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TLIOLIATH:

—1 /xdy—ydx. (4.47)
L

[Tpumep. Boiumcauts nmouiash 06JacTH, OrpaHHueHHOH acTporioi
x=uacos®t, y=asimdt.
Pewenune. Ilpumensas dopmyny (4.47), nonyuaem

2
S::%/.xdy—ydx=%a2’fsinztcoszt[COSZt—{—sin?t] dt =
L 0
2n
__3 9 0 _3
=3a /sm 2tdt = g e
0

§ 4. YcaoBus He3aBHCHMOCTH KPHBOJMHEHHOro MHTerpaja
ot nyTtu. Unrerpupopanue moJaunix audpdepeHnnanos

1, MocranoBka Bompoca. B § 2, paccMarpuBast TnpuMepsl KpUBO-
JUHEHHLIX WHTErpajios, Mbl OOpaTu/¥ BHHMaHWEe HA TO, YTO B HeKOTOPHX
cJayuasx KpuBOJMHEHHbLIH uHTerpal

dex-{—Qdy
AB

34BUCHT He OT caMol KpuBOH AB, a TONLKO OT HAauyaJbHOH W KOHeuHOH
TOuYEK, T. €. MPUHUMAeT ONYHAKOBblE 3HAueHHMS N/ BCEX KPHBHIX, COelH-
HAOWHMX ¢ukcupoBannble Toukn A u B. Celtdac Mbl yCTaHOBUM yCJIOBHS, |
HpY KOTOPHX TaKas He3aBUCHMOCTb HHTerpasa OT BhiGOpa NyTH HMeeT
Mecto. C 3TuM BONpPOCOM CBsi3aHa APyFas BaxHAd 3afada, KOTOPYIO Mbl
8IeCh Tak)Ke PacCMOTDHM: HaxoxJeHne QyHKUMM IBYX NePeMEHHBIX 110 ee
noJaHoMy puddepenuuany.

2, Cay4ait oanocBsn3Ho#i oOaactu. Hamomuum (cM. ra. 3), uro
niockas o6gactb G- HasblBaeTcd OLHOCBSA3HOM, ecau, KakoB Obl
HY Oblj 3aMKHYTHIE KOWTYp L, nexamm#h BuyTpu 3TOH 06jacTH, orpa-
HHYCHHA 3TUM KOHTYpOM (KOHeuyHas)) uacTb IJOCKOCTH LEJHKOM TpH-
Hapgaexur G.

Teopema 4.5, IIycmv ghynxyuu P(x, y) n Q(x, ¥) onpedesens

oP
U HenpepuLlsrHy. BMecme CO CBOUMU UACMHBMU npousaodubmu o—y
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5 -
4 - 8 3AMKHYMOG oOzpanuvennod o00nH0C8A3R0G "o6racmu Q.
Toz0a caedywowue uemsipe YCA0BUS PABHOCUABHG MENCOY OG0
(1. e. BHIMOJHeHue M060Or0 OJHOr0 u3 HuX BieueT 3a COOOH BHINOJHEHHe
OCTa/bHBIX Tpex):

l. Humezpaa

$Pax+Qay,

83amuii no AGoMY 3amxnymonmy nyme, aexcauemy s G, pasen
HYA10.
2. Uumezpaa

dex+Qdy
AB

He 3asucum om BHGOpa nymu UHmMezpUPOSAHUS.

3. Buipaxcenue Pdx + Qdy npedcmasasem co6ol nosnwiii oud-
gepenyuanr HekoOmopoi O00HOZHAUHOL- ynxuuu, onpederennol
8 o6aacmu G.

