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Kamoyl TOUKY INOBEPXHOCTH MHPOXOIHUT ONHA M TOJABKO ONHA JMUHUS
Kamaoro u3 ceMmeficts # = const ¥ v = const. [losTomMy B kamuo# xaca-
‘TeJNbHOH MJIOCKOCTH BO3HUKAeT ONMH M TOJALKO OAMH pemep (r,, r,); ecau
9TH BEKTOPbl OTJMYHBL OT HYdsd, TO OHU He KOJVIHHEAPHBl, TOCKOJbLKY
O YCJAOBHIO KpuBbie #=—const ¥ U=—const HU B OHHOH TOuxke He
Kacalorcs apyr apyra. Omnacuo aumwb ofpanieHue Kakoro-au6o u3 3TuX
BEKTOPOB B Hyab. Mp OyineM B naabHefllleM CYMTATb, YTO NapaMeTpusa-
1iust Ha paccMaTpPHBAEMOM KYCKe HOBEPXHOCTU TaKOBA, YTO r, %= 0 W r, % 0.

Urax, 3adanue napamempusayuu u, ¥ Ha NOBEPXHOCMU no-
pooxcdaem 8 KAHCOOH KACAMEABHOL RACCKOCMU HeBblPONCOeHHbLY
penep e, =7r,, € =", M. &. HEKOMOPYIO APHPHUHHYI0O CucmeMy KO-
opounam. o

BriGop apyro#f mapaMerpusauMH #, U NOPOKIAET B HECOMbBIX Kaca-
“TeJbHBIX MAOCKOCTAX ApYro# HaGO0p CHCTEM KOOpDAHMHAT gl =ry, 22 =ry,

4 B KaXno# M3 KacaTeJbHHX HAAOCKOCTeH mepexon or OnHOH mapaMeTpu-
3aUMM K IOpyro#t mnopoxnaer aggunnoe npeobpa3osanue cucmemst
KOO pounam.

JleficTBuTeIbHO, NMYCTh

u=u(z~¢, 5), '0='0(LN¢, 5)

— BblpaxceHHe CTapblX MapaMeTpoB &, ¥ 4epes loBble #, v. Ilo mpasuay
AuddepeHIMPOBAHUA CAOKHON BEKTOP-(YHKUWHM HMEEM

ou ov ]
te=r, ——-+r —,
u “ g v ou

b (3.37)
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TakuM 0o6pasoM, HOBbI pemep €, €, BHIPAXKAETCH uyepes CTApbIK €, e,
1o QopmyaaM

~ ou ov 1
e ==—=- ¢+ —=é, |
4
_ﬂe +,()’U e % (3.377)
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AHajnoruuno BbipaMaeTcsl CTapoiit penep e, €, uepe3 HOBHHU €, e,.

§ 4. VamepeHue Ha KPUBOH NMOBEPXHOCTH LJAHMH, YFJIOB .M maomaneif.
Ilepsas kBagparuyuas Popma NOBEPXHOCTH

Jlas peweHHst MUOTHX (HU3NYECKUX, TEXHHUECKHX H TeOMeTPHYECKHX
33144 HYKHO yMeThb BBIUHCAATH IJAHIBl IyT, JeXallHX Ha NOBEPXHOCTH,
Yrabl MEXIY TAKNMH IyraMu, NJOWARM TeX WA HHBIX yacTefl MoBepx-
HOCTH. DTOT KpPYyr BONPOCOB Mbl M paccMoTpuM cefiuac. OCHOBHast unes
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BceX M3JaraeMblx B 3TOM naparpade paccyxneHu#t cocTout, no CyuecTy,
B 3ameHe OECKOHEUHO MAJIOr0 3/JeMeHTa TIJAanKOR NMOBEPXHOCTH COOTBET-
CTBYIOLIMM 3JEMEHTOM KacaTedbHOR mnaockoctd. IlosToMy HaM mosesHo
HAuaTh C HEKOTOPHbX (OpMy.a W TOHsTuft, OTHOCALIUXCA K BBIYHCACHUIO
AauH, YrJ0B W mjowane# Ha MJIOCKOCTH.

1. Addunnas cucTema KoopaMHAT Ha nAOCKOCTH. PaccMorpum
fIJIOCKOCTb M HEKOTOPHIH HeBhIpOXAeHHbiH perep €, e, Ha Hel. JhoOo#
BEKTOp r, Jexauui B NMJAOCKOCTH, MOMHO NPENCTABUTL B BHIE

r=7g.e;+ &.e,.
3anuweM kBaapar AauHbl BekTopa r. lmeem
rP=(r, r)=§; (e, &)+ 25 (e, e,) -5 (e, e,)
Baeas o6o3nauenus *)
gu=1(e, &), gp=(e, &) Lrn=/{(e &),
HepenuilieM 3TO PaBEHCTBO B BUBE
r? =g &1+ 281:8.8 + &t (3.38)

