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u (P, Q, R)—ozpaununennan sexmop-ynryus, onpedesennon
Ha X, mo

fdeydz—l—dedx—{—Rdxdy:
)4

=ff[PCOS(n. x)+Qcos(n, y)-+ Rcos(n, 2)] Vg”g%,——gf?du dv,
D (5.23)
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Koappuguenme. nepsoli rKsadpamuinol Popms nosepxwocmuy
8X00AUUIE 8 IMO PABEHLMEO ROBLPXHOCMHbLE UHMEZPAA Cyujecm-
syem, ecau cywecmsyem cmoguuli cnpasa 080&nol unmezpaan.

dopumyiay (5.23) MOXHO 3amMCaTh HeCKOJbKO HHave. M3BecTHO, 4TO
(em. m. 5 § 3 ran. 3)

cos(n _-——-———A——— €0Ss (n _———g—-
M N=yvErere O IV =yvETeLe 524
c :
cos(n, Z)zm._Bﬁ—.
rie
o o 9z 0x ox oy
ou ou ou ou ou  ou
oy 0z |n B=loe ox | CT|0x oy
v ov ov v ov  ov
H 4TO

Vgug22_g?2 = VA2+B2+C2°

ITostomy dopmyiay (5.:23)1'M0K1i0 3aMUCATh TaAK:

[ [Pdydz+Qdzdx+ Rdxdy= [ [(PA4+QB+ RCldudo,

b D
(5.25)
rie
P=P(x(u, v), yu, v), 2(u. v))

" anajoruyno g Q u R.
flciio, uro pasencrsa (5.20) —(5.22) npeactaBifioT co00# uyacTHHE
ciiyuan oOwe#t Gpopmy.st (5.23).

§ 3. ®opmyna Ocrporpasckoro

1. BmBog d¢opmyam Octporpagckoro. B mnpenpiiylue#t raase Mbi
BHIBeIM (HOpPMy/ly, CBA3HIBAIOLIYID ABOHHOH WHTerpaJ N0 HEKOTOpPOH
HJAOCKOH 00/aCTH, ¢ KPUBOJUHEHHBIM HHTErpa/ioM, B3ATHIM MO ee IpaHHIe
(Popmyra [punc). Cefiuac Mbl yCTaHOBUM aHAJNOTHYHYIO (HOpMYIy,
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CBA3HIBAIOILYI0 TPOHHOH MHTerpas mo MPOCTPAHCTBeHHOH 06JACTH € mO-
BEepXHOCTHBIM MHTErpajioM, B3ATHIM [0 BHellHeH CTOPOHE mMOBepXHOCTH,
orpaHuyuBaiomelt ary obmacte. IJT1a ¢opmyia HasmBaerca (o puyLol
Ocmpozpadckozo ™). ,

Beesem asia  ynoGctBa criefyiowue TepMuHbl. [Ipoctpancrsennyio
00s1acTh V/, OrpaHuueHHYI0 ABYMS KyCOUYHO-T/AAKHMH MOBEpPXHOCTHMU
u 2, 3a0AHHLIMH YPaBHEHUAMH

2=2(x, ¥) 4 Zz=2,(x, y) (5.26)

u GOKOBO# UM/IMHAPHYECKOH MOBepXHOCTHI0 2y C 0Opa3yIOUIMMH, HApaJi-

JelbHBIMA OCH 2, Mbl HA30BeM 00.2acmbio, UUAUHOpUyeckol 800126

oct z WM, KOpoue, «Z-guaurdpuueckoii». IloBepxnoctn z = 2z (X, y)

H 2=2,(X, y) HasoBeM ee KPUBOJUHEHHLIMM OCHOBAHMAMHU, HIK-

HUM M BepxHuMm **) (puc. 5.13). Ana-

2=2,(5,4) JIOTHYHO 00/1aCTh, OrpaHUYeHHYI0 Ky-
2T COYHO-TJIAAKUMH T10BE PXHOCTAMH

7
//Z/
~

z

X=2x1(y 2) U x=X3(y, 2)

W UWIHHAPUYECKOH MOBepXHOCTHIO €

00pa3yoWUMH, HapaijeabHbIME OCH X,

” Ha30BeM «X-UuauHApuueckofi». Tax

Ke ONpefeffIOTCS W «y-UWIHHApHYE-

L CKMe» 00/1aCTH,

= HasoBem, wuakoHeu, obaacts V

22,(%.4) npocmoii, eciu ee MOXHO pa3OUTH

KaK Ha KOHeuHOe YMCJIO0 Z-LWIMHAPU-

Z  YeCkux 00sacCTeff, Tak M H4 KOHeu-

HOe 4MCJio 00JiacTelt Kawaoro M3 ABYX
OCTAd/IbHBIX THIIOB.