4. B o6racmu G 8crody v/ s
oP _ 0Q
'E‘y—— -(T:V—. (4-48)

HNokasaareNbCTBO 3TOH TeOpeMbl Mbl 7

NpoBeleM MO CJaeAyIOlleH JOTuyeCKOH CXeMe:
Puc. 4.11.
1>2—>3—>4—>1,

T. e. TIOKaXKeM, 4YTO M3 MepPBOr0 YCJIOBHS CJjenyeT BTOPOe, u3 BTO-
poOro — TpeThe, M3 TpPeTbelr0 — YeTBEPTOE, a M3 HeTBEPTOrO — CHOBA
nepBoe. TeM caMbiM 6ymeT [OKA3aHA PABHOCHALHOCTh BCEX ueThpex
yciaoBui.

a) 1—2. Paccmorpum B o6mactu G 1Ba TPOu3BOMLHBIX MYTH,
coepunsonux Toukn' A m B, ckaxem, ACB u ADB (puc. 4.11).
B cymme onu cocraBasioT 3aMkHYTH# nyts ACBDA. Tlo ycaosuio
UHTerpaj, B3AThifl 10 JOGOMY 3aMKHYTOMY IyTH, PaBEH HYJIO, T. e.

f Pdx+Qdy=0.

ACBDA
Ho
[ Pdx+Qay= [Pax+Qay+ [Pdx+Qdy=
ACBDA ACB BDA

= dex+Qdy~ dex-*i“Qd)’»

ACB ADB
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CuiegoBaTelbHO,

[Pax+Qdy= [ Pdx+Qay.

ACB ADB

VreepxpeHue «! —>2» poKazaHo *).

0) 2— 3. Ilycts unrerpai dex—i—Qdy He 3aBUCUT OT Y TH
AB
MHETEeTrpupoOBaHHUSA TOrKa, ecau TOuky A 3aduKcupoBaTh, TO
3TOT uHTerpa’d OyleT ofHosHauHOM Qyukiuue# xoopaunar x u y
Touxku B:

fpdx+Qdy=U(x, ).
AB

[Toxaxesm, uro 3Ta Oyukuas U(x, y) nuddepeHuupyema u uro
dU=Pdx—+Qdy.
o o
JL1s 3TOr0o JOCTATOUHO IOKAa3aTh, 4TO NPOH3BOJHbIE el Ty cyume-

ctBylOT n pasubl P(x, ¥) 1 Q(x, y) codrBeTcTBeHHO **).
Boruuc1um
dU_l. U{x+Ax, y)—U(x y)
—— =lim .
ox Ax

Bemnuuna AU =U(x+Ax, y)—Ui{x, y) npeacrasiier co6oH
uirterpal or P dx 4+ Qdy. B39THH N0 nyTH, COCAUHAOUEMY TOUKH
(x, ) u (x+Ax, y). Tak xak, Mo YCIOBUIG, ITOT HHTeIPai He
3aBHCUT OT BUBA KDHBOH, TO MOWHO CHNTaTh, 4TO MNyTh COBHAXaeT C

*)} Ecom kpussie ACB u ADB umewt ofumme Touxu, OTidaqHsle OF A u B
(puc. 4.12), To HeGONbUIOE YCAOKHEHHE NPOBEACHHLIX PACCYHACHUil NPUBOAUT
K TOMY K€ CaMOMy Pe3ylibTaty.

4

Puc. 4.12.

*¥) Kax wussectno, dyuxuud, MMCIOMAHA HENPEPLIBHLIE YaCTHHIE NPOUIBOX-
HHe, Auddepenunupyema.
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rOpH3OHTaAbHLIM OTpeskoM BB, (puc. 4.13). Takum oOpasou,

i+Ax, y
AU 1 * ___1__ /‘ __
A - [ Pax+Qdy=; | P(x y)dx=P(x+0Ax ).
BB, xy

(B nociemHeM paseHCTBE Mbl HCNOJb3OBadH TeOPeMV O CpelHeM JUIs
.uHTerpados.) Cienoparesiio,

81z,
o 7 pa G (zdz.y)
—— = lim P(x+0Ax, )=
ox Ax->0
=P(x, y)
nockoabky P (x, y)  HenpepbiBHa.
AHa/IOruYHO JOKa3biBaeTcs, YTO —%% = Alz,, 4,]
=Q(x, )
B) 3—4. Ecau 4 z
Fdx 4+ Qdy Puc. 4:13.
—mnoaunbi#h puddepenyuaa nHekoropoh dyuxkuun U(x, y), 10
ou oU
= P, o= Q.