Beauuutnl g, £ ¥ Loy ONPENesnOTCA BHIOOPOM pemepa e, €, Jlerko
BHIETb, YTO UYepe3 5TU BeJAUYUHB! (M, KOHEUHO, KOOPIHHATBI COOTBET-
CTBYIOIHMX BEKTOPOB) BbIPaxalOTCHl AJAMHbI BEKTOPOB, YIJbl MeXIy BEK-
TOpaMH W MJAOWAAM NApaale]OrPaMMOB, HATAUYTHIX Ha 1BA BEKTOPA.
JlecTBUTEIbHO, BhlpaMeHde AJF IJUHbl I BeKTOpa r INOayvaeTcss H3
(3.38). Hanee, ecau

r=§e,+ §1§2, p=me, — Neey,
TO -

(r, )= gu& M+ L1281+ £12° 211 + b

Bocno.ib308aBIUCh HOPMYIOH
(r, p)

L£0S§ (l‘, P)= —lTl—lp—l,

Mbl MOXeM BBIPa3MTb YIOJ MeXIy BEKTOPAMH I H p Yepe3 UX KOOpIH-
HaTel H KO3QUUHEHTH g;p.

*) Mnoraa Takxe noJib3yloTcst 0003HAUCHUSAMH
E=(e; e) F={(e,ey) G=(e,ey.
Tonaras ewe gy, == &, COBOKYNHOCTb Beduuuuel g,, (i, =1, 2) uacro 3anu-
CHIBAIOT B BHAEe MAaTpHIE
(gn glz)
& &aal’
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Hakonel, Ha#tzeM niomwans S mnapaajenorpaMma, IOCTPOEHHOTO Ha
BeKkTOpaX r u p. Kak wu3BeCTHO

S=|Ir. pl},
N03TOMY
H S=/|[e; 4 &eo me, M08l [=[Em, —Enill [e, €]l
0
[ley, exl|=1e;[e,]sin(e;, ex)=/|e;||e;| V1 —cos?(e,, &)=
=V ele}— (ep & = V882 — 8%
Cnen0BaTebHO,

S=V g180— &5 Em— L |-

Wrak, 3HaHWe BeNHUMH gy, L9 Koo HACHCTBUTEbHO IIOSBOJSET BHIYM~
CHAITb Ha MJOCKOCTM [IJIMHBI, YIJbI M NJOWIALH, T. €. BCEe METpHuecKue
BEJHYHHBL.
2, JlapHa ayru xa nosepxHocTH. Ilepsas kBappaTH4dHas ¢opma.
IMyctb 3anaHa mOBEPXHOCTDH
r=r(u v).
BoiuncauM LJMHY JWHHM, PAacnoJIOMeHHOW Ha 3TOH NOBepxXxHOCTH. Bbl-

OpaB Ha OTOH JMHMM 33 NapaMeTp AJWHY LYTH, ee ypaBHeHHE MOXKHO
BanUCaTb B BHIE

r=ra), v{)).
Tak xaK BeKToOp %—;— uMeeT LJMHY eRMHHMLA, TO
dP=dr2.
Ho
dr=r,du-}r, dv,
CJIeNOBATEIbHO,
dl=r’du®+2(r,, r ydudv—+ r? dv.
Bocrnosbsyemcst 0603HAYCHHUAMH

En="ri Eo=(ry 1) Bn="2
TOrja

A= g, du? 28, du dv -+ go dv2. (3.39)
310 BLIpaxXenue npeicTasaser coOoH kBagpatHuHylo ¢dopMy (OTHOCH-
TeJbHO MNepeMeHHbIX du ¥ dv), YpH 3STOM, OUEBHUIHO, TNOJOXKHUTEILHO
onpenenennyio *). OHa HasbiBaeTCa nepsol xsadpamuunol opmoi

n
*) KBapparugnas dopma a,,5,&, HasblBACTCH NOAOHCUMEAbHO ONpe-
i, k=1

n
denennoli, ecau _kzlatkgtgk>0 mas  mOGBX ..., §, KkpoMe & = ...

vee =E,=0.
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nosepxHoctu r=r (4, v). Koapduuuentol g, g9 ¥ Lo KBaLpaTHUHON
dopmul (3.39) — 310, ouesmiHO, Te caMble KOI(MPHULUHUEHTH &), Lo Lo
KOTOpHE OTBEYal0T pemepy r,, r,, B IJIOCKOCTH, KacCaTeAbHOH Kk Haeft
HOBEPXHOCTH B paccMarpuBaeMoi Touke. OTH KOS(HUMEHTH 3aBHCAT
OT TOUKM noBepXHocTd. Kpome TOro, OHM 3aBHCAT, KOHEYHO, M OT BbI-
6opa mapaMeTpHSalMH MOBEPXHOCTH.

