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Ecau sta KpuBas AB 3amaHa mapaMeTPUUYECKUMH YpaBHEHHSIMH

x=0@), y=v&, z=y() (<Lt

TO KPHBOJIHMHEHHLIH MHTErpaj nepBoro pona, B3sTHi BXOAL ITOH KpUBOH,
CBOOMTCA K ONPENe/eHHOMY HHTerpaay no ¢opmyne

4
[rama=[r@®. v®. 1OV e" O+ O+1" O at.
AB to

Ycnosua CylleCTBOBAHHSL ¥ OCHOBHbIe CBOHCTBA NPOCTPAHCTBEHHBIX
KPUBOJMHEHHBIX MHTErpajoB BHOJHE 4HAJOTMYHBl TeM, KOTOpble Oblan
copMy MPOBAHB! BbIIe AJA MAOCKOro cayuad. KpuBoauHeHHBle wuuTe-
rpaasl NepBOro poia B NMPOCTPAHCTBE eCTeCTBEHHO BO3HMKAIOT NpPH pac-
CMOTpEHHH TaKHMX B3afa4, KdK BBIYMC/EHHE MAaCChl mPOCTPaHCTBEHHOH KpH-
BOM NMO 332maHHOM NJIOTHOCTH, HAXOXOeHHe KOOPAMHAT LEHTPad MacC Ma-
TEpHAaIbHOK MNPOCTPAHCTBEHHOH KPHBOH, ee MOMEHTOB MHEpUMH M T. 1.
CoorsercTBylonine GOpPMy bl YNUTATENb JETKO MOXKET MOJYYHTh C NOMOILBIO
paccymaenud, aHaJOTHYHbIX NPOBEKEHHBIM Bbille AJS MJOCKOTO Cayuas.

§ 2. KpuBoauHeliHbie MHTErpaasl BTOPOFO poAa

1. Nlocranoska 3agauu., PaGota cuJaosoro moJas. BeeaeMm Tenepnb
KpUBOAMHeRHBIE HMHTErpasibl APYroro THMa — TaK HasbiBaeMble KPHUBOJH-
HeHHble MHTErpajbl BTOPOro poaa.

Jdas Toro uTto6bl NMONLOHTH K STOMY MOHATHIO, HauHeM C KOHKPeTHOH
¢du3nueckolt 3anaun. PaccMOTPUM MIOCKOe CHJIOBOE NOJE, T. €. HEKOTOpYIo
MIOCKYI0 00aacTh, B Kaxaoh rtouxe A koropo#t samaua cuaa F(M).
Koumnouentst F(M) no ociM x nm y o6osHauum P (M) n Q(M).

Onpeseaum paBoTy STOr0 CHAOBOIC IO/l NPH NEPeMelleHHH TOUKH
BIOJ/b HEKOTOpPOH kpusol AB.

Ecau cuna F nocrossHa (¥ IO BeaMuHHe U IO HanpaBJexuo), a nyts AB
NPAMOJHMHEEH, TO COOTBETCTBYIOUIas PaGoTa pPaBHa MPOM3BEACHHIO BE/H-
YMHEL 3TOH CHabl HA NJAMHY TNYTH M HA KOCHHYC yIJaa MEXAY CHAOR M
nepeMelleHyeM, T. e, paboTa paBHa CKAJAPHOMY IPOU3BEAEHHIO

(F, 4B).

HailtneM tenepb BblpaxeHHe Aas paboTel B obuieM cayuae, T. e. KOria
cuaa F nepeMenHa, a nmyTbh xpusoauneen. Ilycte AB — raaaxas xpubas,
Jexaulas B ToR oBgacTi, rae 3apaHo cuaoBoe noje. Paso6beM kpusyio AB
Ha 4acTH¥ TOuYKaMH

