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[peanonoxuM Teneps, 4TO MOBEepPXHOCTb 3ajaHd HEABHBIM ypaBHe-
nueM F(x, ¥, 2)=0. Ecau nosepxHOCTb TakOBa, 4TO 3TO YpaBHeHUe
MOMHO OJHO3HAUHO pa3pelliuTh OTHOCUTeNbHO 2 (3T0 pPABHOCHALHO
TOMy, YTO HAwia IIOBePXHOCTb MepeceKaercs qio0OH BepTHKaLHOH npf-
Mo# He GoJee ueM B OJHOR TOuKe), TO, BOCIOJAb30BaBIUMCH TIPaBHAAMHA
InddepeHUpoBaHU HesBHbIX QyuKuul, noayuaem
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TloacraBass 3TH BhIpaXeHusd BMECTO f; u f; B popmyay {3.44), noayuaem

oF \2 OF \2 oF \2
o [ VAR Ty
D "oz

3nech onaTh-Taku, Kak u B dopmyne (3.44), noapiHTerpanbHas QyHx-
uMg npeacrtaBaseT coOOH He UTO HHOe, KaK OOpATHYIO BelMUMHY KOCHHYCa
yraa MeXiay HOpPMaablo K IOBEDXHOCTH H OChbio 2.

Ynpaxpenne, Halhttu naowamp vYactu MNOBepXHOCTH KOHYCa
x? 4y — 2=0, aexauie#t BHyTpM uninuapa x? - y?=a?

Orper. 0=2V 2na

§ 5. Kpuu3na aunMil Ha MOBEPXHOCTH.
Bropas wBagpatuunas dopma

B npeasiaymux naparpadax Mel noyunan GopMy sl A BbIYHCHeHUS
HAMH KPUBBIX HA TOBEPXHOCTH, YI/AOB MeXY KpPUBbIMH W IJIOLIAAH
nosepxHocTH. OIHAKO 3TH Be/luunibl ele He ONperedioT GopMy nosepx-
#octd. Hanpumep, umiusHap M IJIOCKOCTh — 3TO pasible MOBEPXHOCTH,



136 SJIEMEHTH JU®PEPEHLIMAJIBHOM TEOMETPUH ra1. 3

XOTS [WAMHAP MOXHO pas3BepHYTb HA ILIOCKOCTb TaK, 4TO Npu 3ITOM
BCe yIasl, MAMHBL W TOWaan CoXpansworcd. Jas usyuenus' GopMsl
NMOBEPXHOCTH Mbl npumMeM CﬂellYIOullflﬂ MeT(OIli B3B B p‘dCCManlleaeMOﬂ
TOYKE HOpMajib K [OBePXHOCTH, OydeM IPOBOAMTL UYepe3 3ITY HOPMAIb
BCEBO3MOXHEIE [/IOCKOCTH (HOPMajbHble IIOCKOCTHM) 1 u3yuaTb Gopmy
I0JyuaeMHX TIPH 3TOM ceueHUH NOBePXHOCTH (HOPMAAbHBLX CeHeHU ).

1. HopmanbHble ceyeHUss MOBEPXHOCTH M MX kpuBmana, Paccmo-
TPUM MOBEPXHOCTH X, 33aXaHHYIO ypaBHeHHeM

r=r(u, v).

Bexrop-yukunio r (4, v) Mbl OyneM cuHTaTh 3AeCh W jAajJee ABAXAbI
HenpepuBuo anddeperunpyeMoit. Bossmem Ha nosepxHocTi ¥ HeKOTO-
pyio Touky M, u BriOepeM Ha HOpMa-
qM K 3, NpoBeneHHOW B ITOH TOuKe,
onpeje/ieHHOe Hanpas/eHue, T. €. Olpe-
IeneHHLIH equHHYHBIR BekTOp M. [lycTb
y—O0XHO u3 mpoxodsuux 4Yepes M,
HOpMaJbHLIX ceveHu#t. TaxuM oOGpasow,
KpiBas y /AeKUT B IIOCKOCTd, IPOXOs-
e yepes enMHUYHLIK BEKTOD 1, HOD-
MadbHeih K 2 B TOuke M, (puc. 3.23).
Y npejacTaBigeT coGOR MIOCKYIO KPUBYIO,
u ¢opma 3TOH KpuUBOK B OKPECTHOCTH

Pue. 3.23. TOUKH M, BNO/HE OMNpene/seTcs ee Kpu-

BU3HOH £ B 3TOH TOUKe H HANpaB/eHUEM

BOPHYTOCTH (II0 OTHOWIEHWI0 K BbIOPAHHOMY HampaBeHHI0 HOpPMAaad B

Touke My). i Bblumclienvsi KpHBM3HEL KPHUBOH y 3amullleM ypaBHeHue
3TOH KpuBOo# B Buae

r=r@). v{)) (3.46)
(I — narypaibunifi mapamerp) u BOCHoOJb3yeMcst 1-# dopuysno# dpene
dr __ drr __ b
ar T aE TRy
OTKYAa
0’r
k= (W v). (3.47)