leppas xBadpatduHast ¢OpMa NOBEPXHOCTH [JaeT BbIPANEHME [JIs
AauHp GECKOHEUHO Majoro sjaeMeHta LyrH. IIJIMHA HEKOTOPOR KOHEUHOH
KpusoH, Jexamiel Ha HOBEPXHOCTH, MO/yuaeTCA OTCIORA HHTErpuUpoBa-
sueM, Tounee, eCau KpHBas Ha MOBEPKXHOCTH 3aldHA YPAaBHEHHSMH

u=u(t), v=o() <<ttt

I0 ee IJHMHA paBHA

[9)
du du dv dv\2
lz,/‘/gll(dt +280 gt 22('117} dt
41

(BoOML 3TOH KPHBOH g1, L9 ¥ Lxn NpeNCTaBASIOT cofo#t, oueBHIHO,
$yHxuMH napameTpa ?).

IMpumepsn. 1. Ha niockocTn 3alaHa JekapToBa CHCTeMa KOOpPIH-
HarT, OnpelleJleHHaﬂ B3aMMHO OPTOTOHANbHBIMM eIMHUYHBIMH BEKTODAMH
e, u e, Ecam ry— panuyc-sekTop Hauaja 3TOR CHCTEMB KOOpLHMHAT,
TO pajuyC-BEKTOP HPOM3BOJLHOR TOUKH MJOCKOCTH paBeH

r=r,+ ez | eyv.

Mbl noayuuiaM ypaBHeHHE IUIOCKOCTH, NapaMeTPH3OBaHHOM NekapTOBHIMH
KOOpIMHATAMKM # ¥ U Ha HeH. [liag 3TOH mapaMerpusaumu

=€, Ty=es gu=1 gp=0gp=1,

€JIe0BaTEeJbHO, MJis IJIOCKOCTH, NapaMeTpH30OBaHHOH AEKApTOBBIMH KOOp-
JAuHataMy, nepsad KBalpaTHuHad q)opMa 3aNMUChIBACTCS TakK:

AP = du?+ dv2.

3nech HecoMOe MHOroo0Opasue — KacaTeldbHAs IJOCKOCTb —— COBNALAET
B KOXIOM TOuKe C HecylmuM MHOrooGpasHeM (TOXe MJIOCKOCTbIO), a Mo-
poxiaeMblt B KaxJA0OH M3 KacaTeJdbHBIX NJIOCKOCTeH KOOpIMHATHHI penep
copOafgaeT (C TOUHOCTLIO 1O MapaaiejbHOr0 MNEPEeHoca) ¢ KOOPLMHATHBHIM
penepom e;, e, paccMaTpuBaeMol NJOCKOCTH.

2. Ilycts Ha NJAOCKOCTH BBEJCHH MOJADHHE KOOPAMHATH P H Q.

Torna paluyc-BeKTOp NMPOM3BOALHON TOUKH HJIOCKOCTH MOXHO 3anucarb
TaK:

r=ro+p(e cosQ - e,sing)
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(e, ¥ €,— ONATL-TAKM ENMHHYHBIE B3AMMHO OPTOTOHAJbHBIE BEKTOPbI).
9710 — ypaBHeHHe MNJAOCKOCTH, NAPAMETPU3OBAHHON HOJAPHBLIMHU KOOPLH-
HATaMU. 3Iechb

rp=2@;CosP—-&sing, ro=0(—e;sing -+ e,cosy)
H, CJAeI0BaTeNbHO,
Eu={(rp rp)=1, Zup=_(rp 19 ==0, gyp=_(re. ry)=¢?
di? = dp? + o? dg?.
3. Paccmorpum chepy paiwyca a, npHHAB Ha Hel 3a mapaMeTpl
noaroty ¢ u wupoty 6%) (puc. 3.18). Ee ypas-

HeHMe B KOOpAMHaTax ¢ M O uMmeer Bun (npo-
BephTe 3TO!)

r=r,+}a{{icosp—jsing)cost +ksin0].
M3 310r0 ypaBHeHHs NOayuaeM
to=—a(icos@—+ jsing)sin® | akcosl,
ro=a(—ising-} jcos@p)cosO

u, CJIen0BaTeabHO, 31eCh

Puc. 3.18. dI2 = a? (d0? - cos? 0 d¢?).
4. Ecau nosepxHOCTb 3alaaHa fIBHbIM YpPaBHEHHEM
z2=f(x. ¥

r=xi4yj+f(x, »k,
r,=i+4kf, r,=j4Kkf,

T. €.

TO IJ1d Hee

H, CJAeJOBaTENBIIO,
AP = (14 f;) dx*+ 27 f, dx dy -+ (14 f}) dy>.

VaopamueHnue. Hanucars mnepsywo kxBaapatuunyio ¢opMmy Topa
B koopluHatax ¢ W p (cM. ynp. B n. 3 § 3).