A=M, My, ..., M,=B

¥ PaCCMOTPHM JIOMaHy10, BEDHIMHAMM KOTOpO# cayxar Touku M; (puc. 4.3).
Cunras, 4To BHOMbL Kawmoro ssena M;_;M; nomauoht cuna F coxpauser
NOCTOSIHHOE 3HaYeHHe, CcKaxeM, pashnoe F(M;), BuuMCIuM pabory,
OTBEYAIOILYI0 NepeMelleHuio BaOab 9ToH Jaomano#. Ecam (x; y;)—
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KOOpAMHATH TOukM M; #
Axj=x;— X120, Ay, =y;— ¥, 1
To pabora, OTBedaiollas MepeMeilesuio BIoab orpesxa M;_;, M;, pabua
(F (M), M, \M)=P(M)Dx;~+Q (M) by,

4a paéoTa, OTBeYaias nepememeﬂmo BAOJAL BCeH JlOMaHOR. paBHa
n
Zl (P (M) Ax; +Q (M) Ay)). (4.16)

3Ty cyMMy MOXHO NpHHATL 33 npubaveHHoe 3nauedue paborsi, coBep-
uaeMolt cuioBeiM noseM F (M) Booas xpusoli AB. Jlast noayueHus TO4Y-
HOTO BHIPAXKEHUS 3TOH PaGOThI HYKHO B
cymme (4.16) nmepeltty K npelleay, ycrpe- 4
MHMB MakcuMmyM AauH ayr M, M, x ny- o
a0, PaccMoTpuM 3TOT npellenbHbIft nmepe- 2
xon B obuieM Buge. g

2, OnpepeneHne KPUBOAHHEHHOTO
HHTerpaaa sToporo poaa. Ilycrs A8 —
raankas xpusas u F (M) = (P (M), Q (M))
— BexTop-QyHKIMA, ONpekencHHas Ha
kpusott AB. PaszobGbeM 9Ty KpuByi0 Ha /7 z
YACTH TOUYKAMHU

A=M0, Ml’ ey MH=B’

KOOPAHHATH KOTOPbIX 0603HAWMM COOTBETCTBEHHO (Xg, Vo). (X1, Yo) - ..
+eos (X, V). Paccmorpum cymmy

n

T= 2 [P(M)Ax,+Q(M,)Ay,]. (4.17)

i=1

4

a=m,

Puc. 4.3.

rae Ax;=ux,—x;_y, Ay,=y,—y,_,. Ecau npu crpemacuuu makcu-
MyMma nauH ayr M;_ M; K Hymo 5TH CyMMBl CTPEMATCR K HEKOTOpOMY
KOHEYHOMY INpefenay, TO 3TOT fipefen HAsbIBAGTCHA K PUBOAUHEINBM uLme-
2pasom 8mopozo poda om sexmo p-gyuxuuy F= (P, Q) u 0603ua-
yaercs ¥) CHMBOJOM

f P(Mydx - Q(M)dy. (4.18)
AB

*) Buecto P(M) u Q (M) wmbt Gynem unorna macate P(x, y) u Q (x. y),
TIOHUMAA NON X H y NEKaPTOBEL KOOPIMHATH NepeMeHHoll touku M; B Tex ciy-
«adx, KOrla 3TO He MOKET BbI3BaTh HENOPasyMeHHU, Mu GyieM dyuxuun P (A1)
4 Q (M) o6osuavarb npocto P v Q, a kpuBoauHeHubiit uHTerpan (4.18) nucarn

B BHIE dex—{—Qdy.
AB
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Dror uurerpai npeacTasadeT co0OH, OUEBMANO, CYMMY JA3YX HHTErpadoB

fP(M)dx " fQ(M)dy,
AB AB

orsedaoux Bektopam (P, 0) u (0, Q), Ha koTopule pasnaraercs Bex-
Top (P, Q).

Sameuanue. [loHITHE KDUBONHHEHHOTO HMHTerpaja BTOPOro poja
He CjefyeT CMeIMBaTh C TEM «MNOKOMMNOHEHTHLIM® HHTErPHPOBaHHEM
BEKTOpHOH BeJIMUHHBl MO CKAJASPHOMY apryMeHTY, ¢ KOTODHIM MLl BCTpe-
Yagauch Buime (cM. n. O § 1 ra. 3 m koden n. & § 1 3710# raase),
HATIPUMEp TPH BLIYKCICHUH CHIBl TPHTSKEHHS MaTeplaJbHOK TOUKH MaTe-
pHaibLHOK KPUBOH.