EanHnuHbI BeKTOp Y HalpaBleH, OUeBHMIHO, MO HOPMAan K HOBepx-
Hocth £ B TOuke M, M clegoBaTeNbHO, OH MM COBHaideT C n (ecau
HampaB/ieHue BOTHYTOCTU CeYeHusl y COBNajaeT ¢ BLIGpaHHBIM HallpaBie-
 HMeM HOpMaau K X), WA OT/HYAeTCAd OT 1t 3HAKOM (eC/H 9TU HAmpa-
B/leHNd MPOTHBONOMOXKHbB). Jlif Toro uro6bl yuecTs OAHOBpPEMEHHO H
BeJMYHHY KDHBH3HBI ¥ HalpaB/leHne BOTHYTOCTH CedeHus, BBejeM Be-
JAHYHHY

k= (-((’;Tg n), (3.48)



§ 5] KPHUBH3HA JIMHHUM HA NOBEPXHOCTH 137

KOTODYIO Mbl  Ha30BeM HOPMAAbHOHL KpUSu3HOi 1I0BepXHOCTH 2
B Touxe M, B nanpasgenus ceuenns y. M3 cKasanHOoro sicHo, 4TO
k_1k| Ilpn Bpawenun BOXPYr n HJIOCKOCTH, B KOTOpOH#  Jewut
ceuelide Y, OYACT MEHATLCA M LOPMa/ibHAS KPHBU3HA k——k(v) ona Oyner
Tellepb «C.jeanTb» He TO/IbKO 32 ¢GoOpMOH HOPMATLHOTO CeveHus, HO H
3a ero nampap/ienueM BorHyTocTH. Tak, HampuMep, eCau MHOBRPXHOCTB
B Touke M, nmeer dQopmy cennra, Kak
Ha puc. 3.24, TO paad cevyenud y; HOp-

Manbuas kpusudua A, OyleT MNOOKH-
Te/MbHA, IOCKO/MbKY BEKTOP VY, T/aBHOH
HOpMaJau K Yy, COBNajgaer ¢ 1, a aad

ceveuust Y, 1opMa/bHas KPUBU3HA Ry Oy-
JAeT OTPHUATE/bHA, NOCKOALKY ¥y =— — fi.
B naasHeftuieM, roBops O HOPMadb-
HBIX CeUeHMSIX MOBEPXHOCTH, Mbl OyaeM
paccMaTpuBaTh TOJMBKO COOTBETCTBYIO-
1yl0 HOpPMaabHylo kpusuany (3.48), a
He KpuBH3lly, OflpeleiseMylo ¢opmy-
goft (3.47). DTy HOpMaJbHYI0 KpuBM3HY Mbl OygeM pajeiie 0003HAyaTh
" npocro OykBoft k£, Onyckas 3HAUOK ~~ Hal HeH.
Besnunny

Puc. 3.24.

1
R=~

M GyleM Ha3bBaTh pAOUYCOM HOPMAAGHOE KPUBy3Hs. TIOBEPXHOCTH X
(B nmaHHOM TOYKe W B [JaHHOM Hampas/enun). HeoTpuuareabuad Beau-
ypHa |R| ectb, OueBMmHO, pamuyc KPUBH3HLL COOTBETCTBYIOLIETO HOP-
MajpHOTO cevenns. Tlockoaeky £ Moxer oOpawarbcs B HY:Ib, Mg R
MBl OUKHHL BONyckaTh u OeCkoueunble 3HavyeHnus.

BriseneM Ternepb GopMmyiay s BulUMCIeHHS HOPMAJabLHOM KPUBU3HEL K.
Il;'m 9TOTO BOCNOJ/b3YyeMcs ypaBHellneM (3.46) kpuBOH Yy u BBIYHCIMM
%. BeeneM /s cokpaiueHid sanucH 0003HaueHust

a’r a’r 0r .
You="772" Tuw™7 N .
i du ov v ov?

Ws ypasuerns {3.46) kpuso#t y noayuum, uro
d’c _ d ( du¥ cdvy
air = ar \Tugr T regr) =

du i du dv dv ‘ d2u d2v
Fuu ( dl » 2y T dl dl + o (d[) Ty g T Yo (3.49)

Bexropu r, u r, Jexar B Kacarelsiofi nuockoctu. Ciepoparennno,
OHY OpTOronabHHl fi, T. €.

(r, n)y=(r,, n)=290.
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Mostomy, noxcrasu B dopmyay (3.48) sbipaxenne (3.49) nas %,

101y UUM

= (Fuue O (G7) 20 DG G W (F7) - (3:50)

2. Bropas kBagpaTudHas (opMa nOBepPXHOCTH. 3anuiieM mo.1y-
yeHHyio HaMu opmyay (3.50) HOPMaIbHOM KDUBM3HBI TOBEPXiOCTH
B GoJjiee yno6HOM Buie. Bpess oGosnavenus

bn=(l‘uu. n). bm:(l‘,w, n), b”:(l‘w, n), (3.51)

nepenuiieM paseHcTBO (3.50) caepyomum obpasom:

- l: bn du2+2b¥2 du d0+ b22 duv?

