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Bty 06JacTb MOXHO CUMTAaTh NPAMOYIOJbHHIM NapajejenuneioM c ped-
pamu rdO, dr w rsinOdg (puc. 2.9). CrenosarensHo, 06beM 3TOro
napaaieienunelia paBeH

r2sin 0 dr d0 do,

omyna BUAHO, 4TO COOTBeTCTBleLU,PIﬁ HKO6PI8H paBeH
r?sin0.

§ 5. TloHsATHE O MHOTOMEpHHIX HHTErpajax

1. O6mue cBegenus. Te onpenesenns M (aKTH, KOTOPHE B NepBOH
raaBe OBIM W3JOXEHH 175 ABYX NepeMeHHbX, a B 3TOH — 1/a Tpex,
MOryT OHTb nepeHeceHbl Ha c/yualt mo6Goro uncaa nepeMeHHHX. MMenno,
TIpexcie BCero onpereasercss 00beM n-MepHOrO napa.jie’ennnena.

B cooTrBercTBUM ¢ W3BECTHBIMM M3 aHAJMTHYECKOH reoMerpuu ¢op-
My/IaMH, NpeicTaB/AIOUIAMH NJOWAAb napaijelorpaMma u obbeM napaj-
Jejenunena B BHUAE NETEPMHHAHTOB, 32 O0BeM n-MEPHOro napa/enend-
nela NpUHAMaeTcs abCOMOTHAS BEANUYMHA IeTePMHUHAHTA, 3JeMEHTaMH CTPOK
{uau cToJ61OB) KOTOPOre CJAYXaT KOOPAMHATH BEKTOPOB, 0OpPasyOUHX
pebpa storo napaanejenunesa. llanee, ornpas/siach oT o6beMa napai-
Jejennnena, HeTPyAHO BBeCTH OObeM I/ MHOTOTPAHHBIX A-MEPHBIX Tes,
a 3areM onpeleauTb O0beM M I8 HEKOTOPOro kKjacca obaacreft B n-mep-
HOM npoctpaucrBe. [locie 3sToro wuHTerpan OT QyHKUUM n nNepeMen-
HHX f(X,, Xg ..., X,) BBOEWTCA KaK npelie] COOTBETCTBYIOLINX HHTe-
TDalbHBIX CyMM; n-xpaTHbiff unterpan ot f(x;, Xg ..., X,), B3aTHH no
HekoTopo#t n-mepuott obmactu G, 0603HauaeTCs CHMBOJIOM

ff o [ F o xa s x)dxydxy . dx,
G

TIpn COOTBETCTBYIOMIMX YC/AOBUAX, HajdaraeMbhix Ha oOmacth G U Ha
NOJABIHTEr Pa/IbHYI0 QYHKUMIO, N-KPAaTHEI! HHTErpan Moxer ObITb 3anucaH
€ NOMOLIBIO 1 NOCAeL0BATENbHBX WHTErPHPOBAHUI NO KaXKIOMYy NepeMeH-
HOMY B OTHAEJIBHOCTH, T. €. B BUIE

ff...ff(xl. Xgr vvey X)dx dxy ... dx, =
e

» x(22) *1) x(n2) (51 =+ *p1)
= [ax, [ dx... [ F (X Xy oonr Xp)dX,.
a xg) (*1) x(nl) (xl, s Xy 1)

dopMyaa 3aMeHbl MePeMeHHHX B 2-KPAaTHOM HHTerpaje aHa/l0THYHA
COOTBETCTBYIOIUUM (GOPMyJIaM IJs [ABOUHBIX W TPOHHBIX HHTErpa’aos,
a4 uMeHHO, et X;=X;(V1, Yy «-e» Yo (=1, 2, ..., n,
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TO

f...ff(xl, ey Xp)dxy ... dx,—
G

= [ [ FE@On v B 9 X
T

D(xy, ..., xp)
D(yl! s }’n)

rae I' — obnactb u3MeHeHUsl NepeMeHHBIX Yy, ..., Y,.

2. MpumepH. Jl1s n-xpaTHbIX HHTErPAJOB OCTAIOTCA B CHJE BCe
OCHOBHBle (DaKTh, H3JOXKEHHblE€ BblEe I/ IBOHHBIX M TPOHHHX HHTe-
rpasoB. He ocranas/mBasicb Ha OOWMX BONPOCax TEOPHH n- KpaTHb!X
HHTEr pajioB, PaCCMOTPHM HEKOTOPble NpOcTelillide npHMepl.

1) Baaumnoe npumsdcenue 08YX MamepuasvHsix mes. XOTa
peanbHoe (uU3M4ecKoe NPOCTPAHCTBO, B KOTOPOM Mbl JKMBEM, HMMEeT
TOJIbKO TPH M3MEpeHus, CYUeCTBYIOT PasHOoOpasHbie KOHKPETHHIE 3axauy,
B KOTOPHX NPUXOIMTCS PaccMaTpHBaTh HHTErPajbl KPATHOCTH 6OJblie#
Tpex. B xauecTBe npocrelumiero npuMepa TaKoro poma ykaxem QopMmy.y
IJ8 - CHAbl B3AUMHOTO NPUTSDKEHHS] [IBYX MAaTepHabHBIX Tel KOHEYHBIX
pasmepoB. TlycTb oaHo W3 3THX Tel 3aHMMaer HexoTopyl obmactb G u
uMeer OOBEMHYI0 NJOTHOCTL O(X, y, 2), & apyroe sanumaer obaacts G
H uMeeT O6beMHylo naoTHoctb o (x’, ', 2’) (waM yn06HO 0GO3HAYMTHL
JleKapTOBB KOOPAHHATH TOYEK OIHOTO W IPYroro Teja pa3HBIMH CHMBO-
aamu). Ilo 3sakony Hblorona HanpaB/ieHHas no ocM X KOMnoOHenta dF
CHJBL NPUTSKEHMs, HeHCTBYIOUIEH MeXLy AByMa OECKOHEYHO MafbiMH
3/IeMeHTaMHU

