FTTABA 3
3JIEMEHTHI JIH® ®EPEHUUANLHON FEOMETPUHA

B aro#t raaBe Mbl npuMeHuM IuQ@epeHiHaTbHOEC W HHTErpaJjbHOe
HCUHC/ICHHS K M3YYCHHIO TEeOMETPHYECKHMX OOBEKTOB—KPHBH X W
nopepxHOCTe . MccaenoBaHne reoMeTpudeckux 0OOPa3OB CpencTBaMu
aHa/au3a cocraBaser coaep:xanne fuddhepenuunadbHofi reoMeT p UM,

PaMk# 3TOro xypca no3BoJI0T HaM U3JA0KUThb AUIIb OCHOBH Xuddepen-
1MaA5HOR TeOMeTpHH, KOTOpas npeactaBasger COOOH OOIMPHYIO HAYKY,
TECHO CBA3aHHYI0 C MeXaHMKOH, TeopmeH audepeHuNaIbHHX YpaBHEeHHMH
M IPYIUMH AUCHUNIUHAMU.

§ 1. Bexrop-pyHKUMH CKAaJspHOTO apryMmeHra

1. Onpenenenne sexkrop-dysxuuu. Ilpegen. Henpepwisaocts., Kpu-
Bhi€ M TNOBEPXHOCTH YHOOHO 3anasaTb (QYHKUHAMH, TPUHUMAIOLIHMMH
BEKTOPHBIE 3HaueHusl (Kopoye, BeKTODP-OyHKkuuamu). [lostomy
MBI HAa4YHeM TJIaBy C TOT'O, YTO KPaTKO CPOpMY.IHpyeM OCHOBHBIE NOHSATHA
aHAMM3a NPUMEHHTEJAbHO K BEKTOP-QYyHKUMAM. Mbl MOXEM NpH 3TOM He
BXONUTb B MOJAPOOHOCTH, TAK KaK HOBOTO (110 CPaBHEHHIO CO CJaydaeM
cKaJApHbIX (yHKuu#) smech OyneT HEMHOTO.

Onpedenernue, [lycmp Kaxcdomy 3Ha4enun nepemesnol ft,
npunadsexcauieny ompesxy la, bl
noCmassen 8 COOMBEMCMBUE BEKMOP

r)=x®i+y@® j+2@Ok @1

Takoli sexmop Ha3b8aeMCA 8EK -
mop-pyHKyued cKarapHozo ap-
2ymeuma t.

C BekTop-dyHxnue#t r(#) casi3biBa-
I0TCSl CJedyIolllde HarasaHble NpencTaB-
adeHuss. Ecanm OTKaambisaTh OT Hauauaa
KOOpAMHAT BEKTOPH 1 (£), OTBEYAIOLME PASAMYHLIM 3HAUEIIHAM apTyMeHTa 7,
TO KOHLK 3THX BEKTOPOB COCTABAT HEKOTOPYI0 KPUBYI0 — IpaduK sexTOp-
dyukuun r (£), 0O664HO Ha3uBaEMYI0 20002 paghos pynkiunt £ (£) (puc. 3.1),

r(t)

Pue. 3.1.

7 B. M. Bynmax, C, B, ®omun
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Ecan paccMarpuBath apryMeHt ¢ xak spems, TO rogorpad dyuxuma r (f) —
5TO TPaeKTOpUd ABHKEHUA HEKOTOPOH TOYKH.
ITocrosHHbIl BeKTOP