= 2L (3.52)

B 3uaMenarese 3jech crour d[?, T. e. mepBas KBajpaTHYHas dopmMa
noBepXHOCTH. Huc/mTe b TOKe NpelcTaB/iser co0OH KpagpaTHunylo popMy
(orHocutemvHO du n dv). OHa Ha3uBAeTCa BMOPOL KBAOPAMUHYHOL
popmod nosepxrHocmu W wWrpaeT B TeOPUH TOBepXHOCTER (Hapandy
C nepBo# kBaapatTMuHOR dopMoHR) PynraMenTalsHyl0 podab. Bropyno xsa-
apatudHyo GopMmy noBepxHOCTH Mbl OymeM B jga/ibHelinem o00603Havath
CUMBOJIOM (,. Taxum 06Gpasom,

rae by, by u byy onpenenens pasencrsamu (3.51).
ITpumep. PaccMOTpUM [OBeDXHOCTb, 33AaHHYIO YpaBHeHHEM

z=f(x. ¥
T. e. B BeKTOpHOH (opme

r=uxi+yj-+4f(x, Yk
r =/ t =7k r =flk
CrenoBarenbHo,
b= fi.cos(n, 2), b12=f;y cos(n, 2), b22=f;y cos (m, 2),

31ech

1. e.
q)?:(f;xdx?—l—Qf;ydxdy-{—f;’wdy)cos(n, 2). (3.53)

Takum o6pasoM, B 3TOM ciayuae BTOpas KBaapaTuuysass ¢opma npeXcra-
BisleT COGOH, C TOUHOCTBIO A0 MHOXMTeasl c¢Os(m, 2Z), COBOKYIHOCTb
u/eHOB BTOPOTO MOpsjiKa B pa3jioxennun Qynxmuu z= f(x, y) no ¢op-
mye TeHnopa.
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3aMeuanne. Mb yxe BuZend, 4TO NepBas KBagpaTHyHas (opMa
Ollpee/igeT «METPUKY» TMOBEPXHOCTH: C €€ MOMOUIbI0 HA MOBEPXHOCTH
U3MepPSIOTCA AAMHBL, YTabl 4 naomaid. Buluucienne 3TuxX BeAMYUH OIM-
pajocb, nc CyumecTBy, Ha BO3MOXKHOCTb 3aMEHATb B MepBOM MpubnKe-
HUM  O@CKOHEUHO Ma/bl 3/eMeHT NOBEPXHOCTH COOTBETCTBYIOUIMM 3Je-
MeHTOM KacaTe/ibHOoH TfIocKocTH. Bropas kBasparuuuas dopma — a0
Mepa TOr0, HAaCKOJAbLKO I[OBePXHOCTh
YKIOHSETCH B OKPEeCTHOCTH JaHHOH
TOUKH OT KacaTeJbHOH IJIOCKOCTH,
fipOBedeHHOH uyepe3 3Ty TOUKy.

H106m yGenuThcs B 3TOM, BbI-
YUCANM pAcCTOsiHMEe Meway Oauskoh
K My touxo#t M nmnosepxHoctu Z u
KacareJbHOH IMJOCKOCTbIO, MNpOBeHeH-
Ho# B Touke M, (puc. 3.25). Pac- Puc. 3.95
CMOTPUM Npoxoasiiee Yeped Toukn M, E.
1 M HopmanbHOe ceueHne. Mcxomoe
paccrosiHue paBHO, OueBHUAHO, paccrostHmio MP or M 10 KacareabHoH
K KpuBoH y. HO 310 paccrosinMe ¢ TOYHOCTBIO A0 MaJBIX BLICIIEro THO-
paika (cm. m. 6 § 2) pasuo

Ak dP = 7 (byy du? - 2byy du dv by A0,

npuYeM 3HAK 3TOI'O BbIPAXeHMs YKa3blBaeT HANpaB/eHyue, B KOTOPOM IO-
BEPXHOCTb OTXOAMT OT KacaTe/lbHOH MN/IOCKOCTH.

MoxHo 6bi10 Gbl CAMO NMOHATHE BTOPOH KBaapatuuuo# (opMLI BBecTH,
MCXOASl M3 334auyd O BbIYUC/IEHMH DPACCTOAHUSA OT TOYKU MOBEPXHOCTH [0
KacaTelbHOM NJOCKOCTH, NpOBegeHHOH Ueped O/u3KYIO TOUKY.

Ynpawueunuda. 1. Tlokasarb, uT0 g1 naockoctu (npu moboh ee
napamerpusanuy) Bropast KBagparuuHas GOpMa TOXKAeCTBEHHO PaBHA HY.JIO.

2. Buluucawts BTOpYIO KBaaparuunyio d¢opmy aad Topa B KOOpAH-
Hatax @ u P (cM. npumep 1 m. 1 § 3).

3. Ungukatpuca kpuBHM3Hbl. Pamuyc KpuBH3HbBI R=17 HOPMaIb-

HOro cevyeHust y B Touyke M, 3aBucuT OT Hampas/eHus, B KOTODOM IpoO-
Bedeuno cederue y. HYrobwl n306pasuTh 3Ty 3aBUCUMOCTbL HAl/sLIHO, BOC-
NO/b3yeMcs ClreaylomuM nprueMoM. OT/10mHuM OT TOukH M, Ha KacaTe bHOH
MAOCKOCTH B KaXJIOM HampaBieHMd BEKTOD p, MJAMHA KOTOPOTO paBHa
VIR]. rae R — pagnyc HOpMabHOH KDHBH3HBI TOBEPXHOCTH B 3TOM
HaNpaB/jeHHn. DTOT BeKTOP MOKHO, OUEBMIHO, 3aMMUCATh B BUAE

p=VIRIx,

Tae T — eIUHMYHBIH BeKTOP, KacaTedblblf K COOTBETCTBYIOLIEMY HOp-
Ma/bHOMY CedeHHIo.
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FeoMeTpuueckOe MeCTO KOHLOB 3THX BEeKTOPOB mpeicTaBasieT COOOR
HeKOTOPYIO KPHBYIO, /eXaillyl0 B MJIOCKOCTH, KacaTenHoH K S B Toure My
(puc. 3.26). Dra xpuBad Ha3LIBAETCA UHOUKAMPUCOH KpususHir TD-
BeDXHOCTM 2 B JaHHOM TOUKe.
Ha#igem ypaBheHue uHAuKaTpHChI
KPUBHUSIIHL

