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B TOM MOHSTHM NOBEPXHOCTHOFO MHTerpana, KOTOpPOe Mbl paccmo-
Tpeau, GBUIO CYHIeCTBEHHO, YTO KaMAHH «UHTErpajbHbHA 37eMeHT»

f (M) do

3aBHCEJi OT BeJIMYMHBLL dJeMeHTa IJowmanyu do u sHaueuns dynxuuu f (M)
(ckansgpHO# WM BeKTOPHOH) B NaHHOH TOUKE, HO Ke 3asuces om opuex-
mayul nogepxrocmuozo 3aemenma do 8 npocmpancmse. ViMeHHo
Tak OGCTOMT Aetio B TeX (U3MYeCKHMX 3afayax, KOTOpble Mbl paccMmaTpu-
BaJM 3HeCh: Macca 3JieMeHTa MaTepHal/ibHO# IOBEPXHOCTH HJM CHJA,
¢ KOTOpO# 3TOT 3JieMEHT NpPUTATWBAET MaTepHaJLHY0 TOYKY, ue OynyT
MEHSTBLCSA, eC/id 3TOT 3JieMeHT MOBEPXHOCTH Mbl KakmM-iubo o6pasom
MOBEPHEM.

OnnaKo CyHU{ecTBYIOT 3afaud ApYroro THma, B KOTOPHX OpHeHTauud
sjeMenta dG UrpaeT CYyLieCTBeHHYIO poJib. K HUM OTHOCHTCSH, Hamnpumep,
3afaua (KOTOPYIO MB PACCMOTPUM HMXE) O BHIYHC/IEHUM KOJIMHECTBA KUAKO-
CTH, MpOTeKaiouieff 4epe3 MOBEPXHOCTh 34 €AMHMIY BPEMEHM, d TAKWKEe H
psan ApyruX. DTOT BTOPOH KPYr 3andy MPUBOJUT HAC K APYrOMY MOHATHIO
MOBEPXHOCTHOIO MHTerpafid, TaK HA3LIBACMOMY NO8EPXHOCMHOMY UHmMe-
2pary smopozo poda. Emy Oyger mocsilieH cChenyiomu#t naparpad.
Kak MBl yBUgMM HHXe, MOBEPXHOCTHBIE HHTerpajibl MepBOrO M BTODPOrO
pona cBs3aHbl Mexay cobo#t mpocTHMH (HOpPMYaaMH.

§ 2. TloBepxuocTHHIE WHTErpaJjnl BTOPOTO poaa

1. Gropona moBepxHocTH, [am Toro uro0ul ONPeAc/NTL MOBEPXHO-
CTHBI HHTErpaj BTOPOro pOAd, HAM HYXHO BBEeCTH CHAuaja MOHATHE CTO-
POHBl TOBEPXHOCTH, AHANOTMYHOE MOHATHIO OpUEHTALMM KPUBOH. ,

[Mycts X—raaakas NOBePXHOCTh. BoabMeM Ha X HexoTOpyl0 BHYTpeH-
How Touky Mg, mpoBeseM uepe3 Hee HOPMAJAb K X W BbibepeM Ha 3TOH
HOpPM&JM OfHO M3 ABYX BO3MOXHBIX Hampas/eunufl. ITO MOKHO CHeJidTh,
(UK CHPOBAB ONpeNe/ieHHbH e IMHHYHHH BeKTOpP N, HOpMAJbHb K X B TOY-
xe M. [TpoBeneM Temeps Ha MOBepXHOCTH X uepe3 Touky M, xaxo#i-iubo
3aMuyTH#t KOoHTYp C, He umeoiu# OGWMX TOYEK € IpaHuuefl MOBepXHO-
cTH, u OyzeM mHepejBUraTh eAMHUIHHA BexTOp M U3 Touku M, Bromw C
TaK, 4To6B 3TOT BEKTOp BCe BpeMsi OCTABAJICS HOPMAJbHBIM K % U uTOGH
ero Hampas/ieHHE MEHSAJOCh I[pH 3TOM MHepeiBHKEHNWU HenpepuiBHO. ITo-
CKOJIBKY BEeKTOP 1 BCe BpeMsl OCTaeTCs HOPMAJBHBM K X, TO UMEIOTCS aBe
BO3MOXHOCTH: 1) npu Bo3BpaiteHuH B Touky M, BekTOp n BO3Bpauidercs
B [epBOHAuA/JbHOE IMOJOKeHHe; 2) B pesdyibTare obxoga no xoutypy C
BEKTOD N MeHseT CBOe HANpaBJieHHEe HA IPOTHBONOJOKHOE.

