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§ 4. 3amena nepeMeHHLIX B TPOHHOM MHTerpaje

Mpl yxe BCTpewanucCh € 3aMeHOH NepeMeHHHIX B ABOHHOM HHTErpaje
(§ 6 ra. 1) u B onnoxkpaTnoM (Bun. 1, ra. 6, § 2). 3iech MH PaccMOTPUM
BONPOC O 3aMeHe NEPEMEHHBIX B TpoHHOM uurerpate. Comepxanue 3TOro-
naparpaga BO MHOIOM aHa-
sormdno § 6 ra. 1. 4

1. 'Otolpaxcenne mnpo-"
CTpaHCTBEeHHHIX of0JaacTeil.
PaccmoTpuMm nBa 3x3emniapa
TPEXMEPHOr0 NPOCTPaHCTBA.
[lycte B OXHOM M3 HMX BBe-
IeHB KOODIMHAaTH X, y, 2, a
B IPyroM — KOopauHaTh §,
1, & Ilycrs, namee, V u
Q — xBe 061aCTH B 3THX NPO- Puc. 2.3.
CTPaHCTBAaX,  OrPaHHYCHHBIE
KyCOYHO-TJAAIKAMA noBepxHOoCTAMH S u X coOTBETCTBEHHO (puc. 2.3).
[TpeanonoxuM, YTO MeXLy TOUYKAMH 3THX 0O0aacTefl yCTaHOBJIEHO B3AMMHO-
ONHO3HAYHOE ¥ B O0e CTOPOHBl HENPEPLIBHOE COOTBETCTBHE. IJTO COOT-
BETCTBME MOXeT OBLITb 3aNMCaHO C NOMOWIBLIO TpeX (yHKUUH

x=xE&n8 y=yEndH z=zEnd (2.1
WIM C noMouiblo o6paTHBIX QyHKuwMH

=g, 9, 2), n=n(x, y, 2), {=C(x, 9 2). (2.12
IMpexnonoxuM, u4ro ¢yuxuuu (2.11) n (2.12) He TO/BKO HENpepHBHH,

HO M HMEIOT HenpepuiBHEHIE 4YaCTHHIE NPOM3BOIHBIE NEPBOTO NOPSIKa.
Toriaa sKO6UAHB

D(ty.2) , DEMY
DE D) D(x, y 2
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CyULeCTBYIOT M HenpepbiBHH. Mbl OyleM npeanosarath, 4T0 Kaxiabl#
U3 9THUX AKOOHMAHOB OTJAMYEH OT HyJdA. [IpHM 3THX yCIOBUSX BHNOJIHAETCHA
.COOTHOILIEHNE

D(rny2 DEnY
DEnDd Dmya o (2.13)

Kax u B IByMepHOM Cayuae, MOXHO NOKa3aTh, 4TO COOTBETCTBHE, Onpe-
neasemoe Qopmytamu (2.11) u (2.12), nepeBOZMT BHYTPEHHHE TOUKH
‘OMHOH 006JacTH BO BHYTPEHHHE TOYKM APYro#, a rpaHuuHble TOYKH —
-ONATb-TAKM B FPaHHYHBIE.

2. KpuBoaunelinbie KOOpPAMHATHL B HpocTpaHcTBe, OToGpaxe-
nue (2.11) nepesomur obaacts Q B V. CienoBaTenbHo, 3alaHHE TOYKH
(&, 1, §) u3 Q BnosnHe onpexelser COOTBETCTBYIOWYIO TOYKY (X, vy, 2)
3 V. Hnaue roeops, Beqmduusl &, 1), { MOXHO paccMaTpuBaTh Kak
KOOPAMHATH (OTJAHYHBE, KOHEYHO, OT [EeKapTOBHX) TOoYek obaactu V.
‘OHH Ha3HIBAIOTCA KPUBOAUHREUHB MY KOO pOUHAMAMU.