3. ¥Yroa Mexny NBYMs KPHUBBIMU. Y2aom mexcdy 08yms nepece-
KQIOWUMUCS KPUBbIMU HA3bI8AEMCA Y2OA MENHCOY UX KACAMEAbHbMU
8 mouKke nepeceweryn. TlycTb Yepe3 TOUKY Ha IOBEPXHOCTH NPOXOIAT
IBE KpHBble W MYCTh CMellleHHIO MO OBHOK KPUBOH COOTBeTCTBYIOT HMd-
depenumansl kOopnHHaT du W dv, a cMewieHHI0 MO Apyrokt — mudde-
penuua.in Oz, dv. BexTOpH cMeleHM# MOXKHO 3alMCaTbh Tax:

dr=r,du—+r,dv, dr=r,du-r,0v.

*) OTcuuTBHIBAEMYI0 OT 3KBATOPA.
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Yroa ¢ Mexny nuMu omnpepeasercss Gopmy.ioh

(dr, or)

COS(P:-—lm—l.

B uwactHOCTH, Yyroa ® Mexly KOODLMHATHBIMHU JHHHSIMH, T. €. MEKAY
BEKTOPaMH r, u r,, onpefeaserca ¢Gpopmyaoh

g2

COS O =
Vgugzz

Ecmn g,=0, T0 KOOpIMHATHBIE JMHMM HA MOBEPXHOCTH mepece-’
KAalTCA TNOL INpaMblM yrJaoM. Takad KOOpIMHATHAst CeThb HA3bIBACTCS
opmozorassHoli. B oproroxanbHelXx KOOpAMHATAX NepBas KBaApaTHvHAf
dopma nmeeT BUI

2 __ 2 2
di* = gy, du’ 4 gy, dv?.

4, Onpenenenne naomaau mnosepxuoctv. Ipumep LIpapna. Ile-
pefineM Temepb K pPAacCMOTPEHHI0 NJOWAAM K PHBOHR IOBEPXHOCTH.
Ipexne ueM roBOPUTH O ee BHIUMC/IECHHM, HYKHO ONpENEIUTH CaMO HO-
HATHE MJI0UWAIW NMOBEPXHOCTH. BBeneM 3TO moHsiTHe CaenylomwuM 06pas3oM.
ITycte % — HexOropast raafkas NOBEPXHOCTb, OrPAHUYEHHAS KYCOUHO-
raankuM xoutypoM L. Pa3ofbeM 3Ty nOBepXHOCTb € MOMOIUBI0 HEKOTO-
pOro YMC/Ad KYCOUHO-T/AJKMX KDHBBIX Ha YaCTH — «3JEMEHTH» X,
i=1, ..., N,-—u BblfepeM B KaXuOfi U3 3THX YacTel HPOU3BO/LHYIO
rouky M,. Tlposemem uepes TOuky /I, xacareibHyi0 NMAOCKOCTb K IO~
BEDXHOCTH £ W CHPOeKTHpyeM 3jeMeHT X, Ha 9Ty KacaTejbHyl0 IIO-
CKOCTb; Mbl MNOJYyYMM Ha 3TOH Ka-
careJbHOM  MJAOCKOCTH  HEKOTOPYIO
KBAIDHPYEMVIO MIOCKYW urypy S;
(puc. 3.19).

Onpedenerue, Ilaouads
ROBEPXHOCMU X Mo HO308eM
npeden (ecm OH CYLIECTBYET) CyM.M
naowadeld 3Imux npoexkyui, 83s-
MolX 1O 8CeM Jresmenman pasbue-
HUR, Npu YCAOBUU, HMO. MAKCUMYM OULAMEMPOB IMUX INEMEHMOB
cmpesuncs K nyao. T10BepXHOCTb, 118 KOTOPO# 3ITOT mpered Cyuie-
CTBYeT, HasbiBaeTCsd KBaOpupYyeMOU

Puc. 3.19.

Ha mepBulil B3rjasd kawerca, 4TO €CTECTBEHHEe BCero O6bla0 6Ll ONPETIelTh
MJOMIaib MOBEPXHOCTH ¥ KakK mpenes, K KOTOPOMY CTPeMsiTcs IIOWami MOBepX-
HOCTeH BIHCAHHBIX B ¥ MHOTOTPAaHHUKOB, NHPH YCJHOBUH, YTO MAKCUMYM AMAMETPOB
EX TpaHeHl cTpemMuTcst Kk Hymo (Tak Ke Kak AAiHa KpUusofl eCTb npelen 1and
BIIMCAHHBIX B 3Ty KPUBYW JoMaHelx). ONHaKo eme B NPOWAOM Beke Oblna OOHa-
PyeHa HECOCTOSATEJBbHOCTb TaKOro ompenelieHus. PaccMOTpHM chaeaylouiii npu-
Mep, npunajgiexamuil lilsapuy.