Ho rorpa mo TeOpeMe O CMelUaHHHIX NPOU3BOLHbLIX
Q U @PU. P
dx ~ dxdy ~ dydx 0y "
0 oP
r) 4—>1. Ilycrs paBeHCTBO %:Ty— BLITOMHEHO u nycTh L —
npousdsOAbHBEH KOUTYp, Jexamuh B O6Gjactu (. Tak kak 3Ta
061acTb MO YCJAOBUIO OJHOCBA3HA, TO OrpaHudeHHas KOHTypoM L
4acTb IJIOCKOCTH mpuHamiexur obaactu (G, B KOTOpOR ompeneseHH

dynxuur P, Q@ u ux npoussonHele. [1o310My KpuBOMHHeHHBI! MuTerpan
f Pdx +Qdy
L

no ¢opmyle 'puHa MOkHO npeobpazosaTs B nBOHHOMN:
B 0Q  oP
L/de—#Qdy__’[f(W—W)dxdy,

rie D — o6aacts, orpaHutuentas xoutypom L. B cuay (4.48), unrerpan
cnpasa pased Hyxo. CreloBaTe.bHO,

fpdx+Qdy:0
L

L718 BCAKOTO 3aMKHYTOTO KOHTypa L, jiewantero sHyTpu G. Jlokazdre/n-
CTBO TeOPeMBl 3aKOHYEHO.

12 B. M. Byzmak, C. B. ®oMuu
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3. Haxowpenune ¢yHxkuns 0o ee noanomy auddepennuany.
B npouecce noxasaTenbcTBa TeopeMul 4.5 Mbl MOMyuMIM pellleHHe Clie-
Iylone# 3alaud, ¢ KOTOPOH HaM eule NPHIETCA BCTpeuaTbes (CM. 1. 4
§ 2 ra. 6): Haith ¢yHkumo, noawbi nuddepeHuMan KOTOpoOH ecThb
3aJaHHOE BLIPAXEHHE

, Pdx+Qdy.

OrpanuyuBIIKCL CayuaeM, koria ¢yHkumd P u Q M ux 4acTHble TpoO-
oP 0Q ‘

H3BOLHbLIE Ty W — - HeNpephIBHb B HEKOTOPOH ONHOCBA3HOM 06nactu G,

Mbl nOkadamu (teopeMa 4.5), uro Pdx--Qdy cayXuT noiHuM nud-
depenuuaioM HEeKOTOPOR QyHKuu# B TOM M TOJLKO TOM Clyuae, KOria

0P 0Q
dgy ~ ox '

Hanee, Mb nokasaam (TaM Ke), 4TO eC/i¥ STO PaBeHCTBO BHIIIOJHEHO,
TO YC/IOBHIO

dU=Pdx-+Qdy (4.49)
yAOBJCTBOPAET (PyHKLHA
(%, y)
Ux, y)= f Pdx - Qdy.
(xo, )’0)

Hakowen, us ¢popMyasl KOHeuHbX npupamenud (cM. Bun. 1, ri 8, § 9)
crefyeT, 4YTO nBe (yHKUMM, HMEIOIMe ONHHAKOBHE MOJHBE RuddepeH-
umansl, OTJMYATCH APYr OT JApyra Julib Ha

¥ (2,9 nocrosHnoe chaaraemoe. CrenoBarednHo, GoOpMya
2,
(x, 9)

U(x, y)= f Pdx+Qdy—+C (4.50)
‘/(xa, Yo

{2y, 2p) (roe (xg ¥o)— duxcupopaHHas Touka, a C—
125/ NPOM3BOJIbHAA MOCTOSHHAS) COLEPMUT BCe (YHK«

7 > WuH, YIOBACTBOPSIOUHE  yC/IOBHIO (4.49). Tax
Kak B paBeHcTBe (4.50) wuHTerpan He 3aBHUCHT
OT MyTH, TO MH MOXeM BboOparTh JUHHIO, COe-
. IMHAIOLYI0 TOUKH (x4 yo) B (X, y), 10 CBOEMy
YyCMOTpPEHHIO. Y1O06HO, HanpuMep, 3a NMyTb MHTErPUPOBaHus B3ATH JIOMa-
HYI0, COCTaBJIEHHYI0 M3 TOPH30OHTA/JLHOrO M BepTHKAMbHOrO OTPE3KOB *)
(puc. 4.14), Ilpn srom smbope myt# pasenctBo (4.50) npunumaer Buz

Puc, 4.14.