R=ai—+0j—+ck
HasblBaeTca npedesosm r () npu t—fy ecan
lim |r (¢) —R| =0, 3.2)
t>1,

rie |r(f) —R|-—amna sextopa r(f)—R. D10 yca0BHE PABHOCHABHO

TpeM CKAJAPHBIM YCJOBHAM:

lim x ()=a, lim y($)="~, lim z () =c. 3.2)
t->t,

t->1, t->ty
Bexkrop-Qyuxuus r(f) HasblBaeTcs Henpepul8Hof B TOYKE £, ecau

Hm r (£) = r (¢y).
t->ty

Bexrop-¢yuxuus r(f) HenpepbBHA B TOYKE fy TOIMA U TOJbKO TOT1 3,
KOI'Za BCE T P U €€ KOMIOHEHTHl — CKaJsaPHble PYHKIMHA X (£), v (£), 2 (£) —
Henpepb BHB B Touke £, (Hokaxure sro!) Cymma, pasHocrb, CKa-
JSIPHOE M BEKTOPHOE IPOWU3BENEHHUS HeNpPephiBIIBIX BEKTOP-PYHKUUH He-
npepoisHbl, (Ilposepbre 3TOY)

2. Ruddepennuposanue BekTop-bynxkuuu. Bexrop-dynuxuns r (£)
HasblBaeTCs OJupdhe penyupyemol B TOuYKe £, €CAM CYLLECTBYeT Npenes

. Ar (t) . (- A)—r ()
lim —<% = lim ———2—71 |
At»0 A At>0 At

Drtor mpexea Ha3blBaeTCA NPOU3BO0HON BekTOP-(YHKUUM r (£) U 060O3Ha-

4aeTcd CHMBOJaMH %, r’ () wmn r(¢). Jlerko nposeputrb, YTO CYlle-

cTBOBaHME I’ (f) PaBHOCHJBHO CYLICCTEOBAHWIO TPeX NPOMBOAHBIX X’ (£),
y' (&) n 2’ (t), npuyem

Y =x"®Oi+y®j+2 Bk

Bexrop i—: Hanpasaed no cekywett MM, romorpada dyuxuun r(f)

dar
(puc. 3.2), a HampamfieHue BeKTOpa 47 — 910 Hampasieuue npeleabHOR

npsmMof, K KOTOPOH CTpeMuTcsl 3Ta Cekylkas, KOria rtouka M, npub.am-
kaerca x M, 1. e. HampasJeHue KacareqbHOH x romorpagy B Touxe M.

KuneMaruuecku r’(f) — 310 CKOPOCTb TOYKH, MBHXKYIEHCH MO 3a-
KOHY r (¥).

Has BeKTOp-(DYHKUMH MMEIOT MeCTO caeiyoulue NMpasuada Anudgepen-
[IMpoBaHus:

1y ecau r(f)=const, To r’()=0;

2) (kr (1)) = kr’ (t), k= const;
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) (a®r@®)Y =u (t)r(t)+u(t)r (£), u(t) — cxanapHas QyHKUUSA;

4) (r,(OEr, () =r () L1y )

5) (ry(®), r,(0)) =(r () 1))+ (r, (D) 1, ()

6) [r (@) 1, (t)]"=[r;(t), r, (O —1[r, (&), ry(#)] (3aecy neobxoamMO
COXpaHATb NOPAAOK COMHOXUTeaeH);

7y ecau r=r(t) nu t =1 (), mo

dr dr dt
v T dt dv

— npasuao AupdepeHUHPOBaHns CI0XKHON BEKTOP-(PYHKLMH.

Jl0Ka3aTeAbCTEO ITHX NpPaBMA Mbl NPELOCTaBUM YHTATEMIO.

OTMeTuM caedylollue YacTHble Cay4ad IuddepeHUMPOBAHHS BEKTOP-
$byuxuuu:

a) [Tpoussodnan sexmopa nocmoakuozo #anpassenus. Ilycts -
BeKTOp r (f) ¥Meer NMOCTOSMHHOE HaNlpasileHue (T. e. OT f 3aBUCHT
JHmb ero AauHa). TorAa BexTOpH Yy dr
r(® v r’(?) xoanauHeapHusl. del- Y
CTBUTEJNbHO, B 3TOM Caydae r(f) MOX-
HO 3anucarb B BHIE

r(ty=u(t)e,

4r

4t

rAe u () — cxajaap, a € — NOCTOSHHBIN rit+4t) )
BEKTOP, HalpuMep ennﬂnqﬂmﬁ. Torna

, , , u (¢) Puc. 3.2.
r'y=u (H)e,T.e. v’ ()= P10 r (£).