B munuuap pamuyca R 1 BbicOTH /[1 BOMimeM MUOrOTPaHHUK CREAYIOMLIM
o6pa3oM: pasfeivB LHAMHAD T[OPU3OHTAJNBHBIMH INIOCKOCTSMH Ha m  PaBHbIX

9 B. M. Byzak, C. B, ®omMun
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H
IAMHAPOB BLICOTH - Kawpabl#, pazobbeM Kampyl u3 BOSHHKAOMHX m 1

OKPYKHOCTEH (BKAWUAs CIOJd BEPXHEE ¥ HMKHEE OCHOBAHHS HCXOXHOrO LHAMHIDA)
Ha PaBHbIE 9acTu n TOUKaMu Tak, 4TOGbl TOUKW AENEHHMS HA KAKHOH OKPYKHOCTH
HaXoAwiuch Haj CepedMHaMH Ayl coceAHUX OKpywHOcTed. BospMeM Tellepn ase
COCeJHHE TOUKH, JAEKAIME HAa KAKOH-IMGO OKPYKHOCTH, M TOUKY, AEKALLYI0 He-
MOCPERCTBEHHO Han HIM TI0J cepeguHoi Iyry, COGAMHAIIEH 3TH HBE TOYKH,
H TOCTPOMM Ha STUX TPEX TOUKax TpeyroabHuk (puc. 3.20). CoBokymHOCTL Bcex
TaKdX TPEYroAbHUKOB o6pasyer MHOro-
FPaHHYI0 TIOBEPXHOCTb, BIHCAHHYIO B HC-
XOaHH# puauuAp. Ha BUA 3TOT MHOrOrpaH-
HUK TOXOX Hd roJieHulle camnora, co6paH-
HOe B rapMomky. Ero HaamnBaloT NMOaTOMY
canozox [lsapya (puc. 3.21).

Ecau Tenepb ¥ A M m HeorpaHu-
YeHHO PacTyT, TO pasMepsl Kamaoro us
TPEeYroJbHUKOB, COCTaBJSIIOIIHX BIHCAH-
HBI B LUJMHAD MHOrOrPaHHUK, CTPEMSTCSH

)
¢

Puc. 3.20. Puc. 3.21.

k Hymo. Ilpu aToMm, ozHako, cyMMapHasl mAOLIaAb 5THX TPEYrOAbHUKOB BOBCE He
06a3aHa cTpeMuThcq K 2R (60KOBOI NMOBEPXHOCTH LMANHAPA); B 3aBUCUMOCTH
OT TOrO, K a K MEHSIOTC /1 U M, OHAa MOXEeT HeOrPaHdYeHHO PacTH, CTPEMHUTHCH
K Opejedty, OTHMYHOMY OT 2R, uiu xe Boo6umie He UMeTh Npepeda.

JleficTBUTENbHO, dJAEMEHTAPHBIA HOACYET MOKasHBaeT, YTO MAOIIaLb OZHOrO
TpeyroibHuKa (MpY 3aJaHHbIX m 4 n) paBHa

. H)\2 n \?
Rslﬂ—"z—l/-(ﬁ) +R2 (1—COST)-

Yucao Takux TPeyroabHHKOB PABHO, OYEBHIHO, 2nm, NOSTOMY CyMMa HX
naomageél ecTb

g 2
On, m = 2Rn sin % ‘/ H?2 - R2m? (1 —cos %) . (3.40)

Ecau Temepb n B m CTPeMATCHd kK 6eCKOHeUHOCTH, MPUYEM TaK, 9TO m pacTeT

6ricTpee, 9eM n2, To BeipaxeHue (3.40) HeorpaHuYerHO pacrer. Ecau xe n U m
m

MEHAIOTCSA TaK, UTO OTHOIEHWE -—- CTPEMHTCA K HEKOTOPOMY KOHEUHOMY npe-

nery g, TO

2
lim m (1 —cos —73) = lim m2sin? o =2 q
n, m-»co n, m-y»oo 2n 2
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H, CleJ0BaTe/IbHO,
: i R2
lim  op m=20R |/ H?+ 57— g2,

n, m-»co

lMoa6upas ¢, Mb MOXeM HOJNYYUTb B npedele Ao6oe uucno, Gojbliee WA
paBHoe 2nRH, 1. e. mo6oe 4UuCKO, Goibllee <«HCTHHHOH» IIIOIAZM LMAUHAPA.
Wctunnoe 3shHayeHne miolain GOKOBOH HOBEPXHOCTH LMJAHHADPZ MBI HOAYYUM
aumb opu g =0, T. e. ecad m pacTeT MejjenHee, YeM n? :