IlpuMeM 3a KOOpAMHATHBIE BeK-
TOPbl B KAaCATEAbHOR MAOCKOCTH r,
u r,. Tak kak

dr du dv
‘c=71—=ru7”——}—rv—dl—,

TO
et d —
o=VI[R] %fu—l‘l/lmq;}—fw

T. e. KaXmad TOUKA WHIMKATPUCHl KPUBM3HLI nMeeT, B BOpanHOM OGasuce,
KOOPJAHHATHI

Puc. 3.26.

— du - rr———
t=VIR[ 5 n n=VIR| 5.
Bocno/b3yeMcs paBeHCTBOM
]
1 du\? du dv dv Y’
R ="u (717) +2b12717717+b22(717)'
Yuuowus ero na |R|, noayuaem, uTOo

bu(VTRT 47 + 200 (VTRT 47) (VIRT 47) +
+b22(VW %)2 =1,

T. € ur0 § ¥ M YAOBAETBODSAIOT YPaBHEHHIO
D&+ 2015+ bpm? = £ 1. (3.54)

910 — ypaBuenue HeKOTOPOH LeHTPANLHOH KPMBOH BTOPOro HOPSAKA
C [eHTPOM B HAYaJje KOOpAuHAT *).

Takum oO6pa3oM, uHAMKATPUCA KDPUBH3HBI NpencTaBaseT coboii uen-
TpabHYI0 KPUBYIO BTODOrO MOpsAAKa **) ¢ pedTpOM, HAXOASILHMCH B pac-
CMaTpuBaeMOH TOUKe MOBEPXHOCTH.

4, T'naBHble HanpaBaeHMs H rJaaBHble KPHBU3HE [OBEPXHOCTH,
dopmyaa Jilaepa, YpasHeHHe WHAMKATPHCH KPUBM3HBI, KaK M ypasHe-
HAie BCAKOW wueHTpaibHOM KPUBOH BTOPOrO MHOpAAKA, MOXHO NPHBECTH

*) Nocieee BUAHO M3 TOro, YTO B YPaBHeHUM OTCYTCTBYIOT WIEHH MEPBOIf
_CTemeHu,
**) Touliee, 3nech MMETCS1 ABE Takde KpUBLIE: b11§2+2bx°§n+ b?_,n? =1
B b8 - 2b19EN 4 bygm? = — 1, ypaBHEHHsA KOTOPHIX OTMMYAIOTCHA JAHIUb CEOGOJA=
_HBM uneHoM. TloapoGuee o BHie MHAYMKATPUCHl KPHBU3HEL CM. 1. 7.
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K TJI3BHBIM OCAM, T. €. BMeCTO 0asuCHbIX BEKTOPOB f, 1i f, MOWKHO
suibpaTte B KacaTelbHOH MJIOCKOCTH jJBAa APYrux OazucumX BexTOpa Tak,
yro6el  Onit ObIAM B3aUMHO OPTOrOHAbHBIMH M elHUHUHBIMU ¥ 4TOOKL
B ypaBHeHMH WHAMKATPUCH KPHUBU3HL OTCYTCTBOBAA UjeH C mpoMu3nele-
HHeM Koopamuar. Jas 3TOro HyxXHO, 4TOOBl HOBnle 06as3nuCHLie BEKTOPHI
ObiIn HallpaB/ieHsl MO TIVIABHBIM OCAM HHAMKATPUCH KPUBU3HBL. DTH 1BA
HaNpaBJIEHNA Mbi HA30BeM 2AQBHbIMI KANPaBACHUAMY HAlleR NOBepX-
5OCTH (B JaHHOR TOUKe).

Ilpu Takom BuiOOpe CHCTeMBI KOODAMHAT B KacaTeJbHOH MAOCKOCTH
ypaBHeHHe MHAMKATPUCH NPUHUMaeT BHUI

pxi-fqgyi=* 1. (3.55)

nyc’l‘b @ -— yroa Mexnay rilaBHblM HallpaB/jeHueM, NPUHATLIM 33 HANpa-
B/leHne OCH X, W IIPpOU3BOJ/JILHLIM HOPMAJILHLIM CeUeHHEM. TOI‘IL‘&, OUEBHIHO,

=VIRTcosq. y=V[RTsing

rie R — paguyc KpPUBH3HEL [JAHHOTO HOPMaibHOro cevenus. IloxcraBus
9TH BHpaXenus X # y B ypaBHenne (3.5D) m BCNOMEMB, UTG HpaBas
YacTs STOTO ypaBHeHust TNpeicTaBisger cOGOH ornoulenne |R| ¥ R,
noayunM

pcosQ(p-f—qsin?(pz—}l—?—:k. (3.56)
1 1

HasoseM 2.a8ubiMit K PUBUIHAMU kl:? " kgz-k— I0BEPXHOCTH
1 2

B JaHHO{ TOuKe HOpMajabHbie KDPUBH3HLI, OTBevalouMe TJAaBHBIM Hanpa-
B/eHUSIM HHJIUKATPUCH KpUBM3HBI B 3TOH TOuke. B BuOpannofi HaMmu

1
cucTemMe KOOpaHHAT 3TO — HanpasJenus ¢=— 0 n ([)7, MO3TOMY
kl — p, k2 — q_

Takum o6pasom, paseucto (3.€0) npuHuMaer Buil

k=1"F cos® p-+ kysin® @, (3.57)
ui
Al cost g —sin g (3.57)
R R OOy e '

I1o —Tak HasmBaemass popuy.aa IDhaepa. Ona maer Bolpamenne
HOpMa/MLHOR KpPUBM3HE! NOBEPXHOCTM 1O J006OMy HaNpaB/ienuld uepes
I'j1aBHbie KPUBU3HBI.