PaccMotpuM B © naI0CKOCTb, ONpeleleHHyl yciaosueM E=—¢§; T. e.
‘napalieibHyl0 KoopianHatHo#t niockoctd L. Orobpawmenne (2.11) nepe-
BOAUT €€ B HEKOTOPYI0 NOBepPXHOCTb. J[leKapTOBH KOOpPAMHATH TOYEK
"STO{ NOBEPXHOCTH CYTb ¥)

x=xE 15 y=y@E b z2=2@E nd (2149

Tlpuzasass &; pas/nuyHble 3HA4YeHHs, Mbl NOJYYUM HEKOTOpPOe ceMeHCTBO
ToBepxHOCTeH, 3aBucaulee OT § kak oT napamerpa. [laockoctu 1= const
u {=const nepexoasr npu orobpawxenud (2.11) B IBa aHAJOTMYHBIX
ceMefictBa nosepxHocrelt B obaactu V. DTu Tpu ceMeHicTBa NOBEPXHO-
«cTell Ha3BIBAIOTCA KOO plunamuwsmy. Heped xawuyw TOuky oGaactu V
fIPOXOANT NO OXHOW NOBEPXHOCTH KaXIOr0 U3 TPpex ceMelcTB (npu ycJao-
BUH B3aUMHOH OXHO3Ha4HOCTH OTOGpaxeHus (2.11)).

3. Uuaungpudeckve u cdepuyeckve KoopauHatTel. PaccMmorpum
.ase Hanbo/aee ynoTpebuTedbHble CHCTEMBl KPHUBOJMHEHHBLIX KOOPIHMHAT
B NPOCTPAaHCTBE — YuAUHO pudeckue W ciepuveckue KOOPIHHATHL.

a) Lusunopuveckue koo pounamst. Onpenennm nonoxenue touxun M
B NPOCTPAHCTBE ee AEKAapPTOBOH KOOpIMHATOM 2 W NOJAPHBIMH KOOPIH-
HataMu r, ¢ ee npoexuud M, Ha naockoctb Xy (puc. 2.4). Beanunnw
r, @, 2 Ha3HBAOTCA JUAUHOpUYeCKUMU KOO pouHamamu Ttouku M.
HenocpencTBeHHO M3 4Yeprex<a BHIHO, YTO OHM CBf3aHbl C AEKAPTOBBHIMH
KOOPAMHATAMH TOYKH M C/eLyIOLIMMH COOTHOIIEHUAMH:

X=rcosgp, y=rsing, z=2=z. (2.15)

*) BoipameHus (2.14) npexcraBisior co60it Tak HasblBaeMble apPaMETPUYECKHE
ypaBHeHus nosepxHoctH. Ilogpo6Hee o0 mapaMeTpu4YecKHX YpaBHEHHSX MOBEpPX-
HocTH OygeT ckaszaHo B I 3.
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LuanuapudecKuM KOOpAMHATaM OTBEYAIOT CJaelyloune Tpu cemelicTBa
" KOOPAMHATHHIX MOBEPXHOCTEH:
o) muaaapst r == const (0 <{r < 00),
) BepTukaiabHbie noayniockoctn ¢ = const (0 Lo < 2m),
Y) rOpH3OHTaJbHBIE MIOCKOCTH 2= const (— oo < z < ©0).
Ak0o6uan, COOTBETCTBYIOUIMH nepexoldy OT AEKAPTOBBIX KOOPIMHAT
K HMANHIAPUYECKHM, PaBeH z
cos @ sing 0
D(x,y,2) . _
Do o — —rsing rcosg O|=r.
0 0 1
(2.16)

dopmyast  (2.15),  ycramaBIMBalouine
CBA3b MeX1y IEKapTOBHIMH W UHJAMHAPH-
YeCKUMHM KOOPIMHATAMH, ONpPelensioT OTO0-
paxceHue 006./1aCTH i
0Lr<oo, 0L 2n, —oo<C 200 Puc. 24.
(2.17)
NPOCTPaHCTBA NEPEMEeHHBX (r, @, 2) HA BCe NpPOCTPAHCTBO (X, ¥, 2).
Mpu stom xaxnot touke (0, 0, z,) oTBeuaer B oGaactu, onpereseHHOMH:
nepaBencrBaMu (2.17), neawit noaycerMent

r=0, 0L 2, 2z=2,

TaxuM OGpa3oM, B TOYKAX, JEHAWUX Ha OCH 2, Haule OTOOpaXceHHe He:
ABASAETCA B3aMMHO OIHO3HAYHBIM. BO BCeX OCTaJbHBIX TOYKAX NPOCTpaH-
z ” CTBa (X, y, 2) paccMaTpuBaeMOe COOTBETCTBHE Oy-
JeT, OYeBHIHO, B3ANMHO ONHO3HAYHBIM.