3. Cpsa3p Mewny KPHBOJNUHEHHLIMM HMHTErpajlaM# nepBoro ¥ BTO-
poro posa. KpupoauxefiHH#t wuHTerpasJ BTOPOro poOja JerKO CBOIHTCH
K HMHTerpany nepBoro pola, paccmorpennomy B § 1. JleHcTBuTeabHO,
cripaBefjuBa cJelylollas Teopema.

Teopema 4.2, [Tycms AB —z2aadkan xkpusas, 3a0anHas ypas-
HeHusMu

x=x(), y=yO, (4.19)

u F=(P, Q) —sexmopras Pysxuus, 0Onpedesennas u 02PaAHULeH-

nan®) na amoil kpugod. Toz0a umeem Mmecmo pasexcHiso

dex+Qdy= f(Pcosa-{—Q sina) d!, (4.20)
AB AB

20e o =a (M) — yeoa mexncdy xacameavnoll ¥ kxpusoi AB 8 mouxe M

U noaoJcumeabHbiM Ranpassenuem ocu x. IHlpuw smom cmoswjui

CAe8Q UHMEPAA CYUECMBYEM, ecAu cYuecmsyem KpusoAUHeHHbLE

unmezpaa nepgozo poda, cmosuuli 8 pasencmse (4.20) cnpasa.
JdorxasareanscrBo. JOkaxeMm paBeHCTBO

dex: chosadl.
AB AB

PaBencrso

dex: stinadl

AB AB

AOKAa3bIBaeTCH TaK Ke. I/IHTel‘pﬁJI

A{de

*) Bektop-Qyukuusa (P, Q) nastpaeTcs ozpanuwennol, ecas P u @ — orpa-
HiYEeHHBE QyHKIU.
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npexcrasafeT co0o# NO onpede/eHul0 mpefes CydM BHAA
n
T=2 P(M)Ax;.
i=1
CpaBHUM 3TV CYMMy C WMHTerpaibHOH cyMMmolt
n
TH = P (M) cosa (M) AL,
i=1
orsevaionie#t (mPU TOM Ke CamoM pa3buenmu kpusod ADB) wuTerpany
chos adl.

AB

Ecmu x =x (), to 8 xamnoit rouxe M xpusost AB
dx

—T=cosa(M) 4.2

H, CJACAOBATE/LHO,

L

Ax, = f cosadl.

Ly
Bocrnion3oBaBiuncs TeopeMOlt O cpefHeM, HOJLyuaeM
*
Ax; = cos'(M;) AL,

* .
rae M; — nexoropast Touxka xyru M,;_M;. CiuenoarennHo,

<

IT —T* = |3 P(M) [cos a.(M,) — cos a.(M)] AL
i=1
< 2P (M| - |eosa (M) —cosa(M3)] AL,
1=1 -

Bnoab raanxo#t kpuso#t ¢ynkumst cos ¢ (M) HempepeiBHa, a 3Hauut (HO-
CKO/BKY 9Ta KPUBas NPENCT4BisieT COGOM 3aMKHYTOe OrpaHuuesHfoe MHO-
KECTBO), M PaBHOMePHO HenpepwiBua. CreioBaTeNBHO, KaKOBO Gl Hu GBIIO
€ > 0, mast KaKAOro HOCTATOYHO MeJKOro pasfuenus kpusoft AB umeer
MeCcTO HEepaBeHCTBO

'Icosa(Mi)—cosa(M:-)l < &.
Torna '

n
|T —T*| < Ce X Al = CeL,
i=1I

rie C=sup|P|, a L — gavna xpusokt AB. Otciona cieayer, 410 eciu

11 B. M. Bymaxr, C. B. Qomun
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MHTerpajibHble CyMMul 7™ uMeloT npenest, TO CyMMN T CTpeMATCA K 9TOMY XKe
npeneay. TeM caMuM TeopeMa ROKasaHa.