N3 ¢opmynss Ditnepa cpa3y BUAHO, UYTO TJAaBHble KPUBH3HK — 3TO
YKCrpeMaJbHbie 3Hauvetlud HOpM‘dJ(bI(Oﬁ KPHBHU3HLI. ﬂeﬂCTBlflTeﬂbHO, €CJau
ky=rF, 10 k ne 3aBucur OT @ u 3fech oGoe Hanpasienne Oynper
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sKcTpeMadbHLM #). TIycTh Ry # Ry, HaupuMep £, > ky. Torma ky—£ky >0
u, Tepemuchipas GopMyny ODitiepa B Buie

fo = (k) — ko) COS? @~ kg (OS2 @~ SIT? ) = (k; — ) cOS? -+ oy,

noJydaeM, 4T0 Ry > k 2> Ry HpH KaioM @.

Dru 3KCTpeMadbHbie CBOUCTBA T/IaBHbIX KPHBU3H AT YA0OHbIH crioco6
A9 ux $aKTHUeCKOr0 BblYHC/eHud.

5. BoluuciaeHde raaBHbIX KpUBM3H. M3 Qopmyan Diaepa (3.57)
JeTKO ycMOTpeTh, KAaK HOpMajbHast KpuBM3Ha & () 3aBMCHT OT Hampa-
piaenust @. I'padux 3aBucuMo-
cri R ot @ wusobpaweH mua
puc. 3.27. W3 Hero BuiaHO, 4TO
OpH  KAXKIAOM  3ajaHHOM Ry,
Ry > Ry > ky CyLIECTBYIOT Ye-
ThHipe 3HaueHHs yraa @, npu
xoTopulx k(p)=~F, Tax Kak
yrisl, ~ oTaavalouiecs Ha I,
onpeje/dlOT OLHO U TO Xe HOp-
Ma/lbHOe CedeHue, TO KAWIOMY R,
OTBEYAlOT [BA [OPMAJbHBIX Ce-=
yeHusd, AJIF KOTODBIX HODMa/ibHasl KpuBu3Ha paBHa R, Ho ecan ky=£k,
uin Ry==£k,, TO STH [BA HOPMAa/bHbIX CeYeHH§ CJAHMBAOTCA B OAlO.
MHbiMA  CIIOBaMH, 2AQGBHBIE KPUBU3HBL— MO Me 3HAUEHUS HOp-
MOABNOE KPUBU3HGL, KAJNCOOMY U3 KOMOPX Omseedaem OOHO
MOoAbKO OOHO HOpMaAbHOE Ceuerye Haueld nosepxnacmu. Popmy-
Ay (3.52) naa omnpefelienns HOPMaibHON KpuBH3HBI KaK QYHKU#H Ha-
IpaB/ieHUA MOXKHO INepeluCaTbh TaK:

Puc. 3.27.

by — kg dur -+ 20y, — kg dudo 4 (byy — kgyy) dv? =0,

du
W, feds ua dv® u nonaras -&?zt (roe t omnpejensier CeueHue),

(b — kg B+ 2(b1o— kg t—+ (byy— kgyy) =0. (3.58)

B cooTBeTcTBHM C u3/I0XKeHHBHIM BLillle 9TO KBAAPATHOE ypaBHeHue nas f,
OTBeyalomIuX T/aBHbIM HANpaBleHHAM W TOMBKO I/ HUX, UMeeT He [Ba,
a Mumb OfMH KOpenb. Ji BTOro B CBOKI Ouyepeinb HeOGXOAUMO W HOCTa-
TOUHO, 4TOOGb [JHCKPHMHHAHT YypaBHeHus (3.58) ofpamajics B HYb.

*) Touka. B KOTOpoOil % = ko, HA3BIBACTCA MOUKOU QK PY2ACHUS WA OMOU-
Auveckol moyroi. MOKHO 10Ka3aTh, YTO CHHHCTBeHHad MOBEPXHOCTDb, HENUKOM
COCTOAmMAA U3 TOIEK OKPYIJeHus, — 3To cdepa.
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Wrak, A0 HaXOMIeHUS /IaBHbIX KPUBU3H Mbl TNOJAYYaeM ypaBHeHue

(byy— kg — (b1 —kgyy) (byy — kgy) =0, (3.59)

by—khgy bio—REy

bip—kgry byp—kgy

6. TonHasa KpuMBM3HA M cpejgHsas KPUBU3HA. Bo Muorux cayuasx
BMeCTO TI/IaBHBIX KpuBu3H R; u R, ynoOHee paccMaTpuBarh uX MpoO-
u3BejeHune ,

niu

=0. (3.59)

K=kyk, (3.60)
M TNOIyCyMMy

1
=5 (k1—-ky). (3.61)

K HasbiBaeTCA nOAHOE WK 2aYCCO80H Kpusuanoil riosepxyocth, a H—ee
cpednell Kpusudnol.
W3 kBaapatuoro ypasueuus (3.59°) cpasy moayuaeMm dopMy.nl

2 > b Vo 2
birbag — b1 Sribog — 28 1.byo -+ gooba

K=-L12_ 2, H= -
182 — &1 2(g1182— &12)

(3.62)

[Tpumep. Bolunciauth nOJHYI0 M CpeiHIOI0 KpuBu3Hbl 1id runepGo-
JIMYECKOTO Mapaboaouja 2 == x2— y2.

