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"0003Ha4MB ITY NPOEKUHI0 o, Mbl MOXEM, KaK M B IJIOCKOM CJyuae, 3ali-
caTh KpuboJuHeHHH# wmurerpan (4.35) B Bune

f Fedl.
AB

Bce cBo#cTBa NIOCKHMX KPHBOJMHEHHBIX HMHTEIPajoB, M3/I0XKEHHBIE Bhile,
ABTOMATHYECKH TNEPEHOCATCA HA NMPOCTPAHCTBEHHBIA ciayuall. B wacrHocry,
KpuBo/uHeHHEIH HHrTerpan (4.35) MeHser 3HaK NPU MBMECHEHWH OPUCHTA-
UMM KpuBoH, T. e.

dex—i—Qdy—i—R dz=— dex—f—Qdy—J;—Rdz.
AB BA

B coorsercrBuu € 3THM B ONpelle/ieHHOM HHTerpane, crosdileM B ¢op-
Myne (4.36) cnpasa. nuXHMK npeaeNl fy— 3TO 3HAuUEHHE NapaMerpa,
oTBeyaloilee HauaMbHOH Touke A kpusoht AB, a epxuutt apenea £, —3ua-
yeHue napaMerpa, orbedalomee Koneuno# touxe B. (HesaBucumo ot roro,
KaKoe M3 uuced fj ¢, Ooabuie, a KaKoe MeHblie.)

§ 3. ®opmyna I'puna

B srom maparpade Mbl BhiBeleM TaK Ha3biBaeMylo dopmyay [puua ¥),
CBA3BLIBAIOLLY IO KPHBOJWUHEHHBIK WMHTErpan

Cé;de—Q—Qdy,

B3ATHI MO rpaHulle HeKoTOpo# obaactu, ¢ IBOHHBIM HHTErPajoOM Mo Ca-
Mol aToft o6nacru. Dta QopMmy.na IMPOKO NPUMEHAETCS KaK B CAMOM

aHaause, TaK W B ero npuiomenusx. Heko-
1z TOPHIE U3 3TUX NPUMEHeHHH OYIYT PaccMoT-
peHBl HHXe. -

1. BuiBoa ¢opmyart I'puna. Paccmor-
puM chavana obaacts G, HMEIOLLYI0 MPOCTOH
BUA: CHM3Y W CBEPXY OHa OTPaHWYCHA KYy-
COYHO-TaAKHMHU KPHBBIMU

y=yp(x), y=y(x), (437

a clleBa M CIpaBa — BepTHKAJbHEIMH OTPe3-
KaMmu

Puc. 4.7.

X=qaq, X== (4.38)

(puc. 4.7). Tpannuy ABCDA oGnacru Mbi OyieM CuMTath OPUEHTHPO-
BaHHOK MO NOXHMTENbHO, T. € OyleM CuUuTaTb NPUHATHIM Ha Hel To
HanpaB/ieHue o0X0la, NPH KOrTopoM caMa oGsacts (G OCraeTcs BCe BpeMsa

*y Awopax Tpuwu (1793—1841) — aursuitckuit  MaTeMaTHK, aBTOp paia
HCCACAOBAaHMH N0 MaTeMaTHYecKOH ¢usuke.



§ 3] ®OPMYJIA TPHHA 169

caesa. Ilycrb ¢ynkuus P(x, y) onpefeneHa ¥ HenpephHBHa
BMeCTe CO CBOel Yactioh npoussopHoH 9y BO BCeh obaactu G, BKJIO-
4asg ee rpaHMIy. '

PaccMoTpuM IBoHHO# HHTErpan ff—%?—dx dy W nocrapaeMcsi npe-
G

008pasoBarb e€ro B KPUBOJHHERHHMR. Jlag 57oro cBeleM ero K NOBTOPHOMY
nHTerpaly M BHITOTHHM HHTerpHposahue no y. [loayumm

_(zf_’ . b )'2(X)i€- _
ffaydxdy_fdx f Ty =
G a Y {x)