6) I1poussodnasn Bemepa nocmosaunolt Osunei. Ecau |r(f)| =
== const, TO BekTOpH r () u r’ (t) B3aUMHO OPTOTOHaJAbHBH, JeHcrru-
TeNbHO, B 3TOM Ciaydae (r (£), r’ (£))==const; anddepenunpys 210 pasen-
CTBO, TNOJY4aeM

2(r(t), 1/ (H))=0, 1. e. (r(®) r'(¥))=0,

4YTO0 U TPebOoBagOCh.

leomerTpuieckuif CMBICT 3TOFO COOTHOIIEHHWs OdYeHb TNpocT. Ecam
|r(®)| =R, To rogorpad dyuxuun r(f) aexur ueaukom Ha cdepe pa-
anyca R ¢ nedtpom B Havane xoopamnar. Kacareabuas K Takof xpumott
JeXUT B MJAOCKOCTH, KacaTeJbHOH K cdepe, W, CAeLOBATENAbHO, MePHeHiH-
KYJsipHa Paduycy-BekTOpYy r (f), MAylleMy B TOYKY KacaHus.

Hupdepenyuaron sexmop-pyurxyuu r(t) Hasssaemcs
8eKmop

dr=dx-i+dy-j-+dz- k.

Huaue rosops,

dr=x'(tydt- iy () dt - j4 2" (t)dt - k=1’ (t) dt,
7*
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T. e. audepenunan BekTOP-PYHKUMH PaBeH NPOM3BENECHUIO €€ MPOU3-
Boanol na muddepenunan (T. e. NPUPALIEHNE) NHe3aBMCHMOH NepeMeHHOH.
Kak w B cayuae ckanspuo#t dynxunn, auddepenunan dr sextop-dyHuKuuu
OT.IMYaeTCs OT ee NMpupallienus Ar Ha BEJIMUYMHY BbiLIE NMepBOTO NMOPSAKA
MaJOCTH OTHOCHTEdbHO Af.

3. Foporpad. OcoGble ToukH. Mbl HasBaIM TOLOTPad oM BeKTOP-
¢GyHKuMM 1 (f). TY KPHBYI0, KOTOPYH ONMCHIBACT KOHEW BEKTOpa r (£) npu
M3MEHEeHHH £, €CTM [0 HAYaA0 BCE BDEMA HAXOLMTCA B HeKOTOPOH QuKCH-
posaHno#i Touke,

Ecan r () — muddepenuupyemas Bextop-gyukuua, TO sexTop r’ (f)
TaM, A€ OH HE PaBeH HY.I0, HanpasJIeH, KaK Mbl BWAEIH, 1O KacaTelb-
no#t k roaorpady. Touku, B KOTOpHX NMPOM3BONHasA r’ (f) He CyulecTmyer
uay cywectsyer u pasda 0, HaswmBawrTcad 0co6umy. DTH OCOBHE TOUKH
MOTYT HMeTb pasayyumit xapaxtep. [lpueeseM HeCKO/IbKO NpUMEPOB

a) Z

tl/
%’ ty
)
G

Puc. 3.3.