Beenem cienyoumee

Onpedenetue. 'radran nosepxuocms = Ha3sl8aemca 08y -
cmoporiel. ecau 06X00 no A060MY 3AMKERYMOMY KOHMYDY,
AexcQUEeMY HA nosepxXuocmu X u He umewmujemy o0uwux mouex ¢ ee
epanuyel, He Mensem HARPAEACHUS HOPMOAALL K NOBLPXHOCMU.
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Ecau srce na nosepxmocmu cyujecmsyem 30MXKLYMuLE KOHMY P,
npu 00xo00e no KOMOPOMY HANpQSAeHUE HOPMOAAU MeHSTemcs
HQ NPOMUBONOLONCHOE, MO NOBEPXHOCMb HOA3BLBALMCA 0O H O CMO-
porHel. )

Ecan mosepxuocts X XBYCTOpPOHHAA, TO B Kaknoft ee Touke M
MomHO BbiOpaTe eguHuuHbit BekTOP HopMaau n (M) rtak, yrobn BekTOD
n (M) 3asucen ot Touku M HenpepnBHO. Jsia mocTpoenus TakoM BexTOp-
yuxuun n (M) BosbMem Ha X HEKOTODYIO HAudlibHYIO TOYKy M, H Bbl-
OGepem B 9ToM TOYKE OAMH U3 IBYX BO3MOMHBIX eIMHHUHBIX HOPMAJILHBIX
sexT0poB n (My). Tlocie 3Toro sossmeM Ha X TMpPOU3BOJLHYIO TOUKy M,
coenunum ee ¢ M, kakof-mmbo kpuBoH L, newameH ma X, U HepeHeceM
saoib L Bextop n w3 M, B M rtax, yroOb OH BCe BpeMs O€TaBaJCA
HOPMaJIbHBIM K [OBEPXHOCTH W YTOOB! ero HANpasjienve NPH 3TOM Oepe-
HOCe MeHAJoCh HenpepbiBHO. Bextop n (M), nojyuenuslff Takum o0pasoM
B touxe M, He 3aBucur oT BHOOpa Kpusok L, coexunsiomeft Touxku M,
n M. Eciu 681 nBe pasnble xpussie L; U L, NPUBOAUAN K Pa3HBIM De3ylib-
TaTaM, TO, COGIMHMB 3TH KPHBBIE B OLHY, MBl MoJyuuiu Ob HA X 3aMKHY-
Tt nyrs C, npu obxoxe MO KOTOPOMY HampaBjieHHE HOPMAJBLHONO
BEeKTOPAd MeHdeTCd Ha IMPOTHUBOMOJONHOE, T. . 3Td MOBEPXHOCTH He
Obia Obl aBYCTOPOHHEH.

W3 cxasanHOro ICHO, YTO HA ABYCTOpOHHEH MOBEPXHOCTH CYyLiecTBYIOT
ABE W TOJBKO jBe Takue dpyHxiuu n (M), nenpepbisHeie Ha Bcel mosepX-
noctu X. HelcTBuTe/ibHO, KaXndd Takas (YHKUMA MOJAHOCTHIO Ompeje-

JseTCqa BHIOOPOM OAHOrO M3 ABYX BO3-
z MOXHLIX HampasJ/ieHu#t HOpMAJu B OXHOH

Toyke. Mbr OyiaeM Ha3hBaThb KaXAyi0

M3 3THX IBYX QYHKUMH «HenpepblsHuii

nosem nopmareld» wua . SlcHo, uTo Ha

OAHOCTOPOHHEH TOBEPXHOCTH HeJib3f MO~

CTPOUTb HH OJHOrO HEIpPepBHIBHOrO IO-

A HopMasnelt.
¥ Buibop Ha X ompenelieHHOrQ Hempe-

pHIBHOrO MQJA HOpMaJelt M OyaeMm Ha-

z 3bIBATH BHLOOPOM CTOPOHHL 3TOMH NOBEpX-
Puc. 54. HOCTH.
Mpumepw. 1. Ilpocreimi npu-
Mep ABYCTOpOHHEH MMOBEPXHOCTH—
MJiOCK OCTh. JBycToponHe#f mosepXxHoCTsio OyxerT u /iobas 4acrb 10~
CKOCTH, HaNpuMep KpyT.

2. Jliobas raapkas TOBEPXHOCTb, ONpefeneHHds YpaBHEHHEM
z=f(x, y),—aBycropoHusad JleHcTBUTENbHO, MH NOJAYYUM OXHY
ee CTOpOHY (BepXHIOI0), BHIOpaB B Kawao# ee TOYKe HOpMAJAbHBIA BEKTOP
TaK, 4TOOB OH COCTABAAJ C AOMONUTENLHBIM HATpPABJEHHEM OCH Z OCT-
pHilt yroJ, a 1pyryio (HHKHIOW) CTOPOHY — IPH MPOTHBONOSOMHOA opHeH-
taumu HOpMalk (puc. 5.4).
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3. Beaxad 3aMKHYTads MOBEPXHOCTh, HE MMeEOH dd CaAMOHMe-
peceuenult, —Hanpumep cdepa, 3/IMUICOML U T. 0., — ABYCTOP O H-
Hd 4. Hanpasus B ka0l TOuKe 3aMKHYTOH [OBEPXHOCTH HOPMAIb BHYTPb
00beMd, OrpaHMYEHHOrO TOBEPXHOCTBIO, Mbl MOJYYHM BHYTDPEHHIO CTO-
pOHY MOBepXHOCTH, 4 HANPABUB HOPMAJb HAPYXKY,
NOJYYHM BHEIIHIO CTOPOHY.