6) Chepuyecxue roopdunams. Onpeneanm
noJoxenne Toukn M B npOCTPAHCTBE C/eLYIOUINMH
TpeMsi BeJHYMHAMH:

¢) pacctosHue P OT Hayaaa koopauHatr O
1o M,

p) yroa 0 mexnay orpeskoM OM u nonoxu-
TCJAbHBEIM HaNpaB/JACHUEM OCH 2,

Y) yroan ¢ Mexiay npoekuuet OM, orpeska.
OM Ha naOCKOCTh Xy W NOJOXHTENbHHIM Ha-
npaBaenneM ocu x (puc. 2.5). Bemmuunn p, 6

Puc. 2.5. W @ Ha3HBAOTCA cfhepudeckumu Koo pouLama-

#Mu TOYKH M. K3 deprexa BHIHO, YTO HeKap-

TOBH KOOPAMHATH TOYkM M CBsA3aubl C ee CQepuyeCKMMA KOOPIHHA-
TaMH CJAELYIOUIAMH COOTHOLICHHAMH:

x=psinBcosg, y=—psinOsing, 2z=—pcos. (2.18)

ChepuueckuM KOOPAMHATAM OTBEYAIOT CJAEIYOLIME TPU CeMeHCTBa KOOp-
JUHATHHX NOBEPXHOCTEH:
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a) chepn p=const (0 L p < c0),

f) nOayKOHYyCH 6—c0nst 0 <o),

Y) BepTHKaJbHbe noaynaockoctn ¢ = const (0 ¢ < 2m),

fikoOuaH, COOTBETCTBYIOWMH nepexoly OT [AeKapTOBHX KOOpPIMHAT
K ChepudecKnM, paBeH

sin @ cos @ sin Bsing cos B
pcosOcosg pcosOsing —psin®|=p’sin0. (2.19)
—psinOsing psin@cosg 0

dopmyan (2.18) ONpeneasior OTOGpaxeHue 06.1acTH (noanybeckoHed=
Hhift 6pyc)
0Lp<Coo, 0L, 0 Lo < 2n

npocTpaHctea (P, 0, @) ua Bce NpocTpaHcTBO (X, y, 2). Dto orobpa-
WeHWe, KaK U oToOpaxceHne, OTBedalouee HUANHIAPHYECKHM KOODIMHATAM,
B3aHMHO OJTHO3HAYHO BO BCEX TOYKAX NpPOCTpPaHcTBA (X, ¥, 2), Kpome
‘TOYex, Jexawnx Ha ocn 2. Kaxmo#t touke (0, 0, 2,) orBewaer nouay-
cerMent p=—2;, 0=0 (mm O0=nm, ecim 2,<<0), 0 Lo < 2n, a
Touke (0, 0, 0) orBewaer npamoyroabuuxk p=0, 0 O L, 0 Lo « 2m.
4, daementr o6bema B KpHMBOAMHEHHHIX KoopiWHartax. Hafinem
Tenepb BBHIPAXKEHHE 3JeMeHTa oObeMa B KPUBOJAHHEHHHIX KOOPIMHATaX.
PaccMOTpUM CHOBa HEKOTOPY0 NPOCTPaHCTBEHHY ofuaacts V, B KOTO-
poit BBeleHH KPuUBOJAMHelHble KOOpAWHATH §,

1. {. CB3aHHBIE C [1eKapPTOBHIMH KOOpPLMHATA-
P ’ MH X, ¥, 2 QOpMyJIamu
7

=xEnL y=yEnd (2.20)

z=2z(& n &)
Syuxkumn x &, 1, 8), yE MO n 2E 1 D)
V7 y:A MBI NpEANOJaraeM HENPepPHBHHIMH M HMEIOUiH-~
Prc. 26. MH HenpepHBHLE NPOW3BOAHHE, a AKOGHAH
—g%—nlg CYMTAEM OTJMYHHIM OT HyJ.