Pemenne. gyy=1-4x% g,p=—4xy, gyp=1-4y% b;=2
b1, =0, byy=—2. 3uauur,

. —4 A=Y
K_1+4x2+4y2 ’ H_1+4x2+4y2 :
B uwacrHocTH, B Hauyaie koopauHar K—=—4, H=0.

7. Kaaccnbukauus rtouek Ha noBepxHocTH. Kaxgo#n Touxe M,
ABAXAB HempepbiBHO 1uddepeHnupyeMoi TOBEPXHOCTH X M COIOCTABHIN
onpegefeHHYd KDHUBYI0 — MHIHKAaTPUCY KPHBU3HH B 3TOH TOuKe. Ypas-
HeHHe HHAMKATPHCHI MOXHO, KaK MBI 3HaeM, NPHBECTH K Buiy

kx4 kyy? = E1, (3.63)

rae 2, M k,—raaBHble KDHBM3HB Haule#t nosepxHOCTH B Touke M.
Tun xpuso#t (3.63) saBucur OT 3Haxa TNpousBegexus KR, PaccMorpum
BO3MOX(HBIE 3[eCb TpH cayuas.

1) kk; > 0. Moxuo cuutath, 410 %2; > 0, £, > 0, Tax Kax, u3MeHUB
HAaNpaB/ieHWe HOPMAJbHOrO BEKTOPA M, Mbl MOXeM H3MeHHTb 3HaKu y Ry
v ky Ha TnporuBomoaoxHbie. Ilpn £, >0 u Ry >0 ypasnenne (3.63)
onpeje/feT JAMIC, eCM B HeM CIpaBa ¢TOMT -1, a ypaBHeuue, B KO-
TOPOM cnpaBa CTOMT —1, HuKaKO: KpUBOH He COOTBETCTBYeT.

Touku, B KOTOPBIX R1Ry > 0 (T. e. MHAMKATPHCA KPHBUBHBI — 3JTHUIIC),
Ha3BIBAIOTCH JAAUNMULECKUME MOLKAMU.



144 B3JIEMEHTH AMPPEPEHLIMAJIBHOM T'EOMETPHI rn 3

2) kky << 0. B 370M ciydae ypasueHue (3.63) omnpenenser runepGouy
W, TOYHee TOBOpPS, jaBe runep6o/b ¢ obwuMu acuMmnroraMu. OgHa us
Hux oTBeyaeT npaso# uyactu —-1, a gpyras — npaso#t yactn —1. Touxu,
B KoTOpbix KRRy < 0 (unpuKaTpuca KpPuBU3HbLI — mapa runep6oi), Ha3bi-
BalOTCA 2unepboandecKkuml.

3) kiky==0. Ecam npu 3TOM OJHA u3 I/aBHHIX KDHUBU3H OT/iuuna
OT Hyfs, TO ypaBHeuue (3.63) ONIpesensseT Napy napaiienbHbX NPIMbiX.

a) 4)

Puc. 3.28.

Touku, B KOTOPHX R Rey=0 (ii0 OxHa H3 riaBHLIX KDUBH3H OTIHYHA
OT HYy.f), HasuLBAOTCH napalfosuieckuri.

Ecian B panuolt Touke ky=»%,=0, T0 B nelt HOHATHE HHAMUKATPUCHI
KPHBH3HB! TepseT cMuica. Touku, rae &)=k, =0, HasbiBaIOTCA MOUKA MU
VILA0WeAuss TOBEPXHOCTH.

Mrax, Tl TOUKM ompelensercs 3HAKOM MOMHOK xpuBu3Hbl K = Rk,
B 310# rouke. Ilockoanky

2
by1boy —byp
K: _———2 ?
&S — &y
2
a BeauunHa g, g, — &}, BCEIAa NOJOXKHTeJbHA, TO TUI TOYKH OIpeje-

e . , 2

JSETCH 3HAKOM AMCKpUMuHAHTa b b,, — b7, BTOPOH KBaipaTHuHOH POPMbI.

Jlerko nmpencraBurk cebe crpoenHe INOBEPXHOCTH B  OKPECTHOCTH
TOYKH Kamaoro wus tpex Tumos. Ilycts Touka M, — sanuntuyeckas.
Toraa &y u k, vnMeOT OAMHAKOBLle 3HAKHM, 4 CJAeNOBaTeIbHO, B CHAY
¢opmyan Dfiepa, Bce HOpPMaibHbie KDHBH3HBLI B HaHHOH TOUKE MMEIOT
OIMHAKOBbie 3Haku. FeoMeTpnueckn 3TO O3HAuaeT, 4TO B paccMaTpuBaeMOH
TOUYKE BCE HODMAJbHblE CeYeHNs UMEIOT OAHO W TO e HanpaBiaeHue BO-
ruyTocTd. B OKpecTHOCTH 3/MIMHTHYECKOH TOUKM HOBEPXHOCThL MOXOMA
Ha SMIANCONI M HMeeT BHJ, n300paxenunB wa puc 3.28, a.