(puc. 3.3). Ilpm nABwxeHHW TOYKM MO 3aKOHY r(f) NMYTh MOXET mnpex-
craBJaTh CoOOH «ri1aakyio» KPHBYIO, OAHAKO CKOPOCTb V (f)=r’ (¢) npu
f—>1t, MOWET cTpeMuTbCcsl K HYmo. MarepuaibHasd TOYKA HCHBITHIBAET
OCTAHOBKY B MOMEHT f=1{;. OTO — 0cob6ernocmbs camozo dJsuoce-
Hus, HO HEe TOR reoMerpuueckOofl KPUBOH, no KoTopoH nBMkeTcCa TOUKa
(puc. 3.3, @). B apyrux caydasx Takas OCTaHOBKA MOXET CONPOBO-
HAATHCA M3MEHEHHEM HaNpaBJeHua Nyt (u3/a1oM; cM. puc. 3.3, 6). dto —
O0COOEHHOCTh KaK CaMOr0o ABHXKEHHS, TaK M COOTBETCTBYWOuleH reomerpu-
YeCKoH KpuBoH. MoxeT o0ka3aTbC, YTO Ha KPHUBOH HMeeTcs H3J0M, HO
ckopocTh r’ (£) npu NpHOMMKEHHH K 3TOH TOUKe He CTPEMHTCA K HYJIO
(puc. 3.3, 6). 3aech TOYKA HCHLITHBAET TOJIYOK, MEHSIOLWIMH ee CKOPOCTb
cxaukoM. Jlazee, KpHBas, MO KOTOPOH DPOMCXOAUT [IBHMNEHHE, MOMKET
¥MeTL TOUYKY BO3Bpara (puc. 3.3, 8), pHYEM CKOPOCTb MaTepHaAbHOH TOUKH
BOJII3H 3TOH TOUKM TaKKe MOKET JUOO0 CTPEMUTHCS K HYJII0, AM00 MEHATHCA
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cxauxkom. Hakouell, npu £ — ¢, nBmkenue r(f) MOMET NPOCTO «3aMHPATHY
1 He BO3OOHOBATHCA 1P £ > £;. DTO— «NOKOU» B KOHIE MYTH (PHC. 3.3, 2).
DM W pasamdHble APYrue OCOOCHHOCTH NBWXEHHA NPEICTABJAAIOT HHTEPEC
NPU M3YYEHUH KOHKPETHHIX CAy4aes; BMECTe C TEM OHH 3aTPYAHSAIOT NPH-
MeHeHne OOuwiux MeTonoB. Mbl OyneM B naiabHeHllleM Takue OCOOEHHOCTH
HCKJIIOYaTh M PACCMATPUBATh ABMIKEHHS, IS KOTOPuX r’ (£) mcioay cylle-
CTBYeT M He oOpallaercs B HY/lb.

4, dopmyaa Teittopa. dna BekTOp-PyHKUMH HMeeT MecTO (GopMyJa
Teft1opa

r(¢+A)=r @+t @) At—{-% ()AL 4 ... +,—11—!(r("> ()~ @) AL",
(3.3)

Tle & — BeXTOp, CTpeMsmyifica k Hymo npu Af-—>0. leHcTeuTeabHo,
npuMenus  Qopmyay Tefttopa k kaxaofl H3 Tpex KOMOOHeEHT *) x (f),
y(@) u z(¢) Bexropa r(f), noayuum

Xt AH=x )+ x' (D) At+%x"(t)At2+ o
cooF o (0 () ) A"

¥ elle 183 aHaJOTMYHBIX PABEHCTBA A/ Y M 2. YMHOXUB STH PaBEHCTBA
COOTBETCTBEHHO Ha 1, j u k u ciaoxus, noayuum gopmyay (3.3).

Mpbl BuIuM, TakuM 006pasoM, YTO OCHOBHbIC NMOHATHA W MpasHaa aud-
pepeHUHaTbHOr 0 HCYHCICHNS JIETKO U 0e3 CYLIeCTBEHHHX H3MEHeHHH nmepe-
HOCATCA CO CKaJApHHX (yHKuu# Ha BekTOpHble. CienyeT, 0IHAKO, UMETh
B BULY, 4MO MAKOU NepeHoc 8Ce JCe Heabv3A 0enAamy COBe PULEHHO
asmomamuyecky. Hanpumep, wussecTHas GopMy/aa KOHEYHbIX HpHpallie-
autt (sun. 1, ri1. 8, § 9) Ana sexTop-pyuxuuit Hecnpasenausa. ([locrpotire
npumep!) ’