PaccMoTpuM TpH napel GeckoHeuHo OJMSKMX Mexiy cobott xoopiu-
HaTHBIX NoBepxHOCTe#, [lycTh nepsast M3 3TUX nap 3anzaercd ¢UKCUPO-
BaHHBIMH 3HAYEHHAMH NEPBOH KOOPIMHATH, PAaBHEIMH COOTBETCTBEHHO §
U E--dE, BTOpam — 3HAaYeHUIMH 1] H 1 -} d1 BTOPOH KOOPAMHATH H
TpeThss — 3HaueHusMH & ¥ {~dl Tperbett KOOpauHaTHl. DTH TP Napul
TIOBEPXHOCTEH BHIPE3AOT B NpocTpaHcTBE OECKOHEYHO MAaJHH KPUBOJIH-
HeHb#t napaaaenenunen. Hatinem ero o6nem dvu, npeunefperast BeaH-
YMHAMH BblHIE NEPBOrO NOPsAiKa MajOCTH NO CPaBHEHHIO C 3THM 00be-
MoM. C TOYHOCTBIO 10 GECKOHEUHO MaJblX BHICLIErO NOpsiiaxka STOT na-
paJiienenynel, coBnanaeT C npﬁmonnﬂeﬁﬂum nNapajieenunenom, pebpamu

KOTOpOro cayxar sextops PP, PP, u PP3 (puc. 2.6). Jlerko npo-
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BEPHUTb, YTO 3TH BEKTOPbI HMEIOT CJACLAYIOUIHE KOOPAMHATH (Mbl ondrtb
‘31eCb OrpaHM4MBAEMCH T'FaBHBIMH '-lJIEHaMPI)

PP, — (9% 9y 0z

PP, — ( Tl dg),
— 0 d 0

PP, = (Ff;_ dn, —% dan, —0-% dn) ,

PP =(Gdt. Fa. S a).

Kak wusBecTHO, 00beM napanjesenunena, NOCTPOEHHOIO Ha TPeX BEKTC=
pax, paBeH a0COMOTHOH BeJAMYMHE [AeTEPMHHAHTA, COCTABJCHHOrO K3
KOODIMHAT 3THUX BEKTOpOB. CnenoBateabHo,

0x dy 0z
og g o £ og 4% E O E
0x dy dx Oy Oz
=t o et A
dov=1= o dn dn 3 Zdn|= =+ o o dg dndg,
ox o0x 0dy 0z
ra Z ——dC ——dC % % T

rie 3HaK NJIOC WJAW MUHYC OepeTcd Tak, yTOOB! BCe BHpaxeHue OBHIO
noJoxureabuo. HMtak, Mbl Noay4nM, 4To

dv=|JE. . {)|dEdndL, (2.21)

rae J(E M C)=—%%—£——m<06naﬂ npeoGpasosauus (2.20).

5. 3aMeHa nepeMeHHHIX B TpoiiHoM HHTerpaJe. [eomerpuueckuit
CMBICA sAKOOuana, Mel nokasaan, 4T0 O06beM GECKOHEYHO MAJjOro 3Jje-
MEHTa BBIpaXKaeTcs B KPUBOJMHEHHHX KoOpauHaTax Qopmymo#t (2.21).
M3 uee cpasy caexyer, uTo ofbeM KOHeuHOH oOaacth V 3anucriBaeTcH
B BHAE TPOHHOro MHTErpana *)

J [ fve n olaeana, (2.22)
Q

B3ATOr0 nO TOH o6aactu €2 W3MeHeHndms nNepeMeHHHX E, 1), {, kortopas
nepesoxutcs B o6aacte V' oroGpasmenneM (2.20).

W3 storo Boipaxenus nas 06beMa (OpPMysna 3aMeHB NEPeMEeHHBIX
MOJIYYaercs ¢ NOMOWBI0 CJeIYIOLUIUX pacCyiaeHntl, aHaJIOrMYHHX M3/I0-
XeHHbIM B n. 6 § 6 ra. 1.

*) Mpl onyctuaM 3peck Te OUEHKH, koropnle B § 6 ru. 1 6Bl [IPOBE AEHBE
g ABYX NepeMeHHBIX.

UnrtaTenb, pa3odpaBiyii FOoxa3aTeNbCTBO TEOpeMH 1.7, Nerko BOCOPOU3BEACT
aHAJNIOTHYHOE J[OKA3aTeNbCTBO M JAA JAHHOTO chydad. 3;1er KaKk M B Clydae
ABYX MEPEMEHHbIX, OCHOBHai Wjed COCTOMT B amNpOKCHMauHy HeJMHeiHOro
OTOGpaMeHNA Maioll obiacTH MOAXOAAIMM €€ JHHEHHBIM OTOGPaXEHHEM.