3amMeuanune. Bupaxenue Pcosa—+Qsina npelcraBaseT co6of
ckanaphoe npoussenenue (F, ) sekropa F = (P, Q) Ha eaunuuHbi Bek-
Top T =(cosa, sina), kacaTeJbHH#l k Kkpusoit AB, T. e. NpoexuHio
Bexktopa F=(P, Q) na kacareqbnyio k AB. OG6osnaums 5Ty NpoeKuHio
cCHMBOJIOM Fr ¥ BOCNO/L30BaBuMch pabeHCTBOM (4.20), M MOXeM 3a-
MHCaTL KPUBOJMHeHHbIH uhTerpan (4.18) B Bune

f Fedl. (4.22)
AB

Oro#t kpaTkoft 3amucblo MBI OyLeM 4HacTO MO/Ab3OBATLCA HUMeE, OCOGEHHO
B ra. 6. Muorna takxe, ocobenHo B ¢uauueckoft JmTepaType, STOT HH-
Terpaj NMUIIYT B BUIe

[ @&, an, (4.23)
AB

nonuMan mok dl OeckOHeuHO Ma/iblft BeKTOP C KOMIOHEHTaMH
dx=dlcosa u dy=dlsina.

4, BuluxcieHre KPHBOJAMHEHAHOTO HuTerpafa BTOpPOro poga. W3
conocrasienus Teopem 4.1 u 4.2 cpasy BHTekaeT cienyloulas

Teopema 4.3. IIycmpv AB—24adxan xpusas, 3a0aHHaAR
YPasHeRUAMU

x=0#). y=10, (4.24)

u nyctb F=(P, Q) — sexmop-pyHruus, 3a0AHHAR HA SMOF Kpu-
soid. Tozoda

5}
[Pax+Qay=[(P@® 1) ¢ O+Q®. $EIV B,
AB to
(4.25

U UHMe2ZPAA CAE8A CYUjeCmEYem, ecAd cywecmayem Onpedénennoili
unmezpas, CMOAWUE cnpasa; npu smon ty— 3nadenue napamem-
pe t, omsenanouee moyre A, a:t, —3navenue, omsesanouee mourxe B.

Teopembl 4.1 — 4.3 oueBunHbIM 006Pa3soOM OCTAIOTCA CHpPaBefJUBHI,
ecay kpusas AB wWe rnagkas, a JAMIIb KYCOYHO-TJagKad.

PaccmoTpum Baxkue#luve uacteie ciayuau dopmynn (4.25).

Ecnv kpusat AB 3aiaHa ABHLIM yPaBHeHHeM

y="y(x), C(4.26)
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roe x npoberaer orpesok [a@, b], To Popmyna (4.25), cBogswas Kpuso-
JAMHeRHBIK MHTErpaj BTOPOro Poaa K OMpene/IeHHOMY, NPHHUMAeT BUA

4
[Pax+Qdy=[[P(x, y(9))+Q(x. y(0))y (W)]dx  (4.27)
AB a

(roe x == a OTBeuaeT Haua/MbHOH TOuKe A KPHUBOH, 4 X =05 — ee KOHey-
no#t Touke B). Ecau, B uacTHocTH, KpHBas AB — otpe3sok TOPH3OHTA/b-
HOH TNpAMOR Y=y, To BROJb Hero Y =0 ¥ HHrerpax

fpdx+Qdy
AB

BIOJIb TAKOTO OTPE3Ka CBOMMTCHA IPOCTO K MHTErpany

b .

fP(x, Vo dx.