4. IpocrefiuuM npuMepoM OLHOCTOpPOHHEH
TIOBEPXHOCTH MOXeT CJAYWHUTH TdK HA3bIBAeMblH JUCT
Mé6uyca, usobpaxennsift Ha puc. 5.5. Ero moxuo
NONyunTh, B3AB Mosocky Gymaru ABCD (puc. 5.6,4)
W CkJeuB ee Tak, uToObl TOuka A coBmajga C TOu-
xo#t C, a Toyka B—c Touko#t D, T. e. moBepuys
Mepex CKJeusahueMm ogut ee kpa# na 180° (puc. 5.6, 0). Jlerko Buxers,
yro npu obxome Jaucta MéOuyca mo ero cpegHelt JMHUM HAMpas/eHHe
HOpMAJM K HeMy MeHAeTCd Ha HPOTHBOMOJOXHOE, T. €. 3Td NOBEPXHOCTH
AeHCTBUTE/NLHO AB/AETCA OXHOCTOpOHHEH.

3ameuanue 1. JBYycCTOpPOHHIO® NOBepXHOCTb HA3HIBAIOT TaKXKe
opuenmu pyemori, a BeiGop onpexeseHHOH ee CTOPOHB — 0 pueLmayues
noBepxHOCTH. OHOCTOPOHHNE TOBEPX-
HOCTH  HA43BIBAIOT  HEO pUEHmMUpYye-

T, =5

Puc. 5.5.

Yuraredap g0/KeH pas3auuarb Tep-

V/j § MUHBL  «OpHeHTHpyeMas»  (CTOPOHY

M] MOXHO BHOpATH) M «OpHEHTMPOBAH-
y % ¢ Has» (cropoua yie BpiOpana).

3ameuyanue 2. B oriuuue or

Puc. 5.6. TAKUX CBOMCTB, KaK, HAmpHMep, rjaan-

KOCTh MOBEepPXHOCTH, KOTOpble MOIYT

UMeTs WIH He HMeTh MeCTd B OTAeJbHBIX TOYKAX (1O0KAaJabHBE CBOH-

CTBa), OPHEHTHPYEMOCTb (WM HEOPHEHTHPYEMOCTh) — 3TO  CBOHCTBO,

XapaxTepuaylouiee B C10 NOBEPXHOCTh B leaoM (rnobanxbHoOe CBOH-

creo). HefictaurensHo, Ha sucTe M&6uyca uwanm mo6ofi xpyroff mosepx-

HOCTH M4jas OKpecTHOCTs JoGo#f TOUKM opueHTupyema. B kawmo#t Ta-

KO OKpeCcTHOCTM MOXHO MOCTPOMTh HempephHBHOE MoOJe HOpmaJsel,

XoTa Ha BCem Jmncte MéOuyca Takoe moJe MOCTPOUTH HEAb3d.

C nonsATHeM CTODOHBI MOBEPXHOCTH TeCHO CBH3AHO MOHATHE O P M e H-
T4 WU ee rpaHulbl, KOTOpoe HaM HOHAnoOuTCA HuKe *).

IMyctb X—oO0pHEeHTHPOBAHHAA TOBEPXHOCTb, OrpaHUuYeHHAs
OZHUM MJM HECKOJbKMMH KOHTypamu. OmnpenennM OpHEHTAUMIO Kax-~
xoro Kowrypa L, BXondulero B C€OCTaB [paHnUbl NOBEPXHOCTH X,
COrJACOBAHHYIO ¢ OpHeHTauuel [OBEpXHOCTH X, MO  ClesyiolleMy

*) Dra cBasb CYLIECTBEHHO 3aBUCUT OT TOrO, K KaKOH KOOPAHHATHOH CcH~
cTeMe, nPaBOH UAM NEBOH, OTHECEHO BCe TPEXMEpHOE NPOCTPAHCTBO. Mul 6yreM
vMeTh B BHAY NP as Yy 10 CHCTEMY.