'y ycre V — HexoTopas z-uuiauui-

puuecKas 00/aCTh C OCHOBAHHAMH Xy,

Puc. 5.13. 3, 3anaHHbMH  ypasHenuamu (5.26)

1 OOKOBOH MOBepXHOCTHIO 4. Coe-

IMHeHHMe 3THX TpeX IIOBZpXHOCTe#, T. e. BCIO rpanuuy obaactu V, o6o-

aHauuM 2. [lpn sToM Mbl GyseM paccMaTpHBATE BHeEIl HIO 10 CTOPOHY

nosepxHocti 2. BosbMeM ¢yukumo R(x, y, 2), Onpefe/eHHYIO H Hellpe-

* M. B. Ocrporpaznckuit ony6ankosan 31y dopMyny B 1828 r. B pa-
6ote «3aMerka O TEOpHH Tela». HacTo ee HasmBawT Takie dopmyinoit aycca,
onHaxo [ayccoM ata QopMyaa Gnila Ti0AydeHa 3HauHTeNbHO MO3ke, B 1841 1.

**) DokoBafi 1NOBEpXHOCTL % MOMer OTcCyTcTBoBarth. Harpumep, map
Mbl CYHTEEM 2Z-LHJHHIPHYECKOH 06nacTsblo, OCHOBAHHA KOTOPOH Ccyth X —
HIKHAs noaycdepa u I, — BepxHaa noaycdepa, a 60koBas NOBEPXHOCTH X3 Bbi-
pongnacn B 3KBaTop (Wap ABjaseTcs TakKme M 06/1acTbio, WHIHHAPHYECKOH BJOJB
oced x H y).
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0
PHIBHYIO BMeCTe €O CBOeH YacTHO# TNpOM3BOLHOH 75— B o6sactu V (BkI/IO-

Yasg ee TpaHULy), H PACCMOTPUM OUYEBMAHOE PABEHCTBO
22 (%, ¥) .
oR
Sz d2=R(x, ¥, 2(x, y))—R(x, ¥, 2,(x, y)).
z (%, ¥)

TlpounterpupyeM 3TO paseHcTBo 1O obnact D, mpeactasisomed CoGok
nmpoekumio V' Ha  TAOCKOCTH (X, V), 3aMeHAs MOBTOPHHA WHTerpal
TPOHHBIM:

f/f-———%g dxdydz=//R(x, Vs z2(x, y))dxdy-—-
v D
_//R(x, ¥, 20 (x, )Ydxdy. (5.27)
D

IepBrift M3 cTOAMX CHpaBA WHTErpajoB MOXKHO 3aMUCATL (CM. dop-
Myay (5.20)) B BHie MOBepXHOCTHOTO MHTerpana ot ¢pyHkuuu R (x, y, 2),
B3ATOr0 MO BepXHe#t CTOpPOHE MOBEPXHOCTH

2=25(%, y)

AmnajiornyHo BTOpOH M3 3THX HHTErpajioB MOKHO pACCMATPUBATL KaK
TIOBEPXHOCTHBIE HMHTErpan or Tofi ke ¢yHkumn R (x, y, 2), BSATHIA
10 - BepXHe#t CTOpOHE MOBEPXHOCTH 2 =2{(%, y), WIM KaK HHTerpal
N0 HHKHeH CTOpOHe TOH XKe MMOBEPXHOCTH 2 =2, (x, y), B34rhiit ¢ 0Opat-
HioiM 3HakoM. TakuM 0o0pasoM, Mbl HOJyuuM .