[P(x, y2(%))—P(x. y;(x))]dx=

vn%v

b
:fP(x, Vo (X))dx —fP(x, v (x))dx. (4.39)

Kaxcpbift ¥3 9THX IBYX ONpPENENEeHHBIX MHTErpasioB MOXHO pacCcMarpuBath
KaKk KPHBOJIMHEHHBIR MHTErpa’d, B3ATHR IO COOTBETCTBYIOUWIEH Ayre (CM.
(4.27)), a umeHHO:

b

[P ydx= [P yyax=— [P(x, y)dx
a DC CcD

b
— [Plx. i) dx=— [P(x. y)dx.
a AB

Hodasus k npasoft uactu paseHcrBa (4.39) ewe JIBa KpuBOJAMHEHHBIX
HHTerpaja:

—fP(x, Mdx 1 — fP(x, vydx,
BC DA

KaXIb# M3 KOTOPHIX paBeH HYMO (KaKk #HTerpaft no dx BIOJb BepTH-
KaJabHOTO OTpPE3Ka), NOJAYYUM PaBEHCTBO

ff—-—dxdy~—fpdx— dex—dex-— dex,
AB BC cD DA

ff—dxdy—-— l Pdx. (4.40)
ABCDA

Mb noxasanm 370 paBeHCTBO N 00/MACTH, OrPanHYCHHOM JIMHMAME
(4.37) u (4.38). Ho d¢opmyny (4.40) MoxHO pacnpocTPaHHTL H Ha
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modylo 0daactb, KOTOPYIO MOXHO Pa3bHTh Ha KOHEYHOE uHMCIO0 uacreH
raKoro Bund. [e#crsurenbho, nycrb obaacte G ¢ rpanunedt L pas6urta
Ha dactu Gy, i=1, 2, ..., N, LI KaXHOH M3 KOTOPBX HMEeFT MECTO

paBeHCTBO
OP ied —(Pdx
ff y= Llf

(L; — rpanuua oBjactu Gi). IMpocymmupoBaB 5T# paBeHcrBa no [ ot 1

0O 7, Mbl CJeBa NMOJyuMM LBOHHOH uHTerpas, Ba3daruh no Bcel obdaacru G,

a chpaBa MOJYYHTCH CYMMa KpHU-

7, BOJIMHEHHBIX MHTErPaoB, B3fTHX NO

u D) kourypaM L;. Kaxaui 3 3THX KOH-

TYPOB COCTOMT H3 JHHUHK, OrpaHHu-

¢ 1 yuBatowux obaacts G, ¥ M3 BCOO-

| MOTaTeAbHBIX JUHHH, € NMOMOIILI0 KO-

topuix o0aacte G pasbuBaercs Ha

Yactd. Ho kaxnas #3 3THX BCIOMO-

7 7 TareabHBIX JHUHHUR BXOJHUT B COCTaB

poBHO IBYX KOHTypoB L; caeloBa-

TEAbHO, MO KaXAOH M3 HUX KPHBOJIH-

HeHHuIl uuTerpan Oyler B3AT IBAMCIHI,

npuueM B LBYX INPOTHBONOJOXKHBIX HampaBienusx (puc. 4.8). Ilosromy
np¥ CYMMHpPOBAaHHMM HHTETPANOB BHIA

dex
L

MHTErpajbl MO BCEM BCIOMOTATe/NbHBIM JHHHAM B3aMMHO YHHUTOXKATCH M
OCTAHETCH JULIb WHTErpan no rpanulle odaactu U, 1. e. Mbl NOJYYHM
.paBEHCTBO

Puc. 4.8.

