHoH o6aacTH
K TNOBTOpHOMY. PaccMOTpuM Telepb KpHBOJaMHeHHyio obaacte V', koro-
pas CHM3Y M CBepXy OTrpaHHYeHa TNOBEPXHOCTAMH

Z2=2z4(x, y)

a cOOKYy — HEKOTOPOH  uMAMHAPHYeCKOH  MOBEPXHOCTbIO, W NYCTh
G — npoexuust obaact V Ha maockocte xy (puc. 2.2). Byamem Takyio
00/1acTb KPaTKO Ha3blBaTh «HAJIMHAPH-

22y (1,4} deckolt mo z». Ilycts B obaactu V 3a-

z 1 nana ymkuua f(x, y, 2), uHTerpupye-
= Mag B 9TO¥ OOmacT ¥ TaKasg, 4TO Aas
mo0ott QUKCHpPOBAHHON TOYKM (X, y) W3
i G cymecTByeT ONHOKpAaTHBIff MHTerpas

23 (x, y)

i f fx, v, 2)dz.

2 (x, y)

3axsiounm ob6aacTs V' B HeKOTOpBIH Na-

z=2z(x, 9) u

2-2,(59)

!
[
i

! l
|
|

4

paanenenunen Q:

el o Ly<KLd, RLe LKL

- W ONpeleauM Ha @ BCOMOraTe/bHYIO

dyukuno  f*(x, y, £), NOJOKHUB

. fx, v, 2) BV,
ACRY z)={o e V.

flcHo, uro f*(x, y, Z) wuTerpupyema no Q u 4ToO

Puc. 2.2,

[[[re v pao=[[[fe v 2do (2.6)
Q 12
lMpumennn x f*(x, v, 2) dopmyny (2.4), noayuum
1
ffff*(x, v, z)dv=ffdxdyff*(x, vy, 2)dz, (2.7)
Q p k
11e P — npoexuns @ Ha NJAOCKOCTb XY.
B cuay roro, uro f*(x, y, 2) paBua Hymo BHe V, uMeeM
zﬂ(-xv )
ff (%, v, 2)de= f f(x, v, 2)dz. (2.8)
Z](.X', )

SToT MHTErpan NMpeicTaBaseT cO50# QyHKUMIO OT X M Yy, paBHYl0, Ode-
BHAHO, Hy/mio BHe oOnactm G. IlostoMy nBoHHO# WMHTerpast OT Hee, B3fl-
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ThIl MO P — npoekunu napajiesenunefia @Q Ha NJIOCKOCTb XY, — COB-
‘MallaeT ¢ MHTerpajioM OT Hee e, B3ATHIM No (. Taxum oGpasom, yuu-
thigag (2.6) u (2.8), paBeHcTBO (2.7) MOXHO MNepelucaTs B CJAEAYIOLIEM

BUIE!:
22 (.X', y)

ffff(x, v, z)dxdydz'=ffdxdy f f(x, v, 2)dz. (2.9
v G FC TR
Wtak, MB MOJYYHJIH CJAEAYIOWAH pe3y/bTaT:

Teopema 2.6. Ecau 0aa Pyuxgun f(x, v, 2), 3a0anHO0l
8 o6aacmu 'V, guiundpuweckol no z, cyuwecmeyem mpolHol uH-

mezpaa
ffff(x, v, 2)dv,
14

a 048 Kawdol PurcuposarnHoid mouxku (X, y), npusadresxcauel
npoexyuu G obracmu V #a naockocme Xy, cydecmsyem urme-
zpaa

23 (%, ¥)
I(x, y)= f f(x, y, 2)dz,
2y (-x’ y)
mo nosmo pHuLll URmezpas
Zz(x, )
ffdxdy f f(x, v, 2)dz
21 (% )
cymecmayem u umeem mecmo pasercmso (2.9).
BolpaxeHnue
22(4‘7, y)
I, )= [ flx y 24z
2y (.X', y)

npeicraBaseT co0o#t ¢yHkumio AByX NepeMeHHbIX. Ecan pas ato#t ¢yHk-
ui 1 toft obmactw G, NO KOTOPOH OHAa MHTErPUPYETCH, BBINOJIHEHB
ycaosus Teopembl 1.6, TO HBOHHON HHTerpa.