PaccmorpuM Telleph rumep0oauueckylo TOuky. B nefl riasnbie Kpi-
BH3HbI UMelOT pasHbie 3naku. [109TOMY 34ech CYIHECTBYIOT HODMA.bHble
CeUeHHs C Pas/nMYHbIMM HalipaBjieHuaM#u BOruyToctu. [ToBepxnocrts B OKpe-
CTHOCTH TaKkoH TOUKM uMeeT cennoobpasHbifi Bug (cM. puc. 3.28, 0).

Heckoabk0 c10xHee cTpOenve MOBEPXHOCTH B OKpPecTHOCTH Napabo-
JHYECKOfl TOuKH. 3xech MMEeTCsl OAHO lianpasieHue, MO KOTOPOMY HOp-
MaibHad KpuBU3HA paBHa Hy/110. T10 BceM OCTa/bHLIM HaNpaBijelndM HOP-
MAIbHAA KPHBUM3HA MMeeT OJMH W TOT Ke 3HAK. THHHUHBIM HpPUMepOM
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napafoandeckO TOUKH dABisieTcd J06as TOUKA OOCBIKHOBEHHO KDYIJIOIO
unikHapa (cM. puc. 3.28, ), O@HAKO BO3SMOXHH u IADyrue cjaydau, Ha
KOTOpLIX Mbl He OyaeM OcCraHaB/inBaThCA.

PaccmorpuM caenyowu#t npuMep. IlycTh NMOBepXHOCTb 3ajaHA ypaB-

Heyenm
z=f(x. ¥
H NycTh B TOUKe (X;, ¥o) BLMIOAHEHb HEOOXOAWMbie YC/OBUA 3KCTpe-
af .
MyMa, T. e. —07:0, —U)TZO' Torza wopMmanb K HOBepXHOCTH B 3TOH

TOUKe COBNajaeT ¢ HalpaB/JeHHEM OCH 2 u, KdK MOKA3LIBAeT MPOCTOE Bbi-
uncenye, KoshduuuenTh BTOPOH KBagpaTHYHOH (POPMbI TOBepXHOCTH
B 3TGH TOUKe DaBHbi

" _ T 4
bll - fxx’ bl2_ 28 f,t'y’ bgz‘ fyy

U, C.J1¢30BaTeIbHO,

b,b

100 — Ul = g vy — oy (3.64)

Mbi BMaHM, YTO THUI paccMaTpHBaeMOM TOUKM ONpEeNe’sieTCd 3HAKOM Bbl-
paxenus (3.64). Ho, Kak u3BecTHO, 3HaKOM 3TOTO e BbipaweHus Ornpe-
HeqdeTcsl Haliyue M/ OTCYTCTBHe 3KCTpPeMyMa B jgaHHOH tTouke. Takum
o0pa3oM, Mbl MOJyYaeM CJACAYIOIHE CBA3{ MEXAY TUINOM TOUKHM M HA/u-
4ieM ILTH OTCYTCTBieM B 3TOfl TOUKe SKCTpeMyMa:

2
SMJAMNTUUESCKAA TOUKA— IKCTPeMyM eCTh (fvxf;',y—f"

>0),
2
runep6oaMYecKass TOUKA—IKCTPEMyMa HeT (f;’,xfyy j;),<0)

napaboanueckas TOUKa— HeONpejedeHnbll cayual’

(Fo Sy — Frg="0).

YnpaxHenne. Kakop Tun Todek, Jewamux Ha: 1) saauncoupge,
2) ABYnoaocTHoM runep6oaouie, 3) OAHONOJNOCTHOM TUnep6OJaOUIE,
4) saauntaveckoM napadoxoune, D) runepSOTHUECKOM UUAUHIpE.

8. Ilepsas n BTOpas KBajgpaTuyHbie GOpPMbI KaK MOJHAR cHcTeMa
HHBAPHAHTOB NOBepXHOcTH., Mbl BBeau Js NOBEPXHOCTEH nepaylo
KBajgpaTuudylo ¢GopMy u noxasaqad, y4ro 3Ta Qopma OnpejeaseT HA no-
BEPXHOCTH [JAWHBI, Yr.Ibl W niowagd. Jazee, Mpl mOKasa/ju, 4yTO BTOpad
KBajgpatuyHasd ¢opMa onpejgeqseT HOPMAJbHble KDUBH3HH MOBEPXHOCTH,
T. €. BHJ HOBEDXHOCTH B OKXPECTHOCTH Kaxjao#k Ttoukn. EcTecTBeHno
NOCTaBUTh CJAeAylowui BONpOC: B KaKOH Mepe MOBEpPXHOCThL OnNperedserTcs
CBOMMII ABYMsl KBagpaTuuHbiMu (opmamu. OrBET HA HerO AaeT CJaRMylO-
mwasi Teopema.