R (%, %) (x, ¥)
Ux, y)= f Pdx— f Qdy--C.
{X0, Yo) (%, ¥o)

*) Ccau atu OTpesku npuHaynexar G.
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HauanbHyo TOuKy (x;, Vo) MOXHO BbIGpPaTh NPOM3BOMLHO (B mnpenefax
TOH 06nacTH, B KOTopo# ompelelieHn ¢ynkuur P u Q). Uamenennme
BTOH TOUKH PABHOCH/IbHO, OYeBHIHO, M3MeHEHMI0 axIuTuBHOH 1O-
crosunolt C.
[TpakTHueck# NpH HAXOXKIEHHH (QYHKUMM MO ee NOJHOMY Iuddepen-

Huany yno6HO MOCTYNuTL chAepyouiuM 00pasoM. Ecin

U ou '

L —p, L _q, .

% ay (4.51)
TO, MHTerpupys NepBoe M3 ITHX PaBeHCTB MO X M pacCMaTpHBasi B HEM Y
KaK napaMeTp, MOJay4uM

U(x, y)=dex+f1, (4.52)

rae f; He 3aBHCHT OT X (HO, BOOOUle rOBOps, B3aBHCHT OT Y, T. €.
fi=/f1(¥)). Janee, uurerpupys BrOpoe u3 paBexctB (4.51) no y u
paccMarpuBast B HEM X KaK NapaMerp, NOJNYYuM

U = [Qdy+fa (4.53)

rie fo= fo(x); eciu Mbl cMOXeM MnONOGpaTh GyHKuMH fi(¥) ¥ fo(X)

TaK, 4TOGBI mpaBbie uacTH pasercts (4.52) u (4.53) coBmanu, TO mMOMY-

YeHHas TaKUM O0pasoM (YHKIUMA NepeMeHHbBX X ¥ Y ¥ OyleT To# ¢yHK-

uyett, nonubit nudpepenunan xoropokt coenanaer ¢ Pdx -+ Qdy.
IMTpumep. Ilycrs

dU=(2xy 4+ D dx - (x2-+3y%) dy.
Wurerpupys xosdduupeHt npu dx no x, uMeeM

[ @xy+Ddx=xy+ 2+ f (). (4.59)
a uwHTerpHpoBaHHe KO09ddHuUMEeHTa npu dy MO y Jaer
[ 23y dy = 2y + Y3+ fi (). (4.55)

IMpaswe uyact paBencts (4.54) m (4.55) coBmagyT, eci# Mbl TOJOXHUM
[=94C,  fo(x)=x+C.
Taxkum 0Opa3oM, mojyyaeM, yTO ‘
U=xty+ x+ y>4C.

4. KpnBoauHeiiHpie MHTEerpajnl B MHorocesaHo#i o6aacrtu, Ha no-
CJlellHEM HIAre 10Ka3aTel/LCTBA TeOpPEMHI 45, T. €. TaM, i€ Mbl U3 YCJOBHA
oP _ 0Q

oy T ox (4.56)

12*
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BbiBe/ I CNIPaBel/IuBOCTb pABEHCTBA

§de+Qdy=o (4.57)
L

Las mo60oro  3aMKHYTOrO KOHTypa, Oblla CYeCTBeHHO HCIOJAb30BaHa
OLHOCBA3HOCTb 0OBaactu Q.