90 TPOMIHBIE 1 MHOTOKPATHBIE MHTEIPAJIbB {TJI. 2

IMycts f(X, ¥, z)— HenpepbiBHas (QyHKuMs, 3amaHHas B 3aMKHyTOH
orpanyyenHod obaactu V. Ilpn 3THX npeanonoXeHHsIX HHTErpan

ffff(x, v, )dxdydz (2.23)
v
cyuwecrByer. Ou npeiacraBaser cCOGOH npenes HHTErPaJbHHX CYMM Buia

glf(xi, v, 2)Av,. (2.24)

IMycrp dopmyan (2.20) ycTaHaBaMBAIOT COOTBETCTBHE MeMly 006-
nacTeio V' u HekoTOpoH oGaacTblo € u3MeHeHnst nepemeHHwx &, 1, ,
TIPUYEM 3TO COOTBETCTBHE YIOBJETBOPSET YC/AOBWMAM, YKasaHHbM B 0. 1.
B cuay sroro coorBerTcrBus, Kaxiaomy pasGuenuo {V,;} obaactu V wua
YacTu OTBeuaeT onpeneieHHoe pa3buenue {Q;} oGaactu Q, u obparHo.
Cornacno (2.22) Moxuo o6weM Av, obmactm V, npeacrasuTb B BHIE

o= [ [ [lV@ n Yldgandt.
&

TIpumMeHuB K 3TOMy MHTErpaay TEOPeMY O CpeIHeM, NOJIy4YuM
Av,=|J(E, M §)| Ao,

tae Aw, — ob6bem uactuyuo#t obnacru Q. a (g; m, Q;‘)—-—HeKOTopaﬂ
-TOYKA, NpuHaijexawas .

B cymme (2.24) xaxnaas u3 Touex (X;, y;, 2;) BbIOHpaeTCs BHYTpH
€O0TBeTCTByIOME! 06nacTd V; npouaBoabHO. B 4acTHOCTH, MOXHO B Ka-
yectBe (X; V; 2;) B3ATh Ty TOUKY, KOTOPas HMeeT KPHUBOJNHEHHBIE
xoopauHatel £, 1), Ci‘. CienoBaTebHO, MHTETPaibHyld cymMmy (2.24)

MOXHO nepenucatb B BUIE

2 G v L) 2 e §)IE i G Aoy
(2.25)
T. €. B BHIE HHTErpPaJbHOH CyMMbl, OTBeyawoued uurerpay

[[[rEeEno y@n 2@ n 9)E 0 Dlddndd. (2.26)
Q

OTOT MHTErpal 3aBeIOMO CYWIECTBYET, TaK KaK NOALIHTErPaibHas QyHK-
iMsg B HEM HenpepbiBHa. PaccMOTpMM HeKOTOPYI NOCJAeLOBATEAbHOCTD
HEOrPAHHYEHHO W3MeJsbUalouiuxcs pa3buenntt {V;} ob6mactn V. EH# orse-
Haer, B cHiy orobpaxeunns (2.20), onpefeseHHas nNOCAEI0BATENbHOCTD
pastuenutt {Q;} obaactu Q, npudeM ec.1u MaKCUMyM 1uaMeTpoOB obaacrelt V;
CTPEeMHTCS K Hyal0, TO MaKCHMyM JAnaMeTpoB obnacrett ; Toxe crpe-
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MUTC K Hymo. Drtoff nocjenosaTebHOCTH PasbHeHHit OTBedyaeT nocaeno-
BATEJAbHOCTb MHTEr PATbHBIX CYMM, KamAyld H3 KOTOPHIX MOXHO 3anUCaTh.
B Bure (2.24) wmu B Buxe (2.25). [llpemea 3T10#i nocnenOBaTe LHOCTH
WHTerpaabHbiXx cyMM (2.24) pasen muterpany (2.23), a npexen cymm (2.25)
ectb uHrerpaa (2.26). Taxum obpasoM, murerpann (2.23) u (2.26) npen-
CTaBJAIOT COGOH npemesbl OLHAX WM TeX XKe HHTerpaabHbIX cymMMm. Ciaexo--
BaTEJbHO, OHHM paBHBHI, T. e.