AHaNOrMUHO IJI KPUBOH, 3a1aHHOH ypaBHeHHEM
x =% () (4.28)

rie y npoberaer HeKorophi#t orpe3ok [c, d], MMeeM
d
[ Pdx+Qdy= [P (). ) +Q(x (). MIdy. (4.29)
AB c

B uactHocTH, ecim AB — OTpe3oK BepTHKa/lbHOR NpPsMOR X = Xy TO
x'==0 un unterpan (4.29) csomutcs K

[Qxo v ay. ‘ (4.30)
AB
Mpumeps. 1. Buuncauts uurerpan
fx?dx+xydy (4.31)
AB

a) BLOJb NPAMOJMHeHHOrO oTpesKa, uayuero us touku (1, 0) B Touky
(0' l)’

6) BRONL YeTBEPTH OKDPYMHOCTH X =cos?, y—sint (O Lt %) ,

coelnnaiolelt Te XKe touxH (puc. 4.4).

1*
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Pemenwue.
0
a) fx?dx+xydy=/(xg—x(l—x))dxz
AB 1 ‘

0
:/(2x2——x)dx=— .
1

E‘?
x
6) fxzdx—{—xy dy:f(‘cos?tsint+cos2fsint) dt =0.
AB 0
2. BuuMcants wmuterpan
f3x2y dx —+ (x84 1)dy (4.32)
AB

a) BAOJML TpAMOJMHEHHOro oTpesKka, Haywero wu3 Ttoukn (0, 0)
8 touky (1, 1),
6) B1oJL ayrd napaboJibt y=x2, coeanmusmomed re He TOUKH,

J ¥
g1 (11
7 0] = 7 7R
Puc. 44. Puc. 4.5.
B) Baoab JoManoH, mpoxoasuwe# yepes Touxm (0, 0), (1, 0), (1, 1)
€puc. 4.5).
PemeHnue.
1
a) foQy dx 4 (x3 -4 1)dy=f(4x3+ Ddx =2;
AB 0

1
6) fsxzydx+(x3+1)dy=f(5x4+ 9x) dx = 92;
AB 0

B) fodex—{—(xf‘—{— Ddy =

4B
{14 0} (1, 1) 1

= f 3x2y dx —+ f (x3—f—1)dy=f2dy—_—2.
0

©,0 (1,0
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3aMeuanue, Yuratenas, BUIMMO, OOpaTHUd BHMMAHHE HAa TO, UYTO
BO BTOPOM lpuMepe MH, B3B TPH Pas/MuUHBIX NYTH (COCHMHAIOWMX OLHH
M Te e TOUKH), NOJYuUMIH TPH OJMHAKOBHIX pesylnrara. JT10 00CTOA-
TeNbCTBO HE C/IyualtHo. TlpuumHy ero MBl pasbsichuM B § 4.

5. 3aBHCHMOCTh KPpHBOJUHEHHMOTO HHTerpaJa BTOPOro poja ofF
OpHeHTAaluu Kpupoil. M3 onpeneneHns KpHUBOJMHEHHOTO MHTErpasa

fpdx+Qdy (4.33)
AB

HEMOCPeJCTBEHHO CJEAyeT, YTO B HEM MOCTOSHHBLIA MHOXHTEJb MOXHO
BHHOCHTb 32 3HAK MHTErpalda, 4ro HMHTErpajd oT CyMMb ABYX BEKTOPHBIX
GYHKUMA paBeH CyMMe HHTErpafoB OF CjaraeMblx M T. . IloluepkHeM
cielyoulee BaxxHoe CBOHCTBO mHTerpana (4.33): KpUBOMHeHHEH HuTerpan
BTOPOro pola B OT/AMuHe OT MHTErPaja NEpBOTO pPOLa, -ONPELeNeHHOTr o
B § 1, 3aBucur or opHueHrauuu kpusot AB, mo KoTopo# 3ToT HHTerpan
OGepercs, a HMEHHO, TNpPHM H3MEHeHHWH OpHEHTaUMM 3TOH KPUBOH HHTEr-
pan (4.33) mensier 3Hak:

dex—f—Qdy:— fpdx+Qdy. (4.34)
BA BA

JleticruTe bHO, M3MEHHB Hanpas/exue obxogna Kpusoit AB, Mbl 3aMeHHM
TeM caMbiM Ax; u Ay, B cymme (4.17) Ha — Ax; u — Ay, coorser-
crBeHHo. [Ipu 3TOM M3MEHAT 38HaK MHrerpabHble cyMMu (4.17), a cie-
IOBaTe/qbHO, U HX Ipeles.