{3 6. M. Byanak, C. B, ®omun
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npasudy: Hampasiesue 006Xona KOHTypa L Mbl cuuTaeM 110 /0 X H-
TedbHB M (CONMACOBAHHHM C opMeHTauuelt X), ecau Habmoxartens,
pACHOJOKeHHbI!t H4d TOBepXHOCTH Tak, 4YTO HANpasjeHWe BeKTopd
HODMA/M COBMagdeT ¢ HalpasJjeHu-
eM OT HOI' K TrojoBe, OOXOAWT KOH-
Typ L, ocTaBiAs mosepxHocTs X BCe
BpeMa caeBa or ceba (puc. 5.7).
IIpotusomoaoxHOe HampaBieHue Mbi
cunTaeM OTpHUunateasHu M. Eciau
L — npon3Bo/ibHHA  3AMKHYTHIH KOH-
TYp, OrpaHNuYMBAOMWIMH KaKyl0-aub0
4acTh OPUEHTUPOBAHHOH MOBEPXHOCTH
Y, To Hanpasienmem o0Xoma 3Toro
KOHTypd, COrJ4COBAHHBIM C OpHUEH-
7 Tdlliel MOBEPXHOCTH X, MBl CumMTaeM
[ 4 onAre-TaKu TO, HpH KOTOPOM OrpaHu-
YeHHasd 9TUM KOHTYPOM YACTh MOBEpX-
Hoctu X (Ha puc. 5.8 OHa 3aWTPUXO- -
BaHa) OCTaeTca caesa *).

Ecan B xauectse moBepxmoctdH X
B3ATd OPWEHTHPOBAHHAA MJIOCKOCTB,
TO 3TO OHpefe]eHHE COTJACOBAHHOCTH OPHEHTAUMM KOHTYpad W IO-
BEPXHOCTH CBOJMTCA K Yxie XOpOWIO 3HAKOMOMY YHTATeN 0 HpaBWIy, HO
KOTOPOMY KOHTYDP CYUMTAETCA OPHEHTHDOBAHHBIM MOJOKUTENBHO, €CAH ero

Puc. 5.7.

n

Puc, 5.8. Puc. 5.9.

of6xox coseplliaeTcd IMPOTHB 4YdCOBOW CTpeAKH, H OpHEHTUPOBAHHBIM
OTpHIATebHO B IIDOTHBOIMOJONHOM Clyuae.

3ameyanue 3, IlpaBuro coriacosanus OpHEHTAUWH MOBEPXHOCTH
2 u orpauuuuBaomero ee koutypa L MOwHO chOpMy.IMpOBATHL elle
caenyioiuM obpasoM: myCcTs N — egUHMYHBIA BEKTOp HOpMAaJHM K TMoO-
BepXHOCTM X B HexoTOpo# Touke M, mpunamzexameft L, v mycrs

*) Ecan B npocTpancIBe B3ATA A€ B a5 CHCTEMa KOOPAHHAT, TO COr/acOBa-
HUE NPOTHUBONOJOKHOE, T. € MOAOXMUTEAbLHO TO HampaBACHUE 06XOXa KOH-
Typa L, npH KOTOPOM HOBEpXHOCTh 2 OCTaercs CHpaBa.
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¥ — BeKTOp, HOpMaJbHBM K L M K N M HanpasJieHHbifl B Ty CTOPOHY,
C KOTODOH pACHOJIONMeHA MOBepxHOCTh 2. TOrna moJOWHTe bHOE Ha-
npasJjienne -06xona Koutypa L yxasbiBaeTca BekTopoM [y, n] *)(puc. 5.9).

2. Onpepaesienue NOBePXHOCTHOIO MHTErpaja BToporo poja. Pac-
CMOTPMM CHAYaJd OJHYy M3 3a1ay, NPUBOAALIMX K HOHATHIO MOBEPXHO-
CTHOI'O HMHTErpana BTOPOro poxd, d MMeHHO, 3a74d4y O BHYMCJAEHUH NOTOKA
HMAKOCTH Yeped HEKOTOPYIO MO-
BEPXHOCTb.

ITycte mpoCTpaHCTBO 3amoiHe-
HO [BMXYLIEHCA KUAKOCTHIO, CKO-
pocTs KOTOpPOH B Touke (x, y, 2)
3anaerca BexTopoM V(x, y, 2) ¢
xomnonentaMmu P=2~P(x, y, 2),
Q=20Q(x, y: 2), R==R(x, y, 2).
BoiunciuM  kosmvectso Il wuako-
CTH, IMpoTexamuie#f 3a esuHuLy
BpEMeHH uepe3 HeKOTOpYyl0 OpHeH-
THPOBAHHYIO MOBEPXHOCTS X. Puc. 5.10.

Paccmorpum Oeckoneuno Maubii
snemenT do moBepxHocTH X. KO/MueCTBO KHAKOCTH, MpoOTeKaolllee yspes
dc 3a enunuuy Bpemenu, pasuo, ouesusHo, dll=V,do, rre V, —
MpOeKIHsl CKOpOoCTH V Ha HampasJenue HopMaau n x do (puc. 5.10).
3anucas V, xak cxasnspHoe mpou3dseneHHe BeKTOpa V HA equHUuHBIH
BeKTOp HOpPMAIM N K do, umeem

dil=[Pcos(n, x)+Qcos(n, y)+Rcos(n, 2)ldo. (5.13)

D10 — 3MeMeHT MOTOKA HKUAKOCTH. YTOOH MOAYYMTb KOJMYECTBO MHIAKO-,
CTH, MpOTeKalouiee uepes BCIO MOBEPXHOCTb X, HYXKHO MPOCYMMHUDOBATSH
BoipaneHus (5.13) mo sceM ajementam do, T. e. B3ATh MHTerpain

H—_—ff[Pcos (n, x)-+ Q cos(n, )+ R cos (n, 2)] do.
z

STOT uuTerpai mpexcrasadeT co0oft He uwTO HMHOE, Kak MOBEPXHO-
CTHBI{ MHTErpai mepsoro poxa (B TOM CMHC/e, KAK Mbl OMPENENNIH ero
B § 1) or suipaxenus

Pcos(n, x)+ Qcos(n, y)-+ Rcos(n, 2).