5. MHurerpas oT BeKTOPHOH (PYHKUUM NO CKAJAPHOMY apryMexry.
Iaa sextop-Qynkuuu r (f), 3anaHHON Ha oTpeske a < f<{h, kax u nas
OOWYHHIX CKAMAPHBIX (YHKLHMH, MOXHO COCTABMTb MHTETPa/bHble CYMMbI
M PaccMOTPETh UX Mpeie] NPH CTPEMJEHHH K HYII0 MAKCHMAAbHOM AAMHBI
OTPE3KOB, Ha KOTOPBIe pa3buT OTPe3ox [a, b]. DToT mpemen HasbiBaeTcs
uxmezpason or r(f) mo orpesky [a, b] u oOosHadyaeTCs CHMEO/JIOM

b

f r (¢) at.

a

*) Mui, pasymeercd, npennosaraeM, 4To KOMIOHEHTH X (£), ¥ (£), 2 (£) BekrtOp-
Gbyuxuyy ¢ (f) yAOBAETBOPAIOT TEM YCHAOBHAM, NDH KOTOPHIX (opmyaa Tefiaopa
JJ9 Kaxaodl M3 HHUX UMEET MEeCTo.
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Kak u nns ckanspHHX QYHKUMH, MOXHO YCTaHOBUTb, 4TO ecau r(f)
HenpepbiBHa Ha [a, b], TO 3TOT mpedes cyulecTBYerT.
Jlerko BHAETH, YTO CYLIEeCTBOBAHHE INpeleja OXHOH BeKTOPHOH WHTE-

rpajibHOR CyMMul
n

2 r (@) (¢t — i)

(=1
Brech a="t; < t, < ... <t,=b, t; <1, <¢) PaBHOCHILHO CYylle-
CTBOBAHMIO MPEIEJOB TPeX CKaJAPHHX HHTETPaibHHX CYMM [IJs Tpex
KOMIOHEHT X (£), ¥(¢), z () dyuxkuuu r(f). Ilpu stom

b

fr(t)dt=i-fbx(t)dt—H-fby(t) dt—}—k-fz(t)dt.

a

Ha wnuTerpain OoT BekTOp-QYHKIMH pacnpoCTpPaHsiOTCa OOHYHBIE CBOHCTBZ
MHTErPalioB OT CKaJdApHbIX ¢yHkuu#. Hanpumep,

b b

fu’(t)r(t)dt:u(b)r(b)—u(a)r(a)—-fu(t) r (f)dt

a a

— ¢dopMyna HMHTErPUPOBaHUA IO YacTaM; 4 (£) — cKaJsdpHast QYHKUuA.
Jlerko BHBOAATCS Takxke (QOPMYJH, CBA3bIBAOILKME MHTEIPDUPOBAaHKE
C OCHOBHBIMH OMNepaudsMu BeKTOPHOH aareOpol. Hampumep,

b

fb[c. r()ldt=|c, fr(t) dt |,

a

rie ¢ -— NOCTOsfHHbIH BexkTOp.

6. Bexropuble GyHKUMH HECKOJNBKMX CKAJAPHBIX apryMexTOB.
MoxHO paccmaTpuBaThb BeKTOPHHE (YHKUHM He OZHOTO, a HEeCKOJbKHX
CKaJAPHHX apryMeHTOB (B YaCTHOCTH, C BeKTOD-QYHKUMAMH IBYX CKa-
JAPHBIX aPTYMEHTOB Mb BCTPETHMCS B 3TOH IJlaBe NPH HM3YYeHHH NOBEPX-
Hocre#t). Ha Takne QyHKuMM JeTKO NEPeHOCATCH NOHATHE YacTHOH mpous-
BOAHOW W apyrue MOHATHSA aHaJAH3a.

§ 2. HpocTpancTBeHuble KPUBLIE

1. BexrtopHoe ypasuenue KpuBOH. BexTop-QyHKUMH CKaJIAPHOTO
aprymenTta npeiactaBasior coOo#t ynoOHui cnoco6 3axanust KpUBHX B HpPO-
CTpaHCTBe. JleHCTBHTeIbHO, €C/AM HaM 3alaHa HEKOTOpast HellpepHiBHas
BeKTOP-¢yHKIuA 1 (£) (@ <t < b), TO, nocTpous ee rogorpad, Mo noJay-
YMM HEKOTOPYIO KPWUBYIO Yy B NPOCTPAHCTBE. '