310 cBOHCTBO KPUBOJIMHEHHOT O MHTErPaja BTOPOTO POLd BNOJHE COOT-
BeTCcTBYyeT (U3HYecKo# HHTepNperalMM TAaKOro HHTerpana, kax pabora
CH/IOBOTO MOJ BIOJb HEKOTOPOro MNyTH: NPH MSMEHEHMH HANpaBJCHHA
IBWXEHWs] Mo KpuBok pabora CHJAOBOTO NOJA BLOJAbL 3TOR KpuBOH MenseT
3HAK Ha TPOTHUBOMOIONKHLIA.

6. Kpusoauneiinbie HHTerpaJdnl BAOJAbL CaMollepecexaromuxcs H
3amkHyThix mnyTell. C TOYKM 3peHHs BO3MOXHBIX NPHIONKeHHH TeOpuu
KPHUBOJMHEHHBIX MHTErpajoB LenecoodpasHo He HCKJIOYaTh U3 PaecMo-
TPEHHs] MyTH MHTETPHPOBAHHS, KOTOPHE HWMeloT caMomnepceuenus. Vnaue
ropops, ecju KpuBas 3alaHa YpaBHeHUIMH

x=x()., y=y(@# (a£tLh),

TO MB He HCKJIOYaeM TOro, 4Yro CYILECTBYIOT B4 Pas/MuHBIX 3HAuCHHA £,
u t, napaMerpa £, I KOTOPBIX

x@E)=x@{) u y{)=y(t).
[lpy 3ToM, onHaKo, Korfa peub. mier 06 HHTerpajsax BTOPOTO poja,
HYXCHO YUYMTHIBATH, YTO 3aJaTb NYTh MHTEr PUPOBAHMA ITO 3HAYHT HE NPOCTO

3ajaThb MHOXeCTBO TOUYEK, HO H ONpele/ieHHoe HampasieHue odxona. Hus
KPUBHX C CcaMonepeceueHMsMH Hampab/icHHe o0Xola He ONpelelsercs
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3a74HHEM HayajdbHOH M KOHEYHOH TOYEK. Hanpnmep, KpHBBHIE, n306pa){(e}{-
uble Ha puc. 4.6, @ M 6, HYXHO PacCMaTPHBAaTL KaK 1B Pa3/MuHble KPH-
pbie. CkasaHHoe OTHOCHTCS He TOJNBKO K nJOCKHM, HO W K NIPOCTPaH-
CTBEHHBIM KPHBLIM.
Yacto NPUXOIMTCA PacCMaTpHBaTh KPHBO/MHERHbIC MHTETPA/H, B3ATHE
no TOMY HJIXH HHOMY 3aMKHYTOMY KOHTYpY. inl 35TOM NOMJ 3aMKHYTHIM
KOHTYPOM (Ha nJNOCKOCTH) MHl NOHMMaeM
TaKyl0 KPHBYIO

Q =x#) y=y() (@<t<0),
/ 410

) < x@=x® n y@=y®):
4 \ He nck/mougerca, uro 3TOT KOHTYP HUMeeT
ele M TOYKHM caMomlepeceyeHud, T. e.
a) g) yTo, KpoMe f =@ u f=~, eCTb U Ipy-
Puc. 46. THe pas/iMuYhbie Mexniy coBoit 3sHaueHHs
napaMerpa, KOTOpPHIM OTBEYaloT OLHHA-

KOBble 3HAYeHus X U Y.