BaxHo, OxHAKO, TO, YTO CaAMO 3TO.BLPAKEHHE 3ABUCUT He TOJBKO OT
BexTop-dyuxkunu (P, Q, R), sananHoMt na nosepxHoctn X, HO W OT Ha-
MpasJieHus] HOPMajiu B Kamjaoff TOuke 3TOH NMOBEPXHOCTH.

*) 310 NpPaBUAO OCTaeTCA CNPaBERAMBLIM, HE3aBUCUMO OT TOr0, K Kakoi
cucTeMe KOOpAMHAT, NPaBo#l UAM NeBOH, OTHEceHO Bce npocTpancTBo. Hanpasae-
HME BEKTOPa N Ue 3aBUCHT OT CHCTEMBl KOOPAMHAT, HaNpaBAEHUE v TaKKe He
3asucut. Ilpu cMeHe npaBoft cucreMbl Ha JEBYI0 BEKTOpHOEe npousBefeHue [v,n)
MeHsieT CBO€ HanpaBJeHWe Ha NPOTHBONOJOMKHOE,

13*
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ITepefinem Teneps x obweMmy ompenenenuio. Ilycts X —raagkas x8y-
CTOPOHHAA MOBEPXHOCTb. PHKCHPYeM KaAKYI0-1u00 OnpeneseHHYI0
CTOPOHY 3TOH moBepxHOCTH (mose HopMmaseft n(M)) u paccmorpum He-
KOTOPYIO BekTOpHYlO ¢yuxkumo A= (P, Q, R), 3anauuywo Ha X. O6o-
3HauuM A, NpoexuUMI0 BeKTOpa A HA HampadieHUe HOPMATM K X B JdH-
HO# TOYKe. IJTY NPOEKLMIO MOMHO 3dAMUCATH B BHUMIE

A,=Pcos(n, x)--Qcos(n, y)—+ Rcos(n, 2),

rge cos(nm, x), cos(n, y) U €os (N, 2)— KOCHHYCH YIJIOB MeX1y Hampa-
BJCHUEM HOPMAJIK K [OBEDPXHOCTH W HAIMPABJICHUAMU KOOpIAHHATHBIX oceft,
T. €. KOMIOOHCHTB! €JUHWUYHOI'0 BEKTOpad HOpMAJU n.

Humezpanr

ff[Pcos (n, x)-+Qcos(n, y)-+ Rcos(n, 2)]do (5.14)

z

Ml HQA3088M NOBEPXHOCMHOUM UHMEZPAAOM BMOPO2O
pooa om sexmop-pynicquu A= (F, Q. R) no nosepxnocmu X
(TOuHee TOBOPSH, MO Bu0 pAHHOL C(mMOpPOHE HOBEPXHOCTH %) U OyxeM
0G03HayaTh

fdeydz—{—dedx—{—Rdxdy.

z

Takum 06pasoMm, MO omperejeHHI0

ffpdydz-;-dedx—;—R dxdy =

z

=ff[Pcos(n, x)—+Qcos(n, y)--Rcos(n, 2)ds. (5.15)
X

ITpu nepexoxe X APYro# CTOPOHE MOBEPXHOCTH KOMIOHEHTH! €1HHHY-
HOrO BEKTOPa HOPMAJH, a CACXOBATEJbHO, M CaM MHTerpasa (5.14), MeHsioT
CBOM 3HAK HA MTPOTUBOMOJOMHE . a8 00HOCcmo ponnel nosepx-
Hocmu NOXAMUEe HOBEPXHOCMHOZ0 UHMEZPAAG BMOpP020 poda He
ggooumcs.

ILas Toro uto6bl MOHATHe MOBePXHOCTHOrQ MHTerpana npuobpeno obiy-
HOCTb, HeOOXOZUMYIO A1 HPUIONeHUH, IPUXOANTCA paccMaTpPUBATH MHTE-
I'pajb U IO TaKUM IOBEPXHOCTAM, KOTOPEle UMEIOT CAMOMepecCeYeH U
(C aHANOTHUHOM CUTyauuell Mbl y¥Ke BCTPEYd/UCH B TEOPHH KPUBOJMHEHHHIX
VIHTEr paJIOB).