// —-—dxdy_—]:/ Pdx, (4.41)

rie L — nonoxHTENRHO OPUEHTHPOBaHHas *) rpanvua obaactu G.
[TomMenseM Teneps X M y POJAMH U PaccMOTPuUM ©06aacTh, OrpaHH-
YEHHYI0 T'OPH3OHTaJbHBIMH OTPE3KaMH

y=¢ y=d (4.42)
U JUHUAMH
*x=x1(y), x=x3(y) (4.43)

(puc. 4.9). Tlycre ¢ynxkuwa Q(x, y) ¥ ee NPOUIBOLHas %_Qx_ onpele-

*) To ecTs Ha L BeIOPaHO TO HamnpasieHite 0GXOMa, IpH KOTOPOM OGaacty G
OCTa€TCH CcleBa.
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JeHbl ¥ HempepPblBHbI B 06aacTu G (BKJIOUas rpanuuy). 3anucas nBoHHOH

MHTErpal
0Q
[ f ox 24X dy
(¢
B BUle
d *2 (%)
[ay | Gax
4 X (y)

M npojenaB Te e BHK/JI4dIKH, YTO M mpu BuiBole Gopmyan (4.40), mo-

QIyunM PaBEHCTBO
/[dodxdy— / Qdy.
ABCDA

aHanoruunoe (4.40) (¢ To#t awmp pasHuued, uTO CIpaBa Her 3HaKa Mu-
Hyc). Paccymnenus, HUYEM He OTJIHYAIOUIHECS OT MW3JOMKEHHBIX BHIIE,
MOKa3biBalOT, YTO PABEHCTBO

4 L 2 ¢

// gi’_dxdy=dey w44 777
[£3 L

BEPHO He TOJBKO 151 0o6jactel, OrpaHUYEHHbIX
aunusamu (4.42) B (4.43), HO M 1A KOHEUHbIX
o6 benuHenult takux obaactedt.

ByleM, 145 KPaTKOCTH, Ha3wBarth obaacts G €| "% Y}
RpocmoOf, ecau OHa Jomyckaer pasOueHMe Kak
Ha d4acTH ¢ rpanvuamu Bupa (4.37), (4.38), g z
4K ¥ Ha 4acTW ¢ rpaHuuamy suja (4.42), (4.43). Puc. 49.

Jas npocroit 06JacTH CHpaBefJuBbI, B CHAY HO-
Ka3aHHOrO, Kak paseHctBO (4.41), tax u pasexcrso (4.44). Briura (4.41)

us (4.44), nonyuum dopmvay

[de+Qdy-—// ———-——)dxdv, (4.45)

TIe KPHUBOJMHeHHBI uHTerpan Oepercs no rpanuue L obaacty G B no-
JIOXHUTIbHOM HanpaBaeHud. DTO U ecTb gopmyra ['puna. KOTopyio
Mbl XOTENH YCTaHOBHTb. VTak, Mbl MOJYYMAU CJAELYIOUHMH pe3yabTar:
Teopema 4.4. [Tycmv G—npocman oGaacmy 4 nycms Pyur-
yuu P(x, y) u Q(x, y) Henpepui8rbl suecme cO C8OUMU LACMHOMY
npou3soOHb MU %1:7 u gg— 8 samxnymoii 06racmu G. Tozda umeem

Mecmo gopuyae puna (4.45).
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3ameuanue 1, Ecau rpanuua L obnactu G COCTOMT M3 HECKOJb-

KMX OTIE/bHBIX KOHTYPOB, TO dex—}—Qdy 03HauaeT CyMMy HHTErpa-
: L

0B, B3ATHX N0 COCTABNAIOWNM L KOHTypaM, NpHYUEM IO KaXIOMy M3

Hux Oeperca Tto HanpapjeHue obxoua, npH

xoropoM cama o6iaactsb G ocraercd c/eBa

(puc. 4.10).