f.,/./'ooéd"dydz“—‘f/Rdxdy—i—/fRdxdy. (5.28)
v s, %,

rie MepBH U3 CTOAMMX ChpaBa MHTerpasnoB OepeTcd MO BepXuelt CTO-
poHe TMOBepXHOCTH 22. a BTOpOH# — MO HHXHelt CTOPOHE MOBEPXHOCTH X,
IlpubaBuB Kk npaso#t uactu opmyJiel (5.28) uHTerpan

ffRdxdy
Zs

(paBHBI#, OueBMAHO, Hy/0), B3ATHIA 1O BHeIMHeH CTopoHe OoKkoBo#
TOBEPXHOCTH Xj, Mbl HOJIYUHM CIpaBa MOBEDXHOCTHBIH HMHTerpali, B3ATHIH
N0 BHelIHe#l CTOpOHe BCe# MOBEPXHOCTH X, orpaHuuuBaowel obnacts V.,
Takum oOpasoM, MBl noJyydeM Cliefyioliiee PaBeHCTBO:

‘/.f/_%g_dxdydzszRdxdyszRcos(n, z)do. (5.29)
v = "
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Pasencrso (5.29) cnpaseanuso u and Jio6Go#t obnactu V, koropywo
MOXHO pa30uTh Ha KOHeYHOe UYMCJA0 Z-UM/JIMHADUYECKUX uacTeh. [eli-
CTBMTE/IbHO, pa3obbeM V Ha Takue vacTu V;, HanmumleM /g kawmoht
U3 HUX paBeHCTBO BMAA (5.29) W nmpocymMMHpyeM 3TH paseHcTsa. Ciesa
Mbl HOJIYYUM TPOHHOH MHTerpaJs, B3ATbUE Mo BCe#t obnactu V, a cnpasa —
CyMMy MOBEDXHOCTHBIX MHTerpasioB, B3ATBIX MO 4ACTAM MOBepXHOCTH X,
orpaHuuuBalowe#t V, 1 Mo TeM MNOBEPXHOCTAM, C MOMOWBIO KOTOpHX V
pa3busdeTcs HA 4YacTM V,;, mpuueM MO KawIOH W3 3THX MOCAeAHHX MHTE-
rpan OeperTcs ABaX AB, OAMH pa3 HO OAHOH ee CTOpPOHe, a BTOPOK
pas —no apyrofl. ITostomy B pedyabTaTe CyMMHDOBAHMA BCE MHTErpasbl,
B3ATHIE [0 pAa3Ae/AOLIMM TMOBEPXHOCTAM, B3aHMHO YHHYTOXa-
I0TCS, U Mbl NOJAyYdeM

/J‘/%d"dydzzfzfi?dxdy- (5.30)

[Tycte Temepp V — 06/acTh, LWAMHAPHYECKAS BAOJb OCH X, T. e.
OrpaHMyeHHass KyCOUHO-TJIAAKHMH TTOBEDPXHOCTAMU-OCHOBAHUAMU

x=x1 (Y ) X=X3(y, 2)

1 GOKOBOH LMJIMHAPHYECKOH TOBepXHOCTHI, a P (x, y, 2)-— dyHKuus,

HelpepblBHASA BMeCTe €O CBoeft IpousBopHOH % B obnactu V' (Bkiaiouas

ee rpanuily). PaccympeHnus, aHa/nOruyHule MpOBeAeHHHIM BhIle, NPUBOAAT

K DaBeHCTBY
fff%f-dxdydz:/fpdydz, (5.31)
14 z

KOTOpOe 0CTdeTCd B CHMJie M TOTrAd, KOria V COCTOMT M3 KOHEYHOro 4uCid
X -UHWIHHAPHYECKUX 4YacTel.
AHA/IOTUYHO MOJYYAeTCA M PABEHCTBO