3ameuyanue 1. Ecan do— GeckoHeuyHO MaJniit 3JeMeHT NJOLIANLH
HOBEPXHOCTH, TO BBIPAXEHHUS

cos (n, x)do, cos(n, y)do, cos(n, z)do
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MpeacTaBAd0T cobof mpoexunn sieMeHTa dG HAa MIOCKOCTH Y2, 2X H XV
(puc. 5.11), mostomy Mbl u 0603Hauaem ux dy dz, dzdx v dx dy coor-
BETCTBEHHO. .

3amevanue 2. Mbl Ompese/ MM MOBEPXHOCTHLIA MHTErpa BTOPOrO
poxa, omMpasch HA NOHATHE IOBEPXHOCTHOrO MHTErpajia MepsOro poad.

z
A dgcos(n,x)
Ve z
4 2
4
%ﬁ’écosm,z}
X z
Puc. 5.11. Puc. 5.12.

OxHako HHTerpaj BTOPOrO poOAad MOXHO OIpPEAe/UTh M Hemocpen-
CTBEHHO, C TOMOWLIO COOTBETCTBYIOLIUX HHTErpaJbHBIX CYMM, a4 WMEHHO,
caepyomum 00pasoM:

Bysem #a4 cokpauieHWs 3a0uCH PACCMATPHUBATH TOJBLKO OAHY KOMIIO-
HenTy Bextopa (P, Q. R), cxawmem R. Bo3bMeM HeKOTOPYIO TIJdfKYIO
OpHEHTHPOBAHHYIO NTOBEPXHOCTb X M pdccmMOTpuM pasbGuexue 9T0H moBepX-
HocTH ma uwactu X, B3ds B kamaoft ux »TMX uYacTeft mpOM3BOJLHYIO
TOYKY (X; ¥; 2;), COCTABUM HHTErPDAILHYI0 CyMMY

§1R (*p yir 28, (5.16)

rae S; —mnpoekuus %, HA [JIOCKOCTs Xy. IIpH 9TOM BequuuHy S; Mbi
Oynem cuMTaTh MOJOXMTEJIbLHON, eCAM B TOYKax, NpHHALICKA-
WX 2; HOPMaab K MOBEPXHOCTH 06pasyeT C MOJONKHTEILHBIM HANpasie-
HpeM OCH 2 OCTpHH yrod, M oTpHuUaATEeJbHONl, ecid B Kawioh
TOYKE sJeMeHta 2%, 3TOT yrod Tymo# *). HeTpyaHo NpOBEpUTH, YTO

*) B pasbuenne mnoBepxHOCTH X MOryT BXOAUTh €€ U <«HENPaBHIbLHLIE»
BJECMEHTH, T. € TAKHE, YTO B HEKOTOPBIX HX TOUKax yroa (m, &) ocTpuli, a B He-
KOTOPHX-— Tyno#t (puc. 5.12). Moxno wuau usberath pasbueHuii, ComepMamux
TaKHE JICMCHTbI, HJH [PHNHCHIBATL TAKHM 3JIEMEHTAaM MPOM3BOJLHBLIA 3HaK, dro
He BAMAET HA PE3yAbTaT, MIOCKOABKY CYMMa maouiajgeH MMpOoeKuHid TakuK 9daeMeH-
TOB MaJa,
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AJA HempepblBHOH (YHKIHH R(x, y, 2) u raanxoi NOBEpXHOCTH X mpe-
nes MHTerpajbHelx Cymm (5.16) mpu HeorpaHWueHHOM H3MeJbueHMM pas-
OueHUs TOBEPXHOCTH CYULeCTBYeT U paBeH

ffR(x, y, 2)dxdy

z
(cp. ¢ ompenelieHHeM KpDHBOJMHeHHOrO MHTerpaja BTOPOrO pond B m. 2
§ 2 ran 4).

AHAJIOrHYHBIM 06p3.30M MOXHO  ONpENEJHTL yepe3 HHTerpajbHbE
CyMMBl U HWHTerpaJbt

J [Py aydz v [ [Qex y. 2dzax,
z

z

A CJenOBaTe/bHO, M WHTerpast obiiero Buaa

ffpdy dz+Qdzdx—+ Rdx dy

z

— CYMMY WHTerpajoB 3THX TpeX THIOB.

3ameuanue 3. OranuMe NMOBepPXHOCTHOIO HHTEFpaJd BTOPOrO pOja
OT MHTErpaja MepBOro poAd COCTOUT, MO CYWeCTBY, B TOM, YTO B HHTE-
rpaje BTOpPOr0 pOxA 3JeMEHT IIOmAAM d¢ paccmaTpuBaeTcs He Kak
CKaJApHAA BeJMYMHa, 4 KAK BeKTOp d¢, HANPaBIeHHBH MO HOpMAJIU
K MOBEPXHOCTH U MMEIOIHH KOMIOHEHTH:

docos(n, x), docos(n, y), docos(n, 2).