3ameuanue 2. [lpu BHBOAe dopmyart 'pu-
Ha Mbl mpeinodaraiau, 4T0 P u Q #u ux 4vacTHbe

-

OpPOU3BOJAHHIE —— H —— HEHPEPHIBHLEI H TOALKO
POMSBOLHHE o W 5= Hempep e 10

3HYTpH 061acTH, HO u Ha ee rpaHuue. OfHakoO OT-

Puc. 4.10. HOCHTENbHO MPOU3BOAHBIX By H JIOCTAaTOUHO

HOPeANONOXKHUTh, YTOOHH HENpPEPH BHH 4 Orpa-

Hu YeHH BHyTpH O6aactu (. [e#ictBuTeabHo, pac-

CMOTpHM CHOBa O6GaacTh (, OrpaHUYEHHYIO KPHBHIMU y=1y,(X) # y=y,(x)
W BepTHKaNbHHIMH OTpeskaMu x =4, x=10 (puc. 4.7). lycts 6 >0 H mycrb
Gy — o6nactb, OTPAHHYEHHAd CBEPXYy U CHA3Yy KDUBHIMH y =y, (x)—0 d

y =y; (x)-}- 0 COOTBETCTBEHHO, a C/eBa M CNpaBa BEPTHUKAAbHHIMH OTPE3KaMu
x=a+40 u x=>b—29. O6aactb G, npu BcsixoM & >0 aexur BMECTe C rpa-

Huue#l BHytpu G, Clef0OBaTeabHO, Afs (g BHINOJHEHH T€ YCAOBHS, NPH KOTOPHIX
paBeHcTBO (4.41) 6nn0 aokasaHo. TakuM OGpasom,

//%dedy=—/de (4.46)
Gg Y Ly

(Ls— rpanuua obaactu. Gg). Tak kak maomamp o6aactu Gy OTaMuaeTcs OT mAO-

manu obaactu G we 60apme uyeMm Ha 18, rae ! — pauma rpawuns L o6aacru G,
TO WHTErpad, CTOAIMH B paBeHcTBe (4.46) caeBa, orTauvaercsl OT

oP
ffﬁy“”‘dy
G

He 6onee ueM Ha IdM, rape M — BepxHSs rpaHb

%;—)— l BHyTpH G. Naace, ¢pyHk-

yusd P(x, y) HEempepriBHA, 4 CAEAOBATENLHO, H PaBHOMEPHO HENpepHBHA u Orpa-
Hi4eHa B 3aMKHyTOH o6aactu G. Otciopa cpasy caepyer, 41O

dex—)dex npa &->0.
Ly L

Taxum 06pasom, B paBeHcTBe (4.46) MOXHO chenarh NpeiedabHEl nepexop mpx
0 -0, u MBI nOAy4YaeM, 4TO PaBEHCTBO

/./l-‘idxdy=_/1>dx
gy o
(¢ L
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BEpHO AJsi 06aacTd, u3o6pamkeHHOH wua puc. 4.7, a ciegoBaTenbHO, # AN M0GOH
TPOCTOH O6nacTH. AHAJIOTHYHO YCTAHABJIMBAETCS H PABEHCTBO

[ [ 2o o
(¢ L

Bocnonb30BaBIich MOHATHEM HECOGCTBEHHOrO ABOHHOIO HHTErpajia *), MOXHO:
65110 6Ll TpeGOBaHHE OrPAHUYEHHOCTH NPOU3BOAHBIX Ty " '5)}— B ofbnacty G

OPY

3ameuuTh TpeGOBaHuEeM CYIIECTBOBAHUS HHTETpPaja // g

)dxdy

(x01e 6Bl Kak HECOGCTBEHHOIO MHTETpaia).

3aMeuanue 3. Mu poxazanmn dopmyny [puea nias  obnacted,
KOTOpbic MH YCHOBMAMCh HasbiBar, npocTthiMu. K num saBegomo or1-
HOCATCS BCE MHOTOYroJbhble Gurypbi. C mOMOWEID annmpoOKcUMAaLuu KpPu-
BOJMHCHHBEIX OBJACTE MHOTOYTOJNBHEIMH HETPYIHO MOJYuUTh, YTO GOp-
myna [puna BepHa u jiasa mobo#t obnacru, orpaHuquHOﬁ KOHCUHBIM
YUC/IOM KYCOUHO-TJAiKuX JHHuM.