ff[(x, vdx dy
G

MOXHO B CBOIQ Odepelb NMPEACTaBUTL B BHAE NOBTOPHOrO, B3ATOrO, CKa-
’KeM, cHadana 7O Yy, a NOTOM IO X. B pesysbTaTe Nmo/yYaeM PaBeHCTBO

b ya2(x) 22(%,Y)
ffff(x y, ydv=[ax [ dy [ fex. 9 2dz. (210
a yi(x) 215, y)

D10 U ecTb OKOHHaTeAbHasi GOpMYy/Ia, CBOJAsLIAs TPOHHON MHTErpan K mo-
BTOPHOMY. $ICHO, 4YTO MHl MOTJaHM OH TNOMEHATb POJSAMH NepeMeHHble X,

6*
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Yy W 2 W CBeCTH TPOHHOU HHTerpas’ K NOBTOPHOMY, B3ATOMY B KaKOM-
HHOyOp MHOM TOpslKe, HallpuMep, CHayYala 1o x, NOTOM MO Y H, HAaKO-
Hell, no 2. Ilpu 9Tom Bcerna mpelenabl HHTETPUPOBAHUA MO KaKOMY-aHGO
MepeMeHHOMY 3aBHCAT OT TeX KOOPAMHAT, IO KOTOPbIM Mbl €llle He MH-
TerpupOBaIH.

Ilpu BbiBOZe ¢opMyabt (2.9) Mbl NMOML3OBAaMMCh TeM, HTO Kamias
npsmas, napa/jieabHasd OCH 2, BcTpeuyaeT rpannuy obiactm V' ue Gouee
yeM B JABYX TouKax. Ecanm oGaacTe umeeT OO/ee CAOMKHBIH BHA, TO AJjd
CBeJICHUA B34TOr0 NO Hel TPOWHOrO wuHTErpana K IOBTOPHOMY HYXHO
a1y ofmacT npeldBapuTebHO pPasOWTh HAa TaKHe YacTH, K KaxIoH u3
xoropbix dopmyna (2.9) npumennMa. C aHAJOTHYHEIM TOJOMEHHEM ek
Mbl y¥e BCTpeYaqdchb B Cayyae HBOHHBIX HHTerpaJjos.

[omsons MTOr CKa3aHHOMY BHUIE, CHOPMYIUPYEM KpPaTKO «peuent»
cBelleHWs TPOHHOTO MHTerpa/ja K NOBTOPHOMY (AJs ONpeleneHHOCTH Oy-
JeM CuMTaTh, YTO NOBTOPHBIf HMHTerpan Oepercd cHadaqa no 2, a Io-
TOM NO OCTa/bHbIM IepPeMEHHBIM).

.~ 1. Obnactb, 1m0 Kortopoit OepeTcs TpOWHON uHTerpas, chaelyeT pas-
OWTb Ha TaKHe 4YacTH, 4TOObl TpaHWNA KaXHOH# M3 dTUX 4YacTelt mepece-
Kajiach moOOR BepTHKanbHOM mpsmof He Oosee uem ABaabl. Hike 6y-
JeM paccMaTpuBaTh TOJBKO OJHY TAKYI0 4acTb.

2. 3aduxcupyem x M y, T. €. PACCMOTPUM HEKOTOPYiO INpsMyio, Ma-
panaeqbuyio ocd 2. Ilycte 2,(X, ¥) U 25(X, y) — TOUKM NepeceyeHns
9TOH NMpsAMON c TpaHMied 00JacTH UHTETPUPOBAHUS; 2, (X, ¥) U 2,(X, V)
AIBJIAIOTCA Npelel]aMd JJsl MHTETPUPOBaHUs MO 2.

3. Tlocne yHTerpupOBaHWs MO 2 MBI NMOJayYaeM (QYHKUMIO ABYX mepe-
MEHHBIX X U y; ee 00JacTb ONpeleaeHdss — 9TO MpPOeKuHs NPOCTpaH-
cTBeHHOH oOOmac™d V ua niockocth xy. JIBoHHOH wuHTerpanm oOT STOH
QYHKUME JBYX NMepeMeHHbIX 3aMeHsAeTcs NOBTOPHHIM TaK, KaK 9T0 OblLi1o
onuca€o B § 5 ra. 1.