Teopema 3.2. Ecau Ha nosepxuocmﬂx X u X moonHo ssecmu
KoopouHame 4 4 U U, COOMBLINCMBEHHO, U° u U* mak, wnobu 8 mex
moukax, 8 womopwmx U =u", v=12u°, cosnada.en Ouv 1 coomsent-

10 B. M. Byaax, C. B, ®owmuu
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cmeyouue Ksaopamuinvie POpMu, M. €. wmode 8 SMUX MOUKAX
BUINOAHANLUCL POABEHCMEBA

g1 =8 8Bn=2E8n Ln=~E&p

bn:b;l' b12:b?2’ b22=b;2’

mo makue 08¢ NOBEPXHOCMU KOHZDYIHMHb, M. €. MO2ZYym Omau-
wamvcn Opyez om Opyza mMOAbKG NOACHCERUEeM 8 NPOCHLDAHCMEE.

Takum 06pasoM, mepBas u BTOpas KBajpartuutble QOPMBI HLPAIOT A%
NMOBepXHOCTeR Ty XKe pOJb, YTO ¥ HATYpaJAbHBIE ypaBHEHHUS AJA KPUBOH:
OHi 00OPA3YIOT NOARYIO CUCMEMY UN8APUAKMOS, ONpeAeAfIOUYI0 I0-
BEPXHOCTb C TOYHOCTBIO A0 €€ MOJOKeHus B NPOCTPAHCTBE.

Mbl He GyneM NMpOBOAMTL 31ECh A0KA3aTeAbCTBO CHOPMYIuPOBAHHOMN
TeopeMbl. Ero MOXHO naliTe mouTu BO BcexX yueOHuKax nuddepeHuHanb-
HOH reoMeTpuu ™).

§ 6. IlousTHe 0 BHyTpenHell reoMeTpuH NOBEPXHOCTH

1. HanowHuMocTbh noBepXHocTel. Heo6XoanuMoe H [OCTAaTOYHOE yCAOBUe
HaJOXHMOCTH. Bpume MBl paccMaTpuBajy NOBEpXHOCTH Kak TBeplble Teda,
CYHTast, YTO OHH MOIyT HepeMelllaTbCs B HPOCTPAHCTBE, HO He MeHAIT CBOIO
dopmy. B HexkoTOpHIX cayuasix ecTecTBeHHee, OJHAKO, Jpyras TO4YKa SpEHHs,
COCTOSIIAsl B TOM, 4YTO HOBEPXHOCTH pPacCMaTPHBAIOTCS KAK HepPacTsKUMBLE,
HO a6comoTHO rubkue micHku. [Ipu 3TOM usyuawTcst Te CBOHCTBA MOBEPXHOCTH,
KOTOpBle He MeHsoTcs Npu ee u3rubanuw, T. e. npu nedhopMaunuax, He CBASAHHBIX
¢ pacTaXeHHEM.

Eclii 0jHa HOBEPXHOCTb MOXKeT GBITb COBMellleHa ¢ JApYroit mpu noMmouy
u3rubaHus, TO 3TH HOBEPXHOCTH HA3WBAITCH HALONCUMLIMU JIPYT Ha Apyra.
Wuaue rosops, ABe NOBepPXHOCTH HA3BIBAIOTCA HAJNOWMHMBIMH JPYT HA JNpyra, ecau
MEXLY HMX TOYKAMH MOXHO YCTAHOBHTH B3aUMHO OJHO3HAYHOE COOTBETCTBHE TaK,
4yro0bl JMUHUH, MepeXOAflHe APYT B JAPYyra mpH 5TOM COOTBETCTBHH, HMENH OAHY
# Ty *Ke IJHKEY.

EcTecTBEHHO BO3BHHKAaeT BONPOC! KAKOBH YCJAOBHs, Heo6XoauMbie # JAOCTa-
TOYHBEIE JJsi TOTO, UTOGHL JBe HOBEpPXHOCTH OLIAM HAMOWHUMBEL JAPYT Ha Apyra.
OTBeT Ha Hero JaeT CJeAyllag TeopeMa.

Teopema 3.3. Jass moz0 4moOu. Gge nogepxnocmu X u X* Gblau Ha 0=
HC UM Opye Ha Opyea, HEOOX00uMO u 00CmMamO4HO, YMOo6bl 3mu nosepx-
HOCMU O0nyCKaAL MAKYIO NAPAMEMPUIAHUIO U, U, NPU KOMOPOi 8 moixax
MEE u M*CZ*, umeoujux 0dunaxosvie KOOpOuHamsl u, v, COOMeEEMCmeyio-
wue KoIPPulyuenmsl ux nepsslx K6a0pamuinslx HOpm Obiauw Obl pasHbl.

HokasarteabcTBo. [JOCTATOYHOCTb 3TOrO YCJIOBUA OYEBHIHA. €CIH Ta-
Kas TapaMeTpusanus BO3MOXKHA, TO, HOCTaBUB B COOTBETCTBHe IPYT MAPYry Te
TOYKH NOBepxHocTed T u Z*, KOTOpPHle HMEIT OAMHAKOBBIE KOOPIHHATH U, ¥,
MBL MOJYYHM B COOTBETCTBYIOIIUMX TOYKAX OAUHAKOBHE KO3(DGDHUUMEHTH HEPBEIX
KBaAPATHUHBIX dopm

&11= 811 812= &1 80 =8

Ho TOrna, mapaMeTpnsoBas JBe COOTBeTCTBYwInue APyl ApPYry JUHAM HAa 3THX
HOBepXHOCTAX ¢ NOMOIIbI OJHOTO M TOro Ke mapaMetpa £ (T. e. Tak, UTOGH

*) CM., HampuMmep, A. II. Hopnewn, JHuddepennuaiboHas TreoOMeTpusd,
Vunenrus, 1948, crp. 188.