PaccMorpuM npocro#t mnpuMep, [MOKa3biBalouiu#f, 4T0 B MHOTO -
cBA3HOH oOmacTu w3 yciaoust (4.56) paBercrBo (4.57), BoOGuie
rosopsi, He chenayer. Ilycrs

J=é/ AT 4%+ e (4.58)

[TonuHTerpaidbHOe BbipaXieHue He uMeeT CMuCAA B Touke (0, 0), nosromy
MBEl HCK/IOYMM U3 PACCMOTPEHHS HeKOTOPYI0 OKPeCTHOCTb Hauala KOOop-
nuHat. B oc1aBuwieMcs uacTm mAOCKOCTH (9TO OyLeT ye MHOTOCBA3HAs
o6aacTb) KO3puunenTsl npu dx ¥ dy HENPepLIBHL, UMelOT HENpepHBHHE
YaCcTHble NPOu3BOLHBlE H

_0_( b _,_0_(__)6__
ay x2+y2)’0x x2+y2)'
Onnako wunTerpad (4.58), Baarbif MO HeKOTOPOMY 3AMKHYTOMY IMyTH,

He paBsed, BooOule roBops, Hy/MW: HanpuMep, eCa¥ C — OKPYIKHOCTD,
3ajjaHHan ypaBHeHUdAMH ‘ :

X =Cost, y=sint,

TO
on
- X
BuisicHuM, kakuMu cBoficTBaMu 006/ajdeT HHTerpai
[Pax+Qay,

ecin dyukuun P u Q yILOBIeTBOPAIOT YCAOBUIO ¥)

oP 90

oy — ox ’

1O o6nacts @, B KOTOpPOH OHHM 3amaHbl, MHOTOCBf3Ha. PaccMorpum
s onpenelleHHOocT# o6aacts (, m3obpaxeHHyio na puc., 4.15, 1. e,

oP

*) MB DO-MpeKHEMY npeﬂ,HOJlaI‘aeM, yto P, Q, oy " -%% HEeNpepLIBHEL

B 3aMKHYTOH OTpaHudeHHO# obaactu G.
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MMEIOLIYI0 Tpu «AaKYHB». PacCMOTpuM CHauYaja HEKOTOPHIM 3aMKHYTHIH
KOHTYp L, KOTOpHH He OXBaThiBaeT HM OIHOH M3 3Tux nakyH. Torma
K uHTEerpajy, B3ATOMY MO TaKkOMYy KOHTYPY, MOXHO IpuMeHUTh ¢opmyty
[puna, ¥ MBl MOJYuMM, YTO STOT uHTerpaj paBeH HY/IO.

[ycts Teneps L, — KOHTYpP, OXBAaTL BAaIOIHKH# ONHY M3 JaKyH.
3nech ¢opMyna I'puHa ymxe HenpuMeHMMa M HHTerpajl IO TaKOMY KOH-
Typy, BoOOuie rOBOpf, HY/MIO HE pa-
BeH (CM. TNpUBeJEeHHLIH Buliue MpH- 3/1
Mep). [IlokaxeM, uTO Besununa
amoz0 unmezpasra He 3asucum
om salopa kKowmypa, oxsamul-
sanujezo Oannyrn aaxkyry. Ilycms

’
Ly w Ly—npa rakux kourypa. Coepu-
HuB uX BCrioMorare/bHOH Jaunuel (ab),
MOJNy4HM KOHTYP

(ab) L1 (ba)y— L; (4.60) 7 =
Puc. 4.15.

(smax munyc mepen L; 03Hauger, uTo
3TOT KOHTYp OOXONMTCH B OTpHuA-
TeJLHOM HaNpaB/eHHu). DTOT KOHTYpP He OXBaTbiBaeT Hu OJHOH M3 AaKYH,.
ClleflOBATe/ILHO, MHTerpaj MO HEMy pased uy/Mo. Ho wunterpanst no (ab):
¥ (ba) paBHbl MO BEJMYHHE K NPOTHMBONOJONKHB no 3Haky. Takum obpa-
30M, NOJyyaeM

fpdx+Qdy+ dex+Qdy=0,

’
L -1

dex+Qdy=dex+Qdy.