Wrak, nombiTKa ONpeieMuTb NAOLIaAb KPHBOH MOBEPXHOCTH ¢ HOMOLILIO
BIHCAHHbBIX MHOTOIPAaHHHKOB OKasalach HeymauHo# paxe pis OGBIKHOBEHHOrO
Kpyreoro uminHgpa. Jlerko NOHATH IIPHYUHY, TIO koTopo# croco6, npuromHuli
AJif ompepejeHuas AJAHHBl KPUBOH, He roJuTCs i OnpefeleHus MAOLIAfH HOBepX-
Hoctu, [lpu pgocTatouHO “MedkoM pa3buenun KpuBoH (6yzeM CuHTaTb KPHUBYIO
riaiko#) HampaBJeHHe XOPAH, COelHHAIOIIeH coCeIHUe TOUKH feleHus, 6aU3KO
K HampaBJieHdI0 KacaTedbHOH, NpoBexeHHOR B M0G0l TouKe cooTBeTcTByMOIIeH
Zyrd. B cayuae NHOBEpXHOCTH 3TO He Tak: MHOrOyroidbHaf IJIONaZKa CKOJb
YyrOAHO MalBX pasMepoOB MOXeT ONHPaTbCa BCEMHM CBOMMH BepliHMHaMH Ha
rMajKylo HOBEpXHOCTb TaK, YTO YroJ MEXAy HOpMaabio K ILIOIajKe H NMOBepX-
HocTH Gyner Goabmum. [Ipu 3TOM, OYeBHAHO, TakOH MIOCKUE 3jeMEHT He MOXKeT
CHAYXUTb Xopomell annpoxcuMandeil COOTBETCTBYIOILEro 3/AeMeHTd NOBEpXHOCTH.
JTto kak pas u HabaomaeTcs B npuBefeHHoMm Bhime npuMepe llBapua: ecau
q = % BEJHUKO, TO TPEYroJibHUKH, 06pasyloliue BIHCaHHYI NOBEPXHOCTb, MOYTH
HepHeHAUKYIEpHE 60KOBoH HOBepXHOCTH LuiuHApa. O6pasoBaHHBIE UM MHOro-
rPaHHUK BEChb COCTOHMT M3 MEJAKHX CKAAAOK. DTO U CAyXKHT HPHYMHOH Toro, 4TO
IJIolaAb HOBEPXHOCTH TAKOr0 MHOTOrpaHHUKa MoOxeT OBITb MHOrO GoJbime
niolaay GOKOBOH MOBEpXHOCTH LHJAUHAPA.

5. Boiyucaenve naomagd raajgkoil MOBepXHOCTH. B npenwaymem
NyHKTe Mbl BBeJW ONpelejeHne TIOLWAIA KPUBOH IMOBepXHOCTH. YcCTa-
HOBUM Telepb IJSl TAaIKOH IMOBePXHOCTH CYlleCTBOBaHMe IIOWAIM W
dopmyJy, C NMOMOLILI KOTOPOR 3T1a maoulanb MoxeT ObnTb (QaxThuecKH
BbIYMC/IEHA.

Teopema 3.1. ITycmb napamempunecxoe ypasuenue

r=r(u, v)

onpedensem 24a0KYI0 NOBEPXHOCME, 02PAHULEHHYIO KYCOUK(O-2400-
kum ronmypom. Tozda ama nosepxnocms K8adpupyema u ee
naou,adv pasna

sz;f Vg”gm—gi,dud@, (3.4

20e gy Zio 4 Gog— KOBDPuyuenmo nepsoii xsadpamuinoll Ho pus
amoi nogepxuocmu, a D — o6aacme uamenenus nepesmennsx u v .

HoxasarteancTBo. PasobbeM noBepXHOCTh = Ha 4yacTH %;. BH-
6paB B KamIOH M3 STMX uacTelt HeKOTOpyl0 Touky M,, npoBeleM B Helt
KaCaTeabHYIO MJAOCKOCTh. BBeleM MeCTHYIO CHCTeMY [eKapTOBHIX KOOpIH-
HaT, BLIOpAB 3a Ha4aao TOUKy M;, HOpMa/ib B 3TOH TOuKe 3a HalpasaeHue
OCH 2z, a KacaTeqbHYIO MJAOCKOCTH 33 MJIOCKOCTh xy. Koopaunare X, ¥

Q%
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M 2z NpOM3BOJLHOH TOUKM MOBEPXHOCTH X, MOXKHO 3alucaTh Kax QyHKunu
OT u u U

x=x(u, v), y=y, v), =z (u, v)*).

Tpoexuns noBepXHOCTH Z; Ha KacaTeJbHyl ILVIOCKOCTh B TOuke M,
Onpeje seTcs yPaBHeHUIMH

x=x(u,v), y=y(@,v), z=0.

[Moan3ysick BHIpaxeHneM A8 IIOWAAM MIOCKOH (UTYPEL B KpHBO-
suneknpx  koopauHatax (§ 6 ra. 1), M MOXeM 3amucars, IHAOWIAAb
3TOH npoeKuud B Buie
£/
D,
13

rne D;—ra o6nacts, KOTOpyl0 mpoferaloT mNepeMeHHble #, U, KOria
Touka (X, ¥, 2) mnpoberaer 3jeMeHT X, a 3nak OepeTcsd Tak, UTOOHI
BCe BblpaxeHue OBAO MOJOMHUTENLHBIM.