2. Buuncaenue naomazu ¢ nomoumslo dopmyam I'puna. Hs dop-
Myasl ['puHa BEITEKAIOT HEKOTOPHE NoJe3Hble QOPMY/B LJS BHYHC/ICHHA
mjaoutask obacru.

Iycrs G — Hexortopas npocTas obnactb ¢ rpaHuued L u S — mio-
mwanb srolt obnacru. PaccMorpum kpuBoiuHeHub#t HMurerpan

fxdy.
L
[lpuMenuB Kk HeMy ¢opmyiy I'puna, nouayynM

fxdy:ffdxdyzs.
L (¢

AHxanoruiHo nojayuaercsi $opmyaa

S:—fydx.
L

a TaKXKe chenylomlas, 00Jee cHMMerTpHuHas, QopMyna *¥) Lis

*) O HecOGCTBEHHHIX HHTETpajdax cM. I 9.
*%) MOKHO, KOHEYHO, HONY4YHTh GECKOHEYHO MHOTO Pa3AHdYHBIX QOpMyd BUAd

S= ] Pdx+Qay.
!

Iias sTOro ROCTaTOuHO B kauecTse P u Q 6path modme QyHKuuH, yAOBA2TBO-

PSIOIIHE YCAOBHIO ~—-= — By =1



174 KPHBOJIMHEMHHE WHTETPAJILL (T 4
TLIOLIATH:

—1 /xdy—ydx. (4.47)
L

[Tpumep. Boiumcauts nmouiash 06JacTH, OrpaHHueHHOH acTporioi
x=uacos®t, y=asimdt.
Pewenune. Ilpumensas dopmyny (4.47), nonyuaem

2
S::%/.xdy—ydx=%a2’fsinztcoszt[COSZt—{—sin?t] dt =
L 0
2n
__3 9 0 _3
=3a /sm 2tdt = g e
0

§ 4. YcaoBus He3aBHCHMOCTH KPHBOJMHEHHOro MHTerpaja
ot nyTtu. Unrerpupopanue moJaunix audpdepeHnnanos

1, MocranoBka Bompoca. B § 2, paccMarpuBast TnpuMepsl KpUBO-
JUHEHHLIX WHTErpajios, Mbl OOpaTu/¥ BHHMaHWEe HA TO, YTO B HeKOTOPHX
cJayuasx KpuBOJMHEHHbLIH uHTerpal

dex-{—Qdy
AB

34BUCHT He OT caMol KpuBOH AB, a TONLKO OT HAauyaJbHOH W KOHeuHOH
TOuYEK, T. €. MPUHUMAeT ONYHAKOBblE 3HAueHHMS N/ BCEX KPHBHIX, COelH-
HAOWHMX ¢ukcupoBannble Toukn A u B. Celtdac Mbl yCTaHOBUM yCJIOBHS, |
HpY KOTOPHX TaKas He3aBUCHMOCTb HHTerpasa OT BhiGOpa NyTH HMeeT
Mecto. C 3TuM BONpPOCOM CBsi3aHa APyFas BaxHAd 3afada, KOTOPYIO Mbl
8IeCh Tak)Ke PacCMOTDHM: HaxoxJeHne QyHKUMM IBYX NePeMEHHBIX 110 ee
noJaHoMy puddepenuuany.

2, Cay4ait oanocBsn3Ho#i oOaactu. Hamomuum (cM. ra. 3), uro
niockas o6gactb G- HasblBaeTcd OLHOCBSA3HOM, ecau, KakoB Obl
HY Oblj 3aMKHYTHIE KOWTYp L, nexamm#h BuyTpu 3TOH 06jacTH, orpa-
HHYCHHA 3TUM KOHTYpOM (KOHeuyHas)) uacTb IJOCKOCTH LEJHKOM TpH-
Hapgaexur G.

Teopema 4.5, IIycmv ghynxyuu P(x, y) n Q(x, ¥) onpedesens

oP
U HenpepuLlsrHy. BMecme CO CBOUMU UACMHBMU npousaodubmu o—y