’

L Ly
Takum o00pasoM, kaxio#t u3 jgakyH B 06nactTm (G OTBeyaeT HEKO-
TOpoe ONpelefeHHOE HHC/I0 — 3HAaueHHe KPHBOJMHEHHOrO HHTerpala
§de+Qdy, B34TOr0 MO /JIOGOMy U3 3aMKHYTbIX KOHTYPOB, OXBaThl--

BaouluX 9Ty JakyHy. OHO HasblBaeTCsd UUKJM4eCKOM MOCTOAHHOH 3TOH
aakynsl.  Orciopa  JerKO  mOMAy4aeTcsl, 4TO  3HAueHHe  MHTerpaja

§de+Qdy N0 TPOU3BOJLHOMY 3aMKHYTOMY KOHTYPY 3aNMUCHiBaeTCs

tak, IlycThb @), @y, Oy — UMKIHYECKHE MOCTOSHHHIE JAKYH, WMEIOLIHXCH.
B obimacty G, u nycTb KOHTYp L; 06xomuT nepBywo Jaakyny k; pas,
BTOPYIO Ry Da3, a Tperblo R, pa3 (NpH STOM MOJ KaXKABIM U3 k,
nouHumaercss aarefpanuecKas CyMMa OPHEHTHMDOBAHHHX 00XONOB, T. e.‘
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4uca0 006X040B NMPOTHS 4ACOBOM CTPEAKM MHHYC 4uCA0 06X0AO0B IO 4aco-
BOIt cTpeske), Toraa

§ Pdx 4 Qdy = k0 Ryoy—+ kyo,.
L
Ecan 8 mnorocsgsuolt o6aactu G nposectu paspeswm [, [I, III, xak 310

nokasano Ha puc. 4.16, To MBI MOAYYUM OXHOCBASHYIO 064acTb, M B Hed
MOXHO NMOCTPONTH OJHO3HAYHYIO (yHK-

4
Lo
- 5 ¥)
Ux, )= [ Pdx+Qdy,
(X0, Yo R
(4.61)
OlHAKO, B CWIY CKasaHHOrO BBIIE,
7 ‘ 7 ee 3HAYEHHA HA MPOTHBONOJONHBIX

Puc. 4.16. Kpasx paspesa [ Oyayr OTJMHaTBCA

HA ©;, Ha Kpasax paspesa [[—Ha o,

¥ Ha Kpaax paspesa [/ —wa o;. Ecam ke paspesos He genars,
‘T0 Bhpawenue (4.61) Oymer onare-Takn ¢ynkumed, nonum#h nupdepeH-
uuaid xoropoi paseH Pdx 4 Qdy, HO ywe PyHxuueh MHOIO3HAYHOM.
Ee 3nauenust B (PuKCHpPOBAaHHOH TOUKe (OTBEYAIOWIHE IMyTAM, HAeMaloUiuM
pag/inuHoe 4MCA0 '00X0M0B BOKDPYI JaKyH) OT/IMHAIOTCA ApYT OT Apyra

CaaraeMbiM BUIR
ko - Ryy - k3(a)3,

rie Ry, k, u ky Moryr npumuMath JI00HE lejble 3HAYEHHH *).
ficuo, qTo BCE CKa3aHHOE 3/eCb ABTOMATHYECKU MEPEHOCUTCA Ha cnyqaﬂ

Jo6oro Yucaa JakyH.

*) KonedHo, mMower o0kaszarnCd CAy9aiiHO, 4TO BCE [HKAMYeCKHe MOCTOAAK=
(€7]
Hole @; paBHm Hymo. Torma ¢yukmua U (x, y)= f Pdx-4-Qdy oxaxercs

(X3, Yo)
OJHO3HAYHOH ¥ NPU OTCYTCTBHH paspe3oB. B stoM caywae Gyayr ¥MeTb MeCTo
BCE YTBEPWICHUA Teopemul 4.5 (HE3aBHCHMO OT CBA3HOCTH 0GAACTH).