Ecnn 3aMKHYTHIHI KOHTYP He MMeeT TOYeK caMonepeceueHus, TO N
HEro MOXHO YKasaTb jABa U TOJBKO jaBa HanpaBJ[erm 06x0ﬂa (OPHGHTa-
LMH): NMPOTHB 4dCOBOH CTPEJKM (NMOJIONKHTELHAY OPHEHTALMS) U IO 4aco-

BO#t crpenke (OTPHuATe/bHAT opHeHTauMd). Ecny paccMmaTpusaercs UHTe-
rpan Broporo pona ’

dex+Qdy
C

BIOJMb TAKOTO KOHTYPa, TO €ro SHAUCHHs, orBeyalOouMe JBYM pas/HuHbIM
opuenTauuaM Kourypa C, pasHbl MeXIy coGo# no abCoMOTHOR Benn-
YHHe ¥ NPOTHBOMOJMOXKHH MO 3HAKY. Mbl GygeM, Kak mpaBuiio, paccMar-
puBas 3aMKHYTHI# KOHTYD, CUMTATb €r0 OPHeHTUPOBAHHEIM MOJOXHTEIBLHO,
4 KPUBOJHMHEHHBIH HHTErpaj BTOPOTO POJA MO OTPHUIATE]LHO OPHEHTHPO-
BAHHOMY KOHTYDY 3aMEHATb WHTErpajoM, B3arblM B MOJOKUTEILHOM
HATIPaBJCHUHK, HO CO 3HAKOM MHHYC NEPEeA MHTerpajioM.

Kpusonunednpit MHTErpan no 3aMKHYTomy Koutypy C uacto ©060-
3HaualoT CHMBOJIOM

CéSde—f—Qdy.

7. KpuBoauueiiupieé HHTErpajsl BTOpOro poga BAOJAbL HPOCTPAH-
CTBEHHBIX KPHUBHIX. BHile Mbl paccMaTpupanu KpuBOIMHeHHble HHTe-
rpansl OT BEKTOPHHX QYHKUME BLOJb IUIOCKMX KPHBHIX. Bce CKasaHHoe
0 HUX GoJiee MM MeHee aBTOMATHYECKH IlePeHOCHMTCH HA NPOCTPaHCTBeH-
Hp#  cayuait.  Ilycte AB-—raagkas  nppocTpancTBeHHas KpuBas M-
F=(P, Q. R)— uenpepniBHas BeKTOP-byukuus, s3alaHHas BLOMb SToM
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Kpupolt. Pasbus AB Ha uacTy TouKaMH
A=My My, .... M,=B
¢ KoopamHaraMM (X, ¥, 2;), i==1, 2, ..., n, paccMOTpuM cymmy

231 {P(M)Ax; 4+ Q(M)Ay, 4 R(Mp Az},
rne ‘
Axi =Xp— XL A)’l =¥ —Yi-p Azl =221

Ipenen 9THX CYMM Mbl HAa30BeM KpPUBOAUHEHHBM UHME2ZPAAOM
smopozo poda om sexmo p-Pynxyuy F=(P, Q, R) 8doas npo-
cmpancmeentol kpugold AB n o6o3HauuM

fP(M)dx—i—Q(M)dy—FR(M)dz, (4.35)
AB .

#In *)
fP(x. ¥, Ddx+Q(x. y, 2)dy +R(x, y, z)dz.

C noMmoupio paccyXieHu#, LoCI0BHo NOBTOPAIOWMHMX Te, KOTOple Guliu
npoBeleHH 1/ IJIOCKOro Clyvas, ycTanas/usaeTca QopMyna, Coisulas
unrerpal (4.39) K KPUBOJMHEHHOMY MHTerpaly nepBoro pona

dex+Qdy+Rdz=f[Pcosa+Qcos(3+Rcosy]dl
AB AB

(3mecs @, B, Y— yrabl Mexny KacaTelsHol Kk AB ¥ ocaM# KoopiuHar
X, y u 2).
Ecan raankas kpusas AB 3alaHa ypaBHeHMAMH
x=0{) y=9{, z=y@
npuueM Touke A oTseuaeT ! ={,, a Touke B ormeuaeT f=1{;, To HMeeT
MecTo paBeHCTBO

dex+Qdy+Rdz—f[P(cp(t> ORI AORS
¥ Q@® VO 1OV O-+R@O. 0O, 1)1 Olat, (-.36)

cBojdllee KPUBOJHHERHBI HHTerpas BTOPOro poxa K ONpele/eHHOMY
uHTerpany.