[[[r@ . nav=
v
=[[[reEnd vy& nd 26 0 DIVE v Dlde. @.27)
Q

Wrax, ecru 3adano s3aumno 00HO3Ha4yHOe 0mo0 padcerue 3aMm-
KHymoli o02zpanutennoli obaacmu V na o6racms Q, HenpepuisHoe,
HenpepbvisHo Ougpepenyupyemoe & umeuee oOMAUYHOLE om HYAR
axobuan, u ecau f(x, y, 2)— HenpepwisHasn @yHK{UR, onpede-
AeHHas 8 amoli obaacmu V, mo umeem mecmo Ppopmysa (2.27)—
PO pMYLQG 3aMeHO NEPEMEHHbIX 8 MPORHOM UHmeZpale.

Herpyano nokasaTh, 4TO OHa cnpaBeliuBa He TOJbKO 1JA Henpe-
puBHOH (QyHKuMM f, HO M M OrpaHM4eHHOH QyHKUWM, HenpePHIBHOH.
B V BCIOLy, KPOME TOUeK, OOPasyOLLMX MHOXECTBO 00beMa Hy/b.

BepueMcs cuoBa x QopmynaM (2.20), ycTaHaBIMBAIOWIHM COOTBeT-
CTBHE MeXIy 001acTbi0 V M3MeHeHUs NEPEMEHHBIX X, Y, 2 W 06aacTbio L2
u3MeHeHHs nNepeMenublX &, 1, {. D10 cooTBercTBME NEPEBOAMT JeKaLLUH
B Q GeckOHeyHO MaJjbl#i napajienenunen

BE<EL EHdE << y+dn L <ELEHdL

o6beM KOTOpOro paseH do==dfdndl, B xpuBoiMHeHRHHH napairenenu--
nell, onpelenseMbli TeMH xe HepaBeHCTBAMH, C 06beMOM

dv= |/ . L)|dEdndt. (2.28)

CaenosartenbHo, MoLy/ab saxobuana |J(E, 1, §)| — 310 OTHOmWEHHE Gec--
KOHEYHO MaJjblx OODBEMOB, OTBEYAWMX APYT APYry NPU OTOOParKEHHH:
(2.20) (puc. 2.7).

B npocrefimux caydasx sxoOuad, OTBedalowui TOH WM MHOH 3aMeHe
NepeMeHHbIX, MOXHO HaliTH, NOJb3ysch BHpaxeHneM (2.28) /s seMenTa.
06beMa, U3 HHUCTO reOMeTPHYECKMX COOOpaxeHu#t, He nPOBOAS BEIUHMCHE--
unti. TloxameM 9T0 HAa NpuMepax UMANHAPUYECKHX M CQepUUECKUX KOOP--
JUHAT. A

Lunaundpuyeckue roopoutame.. PaccMOTpUM 2/eMEHT  00beMa,.
3aKJMOYEHHHH MeX1y TpeMa napaMu OeCKOHe4YHO 6JM3KMX KOOPAMHATHBIX.
nopepxHOCTed, a UMEHHO, [IBYMA UWJMHADaMH panuycoB r u r-{-dr.
JABYMS FOPH3OHTaJbHEIMH NIOCKOCTAMH, JeXKAWUMHI HA YPOBHAX 2 U 2 -} dz,
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¥ IBYMsl MOJyNJAOCKOCTAMH, NPOXOIAUIMMU 4epe3 OCb 2 H COCTaBJISIOUUMU
€ Ocbl0 X yran ¢ H @+ dg. OrpaHuueHHblff UMH 3/eMeHT 0OO0beMa
HpeAcTaBIseT cOOOH, C TOYHOCTLIO IO MajHX BBLICILErO NOPsIKA, NPAMO-

z ¢
Wt pLdedydl) dedyd¢
&
2
g g
4 7
@ 3
Puc. 2.7.

yroabHHH napaasesenunen c pebpamu dr, dz u rdg (puc. 2.8). Ero
obbeM paBeH
rdrdodz,

OTKyla BHIHO, 4TO AKOOMAH nepexoia OT IeKapTOBHX KOODIMHAT K HH-
JUHIPUYECKUM pPaBeH r.