BripaxeHnue

dudo,

X, X,
Yu Yy

X, X,

Yo Yo

-+

MOXKHO IliepenucaTb B BHAE, HE CBA3AHHOM C Bb!60p0M CrucCTeMbl KOopau-
HaT, 4 WMCHHO!:

xll x‘U

Yo Yo

Ecan obaactn X; (a caeaoBatenbHO, u [);) KOCTaTOUHO Majbl, TO

f f [ r, rlldu d@={| [ry, 1,l]
D;

-+

;][ru, vl

+€i}di’

U=l v=y;

rae d;— maowaas odnactn Dy, u;, v, — xoopauuaTel TOouku M; u
max &, — 0 npu uaMennveHun pasbueHud nosepxHocTd 2. Takum o6pasow,
CyMMa naowaneh Npoekum#i BCeX YACTMUHBIX MOBepXHOCTER X, HAa COOT-
BETCTBYIOLIME KacaTeqabHble TJIOCKOCTH paBHA

n
N

{Hrm rol] ]di + 2 e, (3.42)
u i=1

i=1

=lli, ZI=ZIL»

*) lpapunpiee Gbio 61 micath X = x, (4, v), y =y, (1, v), 2=z, (1 0),
fIOTOMY 9TO 3TH YPaBHEHMA COOTBETCTBYIOT {-f cHCTeMe KOOpPAMHAT, CBA3AHHOI

€ KacaTeJibHOH MJIOCKOCTHI0 M HOPMaaslo B Touke M.
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[Ipenen 3TOro BhLIpakeHus NMPU HeOT PAHWYEHHOM H3Me/buehun pa3buetns
NOBEPXHOCTH Mbl ¥ HA3BaAM MJAOLLAAbI0 NOBEpXHOCTH. ITOT INpejen
CyuiecTByeT M paBeH HHTerpafy

j;)fl[ru, r,]|dudo

(nockoabky B (3.42) mnepBoe C/araeMoe eCTb WHTerpa/bHas CyMma Ajs
9TOTO uHTerpaia, a Mpeded BTOPOro paBeH HYM0). Jas 3asepiueHust
IOKa3aTe/1bCTBA OCTaeTCs YCTAHOBUThH, UTO

ro r]l= Vetn— g (3.43)
Iycts @ — yroa Mexay BexkTopamu r, u r,. Torma
[ty rl]=|r,] |r,|sino=]r,|lr,] VI —costo=
=1/ 242 T2 cos? @ — 7
Vit — r,r, COs" 0= V&8s — 81y
Teopema nokasaHa.
Bameuanue 1. C BexTOpPOM |r,, T,| MBI YXe BCTpeuaiuch Bbillie

(n. & § 3). Tam Mul yCTaHOBWMM, 4TO STOT BEKTOp MMeeT C/eAylOuiue
KOMIIOHEHTbI:

Oy oz 0z ox ox Oy
oL ou ou  ou ou  ou
A= , B= , C=
oy o 0z ox ox oy
ov  ov v ov ov  o0v
C/e10BaTebHO, /MHA ero paBHa
VAT B L Ca

Taxkum o6pasoM, ¢opmyay (3.41) niowiasn MOBEPXHOCTH MOWKHO Mepe-
nMcarb Tax:

o=fj’1/A2+B‘2+CQdudo. (3.41%)
D

Sameuanne2. [eomeTpnueckut cMbCa
nojaydyeHHo#t namu Qopmyan (3.41) cocroutr
B TOM, UTO NOAbinHTerpa/ibHOe BbIPAKeHUE
V& — g,3du dv (c TounocTbi0 10 Oec-
KOHEUHO Ma/blX  BHICINUX  TOPSIKOB) —
njoman «6eCKOHeYHO MaJjoro Mnapasnieso-
rpamMa», BbIPe3aeMOr0 M3 MOBEPXHOCTH X
aByMa mapamu GeckoHeuyHO OfM3KHX KOOPAMHATHBIX annnt u=u,,
#=uy-+du, v=uvy 4 v="uvy-dv (puc. 3.22).. [elcTBUTCBHO, Bep-
wunet Py, P, P, 3T0r0 mnapaiieforpaMMa HMEIOT KpuBOIuneHlbie
Koopaunath (&g, Vy), (uo—tdu, vy) u (g vy dv) COOTBETCTBEHHO.

Puc. 3.22.
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nOQTOMy C TOUHOCTBHIO A0 MaJ/plX Bbllle NEPBOTO NOpSAAKd }MeeM
PPy=r,du, PP,= r, do.

Maowans do MapanielorpaMma, NMOCTPOEHHOTO HA BekTopax PyPy u PyP,,
paBHa MOJYJI0 MX BEKTOPHOrO MpOu3BeeHHs

do=|I[r,, r,]|dudv.
B cuny (3.43) 37O BplpaxeHhe MOXKHO NEpenucaTs TaK:
do =V g8, — &5, du dv.