X dy, ... dy,

dv=dxdydz w dv =dx dy d

00beMOB THX IBYX Teld, PaBHa

20 3 DOCH YL ZD (o wydxdydzdx’ dy' de’, (2.29)

riae y— NOCTOsHHas H

r=VE—xP+@—yP+@E—27
Jas Toro ure6bl nOAy4MTh NOJHYI0 BEJAMYMHY KOMNOHEHTH F, CHabl
B3aMMOJEHCTBUS ME} Iy PAacCMaTPHBAEMBIMM TelaMM, HYXHO NPOCYMMHPO-
BaTh BHpaxenus (2.29) no Bcem saeMenram oObeMa ofoux Tena. Muaue

roBOps, KOMNOHeHTa F, Cu/bl B3aUMHOTO NPUTAXKEHUS TeJ, 3aN0JIHAIOMINX
o6aactn G u G/, paeua

v/ f /fff P03 DO VL 2D (x—x'ydx dy dz dx’ dy’ dz.
GxaG'

(2.30)
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AHaJOrM4yHO 3aNMCHIBAIOTCA M JBE OCTaJbHble KOMNO :eHTH. [Ipn 3TOM
touka (x, y. 2) npoberaer Bcwo obaactb U, a TOuKa ', v, 2’) nesa-
Bacumo npobGeraer Bcio obaactb G'. TaxuM o6pasoM, unrerpan (2.30)
Gepercs no 00JACTH B UIECTHMEPHOM NPOCTPAHCTBE, KOTOPYIO €CTECTBEHHO
o6osuaunte G X G’ ¥ naspaThL «npoussexenueM» obmacredt’ G u G'.

2) PaccMo™)uM HHTErpad

1,,_—=ff;;.. [ax dx, ... dx,, (2.31)

B3aThI no obaactu G, onpeneaseMofft HepaBeHCTBAMH
x>0, x>0 ..., x,>0,
X+ x4+ ... +x, <L

Cpoas unrerpan (2.31) x nOBTOPHOMY, noJyuaeMm

1n=ff;;..fdxldx2 e dxy=

=fdxl dxe .o, f Codx,.
0

Brinoanus HHTEerPHPOBAHUE NO X, W NOACTABHB NpeaeqaH, NOJy4YuM

x| = ... =X,

1 1-x,
=[x [ ax, ... [ (1 — % — v — %,_)d%,_,.
0 0 0

Janee, npouHTer pApoBaB N0 X,_, W NOIACTABAB nNpelens, OyleM HMeTb

1-xy e T

1 3

1l —x— ... —xp )

In=fdx1f dx, ... f ¢ ——" 2) dx,_,.
0 0 0

npOJlOJI)KaH NOC/AEA0BATECAbHO HHTErPUPOBAHHE, OKOHYATEJbHO NOJYy4YUM

3) O6senm n-mepHozo wapa. n-MepHHH MWap paguyca @ ¢ UEHTPOM
B Hayaje KOOPIMHAT — STO COBOKYMHOCTb T€X TOYEK 7-MEePHOro npo-
CTPaHCTBa, KOOPAMHATH KOTOPHIX YAOBIETBOPSIOT YCJAOBHIO

x4 . xlLal

Obvem V, TaKoro wapa — 10 murerpas

[[.f axadx...dx,

3
xl‘+x%+ +x3, < a2
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BoiupucapTb STOT HHTerpajd MOXKHO caeaywouum obpasoMm. [lonoxus
X;==@), NOIy4uM
: V,=a"'U,,

rae U,— oGbem mapa pamuyca 1. [lanee, Tax xax

ff f dx,dxq ... dx,=

xl+x2+ -ix2<l

= fdx f f dx, ... dx,_,=
-1

x%+ +x l<l—r

f(l—xi)%;dxn ff dxy ... dx,_,=

-~1
SR n—1<1
. :
9 n-1
=U,_y [(1—22)T ax,,
-1

TO, MOJOKHB X, = cos0, moayunm
kg

2
Up=2U,_, [sin"0do. (2.32)
0

INpuuss Bo BHuMaHue, uro Uy =2 (omHomepumi#t map pazmyca 1 — 370
orpesok [— 1, 1], a onnoMmepHbift 00beM — 3TO IIMHA), MBl MOX(EM nO-

caenopareabio Haftth U,, Ug n 1. 4. %),

*) C moMompio 3iiepoBHX MHTerpatoB (cM. ri. 10, § 3, B wacTHocTH mpH-
Mep 3) MOXHO 1aTh SIBHOe BuipaxeHue aas U,