ITo cywectBy, ¢opMysa cBeneHus] TPoHHOro MHTErpada K moBTOPHOMY OCHO-
BaHa Ha ToH e caMoll «rpynnMpoBke claraeMuix», € KOTODOH MBI yme UMeinu
geno. BMecto Toro urofGnl CyMMHpOBaThb 3JeMeHTH f (X, y, 2)dxdy dz B xa-

\

KOM-TO TNIPOU3BOJILHOM MOpALKe (T. e. GpaTe ffff(x, vy, 2)dxdy dz), Mbt
v

CHayaja co6upaeM BCE cjaraeMple, OTBeYaiomHe OAHOMY CTOJOUKY Hajg ToUKoOi
22(%,y) A

(x, y) | 1. e Bepem f f(x,y, 2)dx |, sarem colupaeM BMecTe BCe CTOJ-
(x5, y)

6uxH, JNexamue B ceyeHUU obnacTH V' miOCKoCThi0 X == const | T. €. BuIUHC/AsIEM

(%) 25 y)
dy f f(x, y,2)dz |, ¥, HakOHen, cobupaeM BMECTE BCe TAKHE CeycHHs
vi(x) 2%, Y)
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,(T. e. mojydaeM c¢opmyny

b ya2(x) 2(x,Y)
ffff(x, y,z)dv:fdx f dy f f(x y, z)dz).
14 a ¥ (x) 21(% )
[MTpumep. Tpoliuo#t uHTerpas, B3ATHIA MO WApy
-y 22 L a?
3anmucaTh B BHUJE MOBTOPHOrO.
OrtBer.
a Va2-x? Vat-xt_y2
fff f(x, 9, 2)dv= fdx f dy f f(x, 9, 2)dz.
2y 42 <a? ~a ~Vai-x? ~Va-x2-y?

§ 4. 3amena nepeMeHHLIX B TPOHHOM MHTerpaje

Mpl yxe BCTpewanucCh € 3aMeHOH NepeMeHHHIX B ABOHHOM HHTErpaje
(§ 6 ra. 1) u B onnoxkpaTnoM (Bun. 1, ra. 6, § 2). 3iech MH PaccMOTPUM
BONPOC O 3aMeHe NEPEMEHHBIX B TpoHHOM uurerpate. Comepxanue 3TOro-
naparpaga BO MHOIOM aHa-
sormdno § 6 ra. 1. 4

1. 'Otolpaxcenne mnpo-"
CTpaHCTBEeHHHIX of0JaacTeil.
PaccmoTpuMm nBa 3x3emniapa
TPEXMEPHOr0 NPOCTPaHCTBA.
[lycte B OXHOM M3 HMX BBe-
IeHB KOODIMHAaTH X, y, 2, a
B IPyroM — KOopauHaTh §,
1, & Ilycrs, namee, V u
Q — xBe 061aCTH B 3THX NPO- Puc. 2.3.
CTPaHCTBAaX,  OrPaHHYCHHBIE
KyCOYHO-TJAAIKAMA noBepxHOoCTAMH S u X coOTBETCTBEHHO (puc. 2.3).
[TpeanonoxuM, YTO MeXLy TOUYKAMH 3THX 0O0aacTefl yCTaHOBJIEHO B3AMMHO-
ONHO3HAYHOE ¥ B O0e CTOPOHBl HENPEPLIBHOE COOTBETCTBHE. IJTO COOT-
BETCTBME MOXeT OBLITb 3aNMCaHO C NOMOWIBLIO TpeX (yHKUUH

x=xE&n8 y=yEndH z=zEnd (2.1
WIM C noMouiblo o6paTHBIX QyHKuwMH

=g, 9, 2), n=n(x, y, 2), {=C(x, 9 2). (2.12
IMpexnonoxuM, u4ro ¢yuxuuu (2.11) n (2.12) He TO/BKO HENpepHBHH,

HO M HMEIOT HenpepuiBHEHIE 4YaCTHHIE NPOM3BOIHBIE NEPBOTO NOPSIKa.
Toriaa sKO6UAHB

D(ty.2) , DEMY
DE D) D(x, y 2