PaccMorpum  BawneRmue 4vacTHele cayvau dopmyast (3.41). Ecan
IOBePXHOCTb X 33aJaHa SBHBIM ypaBHeHueM

z=f(x, ¥
TO, KaxK Mbl yxe Bugeau Bollie (M. I. 2, npumep 4), B 3TOM cCJ/yuae

V=14F0 gn=TFif) Gn=1-71)

OTKYy

Vg,ngQ—g%2=V1+f;2+f;2

Crenosare/1bHO, MJIOUAAb TNOBepXHOCTH 2= f (X, y) BbIpaxaercs ¢op-
My.ﬂOﬁ
o=ff|/ L+ /74 £ dxay, (3.44)
D

npuyeM B HaHHOM ciyuae D — npoexuns MOBepXHOCTH 2 ha MJIOCKOCTL XY*
3amevanue l. Tak Kak

]/ 1
1+fx+fy cos (N, 2)

(em. 1. 5 § 3), To dopmyay (3.44) MOKHO MepenmcaTh TaK:
_ _dxdy
0= ff cos (N, 2) °

CMbICT ee cOCTOMT B TOM, 4YTO 3/eMeHT MJOHLAAM TMOBepXHOCTH paBeH
ero MpOeKunu Ha TMJAOCKOCTh XY, /AelleHHOW Ha KOCHMHYC yraa Mexnuy
HOPMA/AMY K 3TOMY 3/eMeHTy IOBeDXHOCTH U K IIIOCKOCTH XV.

Sameuanne 2. Ecin nOBepXHOCTb 2 QOCTOMT U3 KOHEYHOTO UuC/a
KYCKOB, Kamblf U3 KOTOPHIX MpejCTaBUM ypaBHeHueM Buga 2= f (X, ¥),
TO €e IJIOMWaZb MOXHO BLIMHCAWTL, Mfpumenus dopmyny (3.44) x Kax-
JAOMY TAaKOMY KYCKY B OTICJAbLHOCTH.

[MTpumep. Hatiru MAOANL 4acTn napadoaonaa z = x2-}- y°, nexa-
el BHyTPH unauuapa x?—4 y?=a’
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Pewenune. Mcxomas naowmans pasua
o= [ [ VIFiZF+ 5 dxay.
2124+yi g a?

Hepexonﬂ K NOJAfIpHBIM KOOpAMHATAM, IMOaAyvYaeM

2n a 2
0=[ de / V4r?+1rdr=71§ [[(4r2+1)3/’]:dq>=
0 0 0

25t
' =—117/[(4a?+1)’/2— t]dp=% [(4a>+ 1" —1].
0

[peanonoxuM Teneps, 4TO MOBEepPXHOCTb 3ajaHd HEABHBIM ypaBHe-
nueM F(x, ¥, 2)=0. Ecau nosepxHOCTb TakOBa, 4TO 3TO YpaBHeHUe
MOMHO OJHO3HAUHO pa3pelliuTh OTHOCUTeNbHO 2 (3T0 pPABHOCHALHO
TOMy, YTO HAwia IIOBePXHOCTb MepeceKaercs qio0OH BepTHKaLHOH npf-
Mo# He GoJee ueM B OJHOR TOuKe), TO, BOCIOJAb30BaBIUMCH TIPaBHAAMHA
InddepeHUpoBaHU HesBHbIX QyuKuul, noayuaem

JOF oF
0z 0x 0z 0y
W TR Ty T oF

0z 0z

TloacraBass 3TH BhIpaXeHusd BMECTO f; u f; B popmyay {3.44), noayuaem

oF \2 OF \2 oF \2
o [ VAR Ty
D "oz

3nech onaTh-Taku, Kak u B dopmyne (3.44), noapiHTerpanbHas QyHx-
uMg npeacrtaBaseT coOOH He UTO HHOe, KaK OOpATHYIO BelMUMHY KOCHHYCa
yraa MeXiay HOpPMaablo K IOBEDXHOCTH H OChbio 2.

Ynpaxpenne, Halhttu naowamp vYactu MNOBepXHOCTH KOHYCa
x? 4y — 2=0, aexauie#t BHyTpM uninuapa x? - y?=a?

Orper. 0=2V 2na

§ 5. Kpuu3na aunMil Ha MOBEPXHOCTH.
Bropas wBagpatuunas dopma

B npeasiaymux naparpadax Mel noyunan GopMy sl A BbIYHCHeHUS
HAMH KPUBBIX HA TOBEPXHOCTH, YI/AOB MeXY KpPUBbIMH W IJIOLIAAH
nosepxHocTH. OIHAKO 3TH Be/luunibl ele He ONperedioT GopMy nosepx-
#octd. Hanpumep, umiusHap M IJIOCKOCTh — 3TO pasible MOBEPXHOCTH,