Z
Z\
i T\
7L
U p—t
? i y
4
ag
z
z
Puc. 2.8. Puc. 2.9.

Copepunecxue xoopouname:, PaccMoTpuM O06JacTh, OrpaHUYEHHYIO
aByMa cdepamu paaumycoB r u r-}dr, AByMs HOMYKOHYCaMH, onpeie-
JasempiMa yraamu 0 u 04 d0 (orcuuthiBaeMBHIMH OT OCH 2), M IByMA
TOIYNJIOCKOCTAMH, COCTABJSIOUUMH YIVH @ U ¢— d@ C NJIOCKOCTbIO X2,
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Bty 06JacTb MOXHO CUMTAaTh NPAMOYIOJbHHIM NapajejenuneioM c ped-
pamu rdO, dr w rsinOdg (puc. 2.9). CrenosarensHo, 06beM 3TOro
napaaieienunelia paBeH

r2sin 0 dr d0 do,

omyna BUAHO, 4TO COOTBeTCTBleLU,PIﬁ HKO6PI8H paBeH
r?sin0.

§ 5. TloHsATHE O MHOTOMEpHHIX HHTErpajax

1. O6mue cBegenus. Te onpenesenns M (aKTH, KOTOPHE B NepBOH
raaBe OBIM W3JOXEHH 175 ABYX NepeMeHHbX, a B 3TOH — 1/a Tpex,
MOryT OHTb nepeHeceHbl Ha c/yualt mo6Goro uncaa nepeMeHHHX. MMenno,
TIpexcie BCero onpereasercss 00beM n-MepHOrO napa.jie’ennnena.

B cooTrBercTBUM ¢ W3BECTHBIMM M3 aHAJMTHYECKOH reoMerpuu ¢op-
My/IaMH, NpeicTaB/AIOUIAMH NJOWAAb napaijelorpaMma u obbeM napaj-
Jejenunena B BHUAE NETEPMHHAHTOB, 32 O0BeM n-MEPHOro napa/enend-
nela NpUHAMaeTcs abCOMOTHAS BEANUYMHA IeTePMHUHAHTA, 3JeMEHTaMH CTPOK
{uau cToJ61OB) KOTOPOre CJAYXaT KOOPAMHATH BEKTOPOB, 0OpPasyOUHX
pebpa storo napaanejenunesa. llanee, ornpas/siach oT o6beMa napai-
Jejennnena, HeTPyAHO BBeCTH OObeM I/ MHOTOTPAHHBIX A-MEPHBIX Tes,
a 3areM onpeleauTb O0beM M I8 HEKOTOPOro kKjacca obaacreft B n-mep-
HOM npoctpaucrBe. [locie 3sToro wuHTerpan OT QyHKUUM n nNepeMen-
HHX f(X,, Xg ..., X,) BBOEWTCA KaK npelie] COOTBETCTBYIOLINX HHTe-
TDalbHBIX CyMM; n-xpaTHbiff unterpan ot f(x;, Xg ..., X,), B3aTHH no
HekoTopo#t n-mepuott obmactu G, 0603HauaeTCs CHMBOJIOM

ff o [ F o xa s x)dxydxy . dx,
G

TIpn COOTBETCTBYIOMIMX YC/AOBUAX, HajdaraeMbhix Ha oOmacth G U Ha
NOJABIHTEr Pa/IbHYI0 QYHKUMIO, N-KPAaTHEI! HHTErpan Moxer ObITb 3anucaH
€ NOMOLIBIO 1 NOCAeL0BATENbHBX WHTErPHPOBAHUI NO KaXKIOMYy NepeMeH-
HOMY B OTHAEJIBHOCTH, T. €. B BUIE

ff...ff(xl. Xgr vvey X)dx dxy ... dx, =
e

» x(22) *1) x(n2) (51 =+ *p1)
= [ax, [ dx... [ F (X Xy oonr Xp)dX,.
a xg) (*1) x(nl) (xl, s Xy 1)

dopMyaa 3aMeHbl MePeMeHHHX B 2-KPAaTHOM HHTerpaje aHa/l0THYHA
COOTBETCTBYIOIUUM (GOPMyJIaM IJs [ABOUHBIX W TPOHHBIX HHTErpa’aos,
a4 uMeHHO, et X;=X;(V1, Yy «-e» Yo (=1, 2, ..., n,