B COOTBEeTCTBHM C 9TMM MOBepXHOCTHBIf WHTErpajg BTOPOrO pPojd OT
BekTopHO# dyHxumn A= (P, Q, R) vacTo 3amMCHBAOT B BUIE

ff(A, do), (5.17)
X
YTO pABHOCU/JIBHO 3anMUCH
f f (A, n)do. (5.18)
X

3ameuanue 4. Hapany c¢ wunrerpasamu Busa (5.18) B HexorTopsix
3a1a4aX NPUXOAMTCA PACCMATPUBATL MHTEr pajibi BMAA

[ [ 1A, n1do. (5.19)
X

3HaueHHe TaKOrO uHTerpaid npencrasager coboft ymxe He CKajsp,
a BEKTOpD. Ero BblUMCJ/IeHHE CBOAUTCA, OuYeBUAHO, K MOKOMIOHEHTHOMY
UHTerpuposaHuio Bexrtopa [A, n]. Taxk kak sgech NOABIHTErpajbHOE Bbl-
pdXeHue 3aBUCMT M OT HOPMAJM N K MOBepXHOCTH X, To unrterpat (5.19)
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eCTeCTBEHHO DACCMATPMBATL KAaK MOBEPXHOCTHBII HHTErpast BTOPOro poaa
(HO TOJBKO «BEKTOPHL#», B OTIMYHEe OT «CKAJAPHOTO» HHTE-
rpaaa (5.18)). ,

3. Csenenue NOBepXHOCTHOI'O MHTErpaja BTOPOTO poga K ABOii-
HoMY HHTerpaJjy. Y3 ompeneseHuss moOBepXHOCTHOrO HMHTerpaja BTOPOrO
poxa u TeopeMbt 5.1 cpasy BHTekaer CJASAYIOUWMA pe3yibrar:

ITyems enadian (wru KYCo4rO0-2200KA5) NOBEPXHOCML X 3Q-
0aHA YPaBHEHUEM

z=2z(x, y)

{(npuuem Oepercss Bep X HAA CTOPOHA 9TOH moBepxHocTH) ¥ R (X, ¥, 2) —
Hexomopas ozpanusennas gyncyus ra X, Tozda

ffR(x, v, z)dxdy:‘ffR(x, y, 2(x, y))dxdy, (5.20)
= D

rae D — npoexuusa mOBEePXHOCTM X HA NJAOCKOCTh Xy, 8X00Auull 8 Imo
PABEHCMBO NOBEPXHOCMHBLE UHMeZpAL Cyuecmsyem, ecau cyuje-
cmeyem cmosuuli cnpasa 08olnol unmezpad.

JleficTBUTENIbHO, PACCMATPUBAEMbIH NOBEPXHOCTHBIY HHTErpasi MOXHO
nepenucatb B BUAE

ffR(x, vy, 2)cos(n, 2)do.

b
TIpumenus Kk Hemy dopmyay (5.9), HeMelseHHO moayudeM TpebOyeMoe
paseHcTBO. Taknm 06pasoM, 048 moz20 umole nosepxXHocmHbli unme-
2pans ffR(x, v, 2)da, s3amuil no 8epxwueli cmopoune nogepx-

Hocmu 3, onpederennoli ypasuenuesm 2=z (x,y), npeolpa3osams
8 080(HOU, caedyem 8 nOOBIHMEZPAAbEYIO OYHKYUIO BMeCmO Z
nodcmagums coomsemcmseyouyio ByLgto 2 (X, y), 4 ULmezpupo-
B8aHUE NO NOBEPXHOCMUY X 30 HEHUNMb UKMEZPI POBAHLUEH 1O ee NPOeK-
yuu D na nrockocms xy.

Ecin ke uHTerpas GepeTca mo HHKHeft CTOPOHe MOBEPXHOCTH 3, TO

ffR(X- Vs Z)dxdy=—ffR(x, ¥, z(x, y))dxdy.
b D
AHaJOrHYHO mOJyualoTca Popmyiibl

ffp(x, y, 2)dydz =+ ffp(x(y, 2). y, 2)dydz  (5.21)
b D,

. Y dx = * , , x), 2)dzdx, (5.22
fzfQ(x y, 2)dzdx Jl;zfQ(x y(z_x) 2) z‘x ( )
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rie B MepBOM Ciyuae Moj % TNOHMMAETCA MOBePXHOCTb, 3aidHHAS YpaB-
HeHHeM X=X (y, Z), 4 BO BTOPOM — [OBepPXHOCTb, 34MdHHAs ypaBHe-
HueM y =y (2, x). 3uak miioc GepeTca B TOM C/iyyde, KOTAd HOPMAJib
K MOBEPXHOCTH 00pa3yeT ¢ OCbI0 X (COOTBETCTBEHHO C OCHIO Y) O CT P bl
yron, a 3HaK MU HYC, KOTAd 9TOT yron Tymnoft. Dy u Dy — npoekuun
MOBEPXHOCTH X HA4 MJOCKOCTH yZ W 2ZX COOTBETCTBEHHO.

dopmynoft Tuna (5.20) MOXKHO BOCHOJBL30BATHCA AJIA CBEJAEHMA MO-
BEPXHOCTHOTO MHTErpaZia K ABOHHOMY M B TOM CJ/iyude, KOIJd OpMeHTH-
pOBAaHHAA TMOBEPXHOCTh X COCTOMT M3 HEeCKONBKHX KYCKOB, KaWIAbH H3
KOTOPHX OmnpefeliieTCs ypaBHeHHeM BHAAZ 2 =2 (x, y). B aroM ciyuae
paccmatpuBdeMbift MHTErpali ClielyeT MNPeACTaBUTh KAK CYMMY WHTerpa-
JIOB, OTBEYAdIOUIHUX 3STHUM Ky’CKaM, U 3dTeM K Ka)KIlOMy’ U3 3TUX CJardeMmblxX
npuMenuts Gopuyay (5.20).