Tak kak Boipaxenwe Pcosa-4-Qcosp-4Rcosy—s10 npoekuus
sexktopa F=(P, @, R) na Hnanpas/ieHne Kacateabhoh K AB, To,

¥) Yacro A/ KParkoCtTd Ml GyAeM NHCATb -er0 NpocTO B BuAe

dex+Qdy+Rdz.
o
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"0003Ha4MB ITY NPOEKUHI0 o, Mbl MOXEM, KaK M B IJIOCKOM CJyuae, 3ali-
caTh KpuboJuHeHHH# wmurerpan (4.35) B Bune

f Fedl.
AB

Bce cBo#cTBa NIOCKHMX KPHBOJMHEHHBIX HMHTEIPajoB, M3/I0XKEHHBIE Bhile,
ABTOMATHYECKH TNEPEHOCATCA HA NMPOCTPAHCTBEHHBIA ciayuall. B wacrHocry,
KpuBo/uHeHHEIH HHrTerpan (4.35) MeHser 3HaK NPU MBMECHEHWH OPUCHTA-
UMM KpuBoH, T. e.

dex—i—Qdy—i—R dz=— dex—f—Qdy—J;—Rdz.
AB BA

B coorsercrBuu € 3THM B ONpelle/ieHHOM HHTerpane, crosdileM B ¢op-
Myne (4.36) cnpasa. nuXHMK npeaeNl fy— 3TO 3HAuUEHHE NapaMerpa,
oTBeyaloilee HauaMbHOH Touke A kpusoht AB, a epxuutt apenea £, —3ua-
yeHue napaMerpa, orbedalomee Koneuno# touxe B. (HesaBucumo ot roro,
KaKoe M3 uuced fj ¢, Ooabuie, a KaKoe MeHblie.)

§ 3. ®opmyna I'puna

B srom maparpade Mbl BhiBeleM TaK Ha3biBaeMylo dopmyay [puua ¥),
CBA3BLIBAIOLLY IO KPHBOJWUHEHHBIK WMHTErpan

Cé;de—Q—Qdy,

B3ATHI MO rpaHulle HeKoTOpo# obaactu, ¢ IBOHHBIM HHTErPajoOM Mo Ca-
Mol aToft o6nacru. Dta QopMmy.na IMPOKO NPUMEHAETCS KaK B CAMOM

aHaause, TaK W B ero npuiomenusx. Heko-
1z TOPHIE U3 3TUX NPUMEHeHHH OYIYT PaccMoT-
peHBl HHXe. -

1. BuiBoa ¢opmyart I'puna. Paccmor-
puM chavana obaacts G, HMEIOLLYI0 MPOCTOH
BUA: CHM3Y W CBEPXY OHa OTPaHWYCHA KYy-
COYHO-TaAKHMHU KPHBBIMU

y=yp(x), y=y(x), (437

a clleBa M CIpaBa — BepTHKAJbHEIMH OTPe3-
KaMmu

Puc. 4.7.

X=qaq, X== (4.38)

(puc. 4.7). Tpannuy ABCDA oGnacru Mbi OyieM CuMTath OPUEHTHPO-
BaHHOK MO NOXHMTENbHO, T. € OyleM CuUuTaTb NPUHATHIM Ha Hel To
HanpaB/ieHue o0X0la, NPH KOrTopoM caMa oGsacts (G OCraeTcs BCe BpeMsa

*y Awopax Tpuwu (1793—1841) — aursuitckuit  MaTeMaTHK, aBTOp paia
HCCACAOBAaHMH N0 MaTeMaTHYecKOH ¢usuke.