YupaxueHue, WUHrerpan

J_—_foR(x, y, 2)dx dy,

B3ATHI IO BHelllHeH CTOpPOHe C(ephl
x4 Y242t =a?

34MUCATL B BUJAE CyMMBI JBOHHBIX WHTerpaJios.
OrserT.

J= [ RCe y. Ve == D dx dy—

X'Ll—y! <a2

— ff R(x, V. —V'm)dxdy.

x+yr <a?

(IlepBoe cnaraemOe paBHO MHTerpaJy, B3ATOMY IO BepXHe# CTOpOHe
BepXHe#i noJiycdeprl, 2 BTOpOe, 8MECME CO 3HAKOM MUNYC, PABHO HHTe-
rpajiy, B3fTOMY N0 HHU M Hefl CTOpOHe HiHeH nouycepnl. I[Be Takum
00pa3oM OpHeHTHpOBaHHBle THoJycdepbl COCTABIAIOT BMeCTe BHEUIHIOWD
CTOPOHY NOJHOH Cdepbt.)

Mpr nokasasM, KaK CBOAMTCA K ABOHHOMY HHTerpa/iy HOBEPXHOCTHbIMH
MHTErpaj BTOPOrO pOAd, B3ATHIH 1O [MOBEPXHOCTH, 3alaHHOH ypaBHeHu-
€M B JeKAPTOBRIX KOOPIZMHATAX. [l/i1 MOBepXHOCTH, 3anaHHOH MapameT-
pHYECKHM yp4aBHeHHeM, HpHMeHeHMe Teopembi 5.17 cpasy maet crieayouruit
pe3yibTAT: ecau 2A00Kas (AU KYCO4HO-2AQO0KAA) NOBEPXHOCMb 2
300aH0 NApOMEMpULECKUM Y paBReHLUeM

=r(u, v)
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u (P, Q, R)—ozpaununennan sexmop-ynryus, onpedesennon
Ha X, mo

fdeydz—l—dedx—{—Rdxdy:
)4

=ff[PCOS(n. x)+Qcos(n, y)-+ Rcos(n, 2)] Vg”g%,——gf?du dv,
D (5.23)

20e D —oGracmb u3MEHEHUA RAPAMEMPOS U U U, @ Ly, S0 U Loy —
Koappuguenme. nepsoli rKsadpamuinol Popms nosepxwocmuy
8X00AUUIE 8 IMO PABEHLMEO ROBLPXHOCMHbLE UHMEZPAA Cyujecm-
syem, ecau cywecmsyem cmoguuli cnpasa 080&nol unmezpaan.

dopumyiay (5.23) MOXHO 3amMCaTh HeCKOJbKO HHave. M3BecTHO, 4TO
(em. m. 5 § 3 ran. 3)

cos(n _-——-———A——— €0Ss (n _———g—-
M N=yvErere O IV =yvETeLe 524
c :
cos(n, Z)zm._Bﬁ—.
rie
o o 9z 0x ox oy
ou ou ou ou ou  ou
oy 0z |n B=loe ox | CT|0x oy
v ov ov v ov  ov
H 4TO

Vgug22_g?2 = VA2+B2+C2°

ITostomy dopmyiay (5.:23)1'M0K1i0 3aMUCATh TaAK:

[ [Pdydz+Qdzdx+ Rdxdy= [ [(PA4+QB+ RCldudo,

b D
(5.25)
rie
P=P(x(u, v), yu, v), 2(u. v))

" anajoruyno g Q u R.
flciio, uro pasencrsa (5.20) —(5.22) npeactaBifioT co00# uyacTHHE
ciiyuan oOwe#t Gpopmy.st (5.23).

§ 3. ®opmyna Ocrporpasckoro

1. BmBog d¢opmyam Octporpagckoro. B mnpenpiiylue#t raase Mbi
BHIBeIM (HOpPMy/ly, CBA3HIBAIOLIYID ABOHHOH WHTerpaJ N0 HEKOTOpPOH
HJAOCKOH 00/aCTH, ¢ KPUBOJUHEHHBIM HHTErpa/ioM, B3ATHIM MO ee IpaHHIe
(Popmyra [punc). Cefiuac Mbl yCTaHOBUM aHAJNOTHYHYIO (HOpMYIy,