///%—dxdydz:://de(ix’ (5.32)
v p

crpaBeM/iMBOe 145 BCAKOH# obnactu V, KOTOpYIO MOMHO pa3GuTh Ha KO-
_HeuHOe YHCJO0 y-UM/JIMHApHuYecKuX ofJactef.
[ycrs, wnakowel, V —nekoropas npoctad 06/44CTb M HyCTh (yHK-
uud P, Q, R BMeCTe CO CBOMMM HDOM3BOAHBIMU 9P 99 IR Hempe-
ox ' Oy * 9z emp
pbIBHE B 3TO#f 00.4CTH BCIORY, BK/IOYdad ee IpaHULY (T. e. HENpephIBHEL
B 3aMkHyTo#t obnacru). Toraa cmpaseasuBs! BCe TpH paseHctsa: (5.30),



§ 31 ®OPMVYJIA OCTPOTPAJICKOIO 205

(5.31) u (5.32). CnoxuB MX, moJyudeM

//‘/ ox_{_ —{————)dxdydz-:
:/deydz—{—dedx—{—Rdxdy (5.33)
X

Wid, B Apyrux o0o3naueHHAX,

f[f 0x+ + e )dxdydz.,_
='/'LZ/./[Pcos (n, x)4+Qcos(n, )+ Rcos(n, 2)]dg. (5.33")

Ato u ecth gopuysa Ucmpozpadckoo.
3ameuaHue [Ilpu BmBoae dopmyant OcCTporpaickoro Mbl CUHTAMH,

yro ¢yHxuuu P, Q, R ¥ Mx YacTHBIE NPOH3BOAHLIE HETpephIB-

ox’ 9dy’ o0z
He (@ cregosarenbHo, W orpaHWueHnl) B 3aMKHYTOM npocroii obaacru.
IMpumeHHB Te Me paccymaeHHd, 4yto H nas Qopmyant IpuHa (cm. 3aMeuaHue 1
§ 3 ra. 4), MOMHO j0Ka3aTh cClpaBeiaMBoctb ¢opmynn Ocrporpaickoro Ipu
caepyomux 6onee 06 Ui H X yCAOBUAX!

l. V — orpaHuyeHHas 06aacTy, IpaHHUa KOTOPOl COCTOHT M3 KOHEYHOTO
qHCaa KYCOYHO-TMaJKHUX TIOBEPXHOCTEH.

2. dyuxun P(x, y, 2), Q(x ¥, 2) ¥ R (x, y, 2) HenpepuBHH, a CJeJfOBa-
TENLHO, H OrpaHH4eHbl B 3aMKHYTOH obaactu V.

3. IpousBorHble —— 9Q IR CYWIECTBYIOT M HENpPepuIBHBI BHYTpH
ox' dy ' oz

obnactd V (6e3 rpaHMllBl) M HHTErpal //‘/. 0x+ —{— oz)dxdy dz

cymectByeT (6biTh MOXET, Kak HeCOGCTBeHHbIPl HHTerpaa *) ).

2. BpluMcaeHHe noBepxHOCTHBIX HHTErpajoB ¢ nomompio ¢op-
myanl Octporpaackoro. [lpeancraBaenne o6bema npocTpascTBeHHOA
o6racTH B BHJAE NOBepPXHOCTHOTO HHTerpaiaa. Brie Me mokasaau
(bopmyia (5.10)), Kak NOBePXHOCTHBIH MHTerpan BTOPOrO pogd CBeCTH
K aBoftnoMy. OnxHako A ¢AKTHYUECKOrO BHIYMC/ICHUS MOBEPXHOCTHOTO
WHTerpasa STOT MNyTh He BCeria cambifi yAOOHBI#. B 4acTHOCTH, uHTe-
rpaji MO 3aMKHYTOH MOBepXHOCTM HHOrAa yAoOHee CBOAMTL K TpoHHOMY
no ¢opwmysie Octporpaxckoro.

MMpumepsn. 1. Boiuncaure uHTErpan

.1=ffx3‘dydz—|—y3dzdx—{—z3dxdy,
X

BaaTul no chepe x?4-y? 4+ 22=q2

*) O HecOOCTBeHHBIX KpalHBIX MHTerpajdax cM. ri. 9.
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Pemenune. BocnosssosaBmuct dopmysnoft Ocrporpaackoro, GyneM
UMETH
J=3 f f f (24 y*+2ddxdydz,

2ty L at

OTKYA4, BBexs ChepuyecKHe KOOPAMHATH, MHOJyudeM

21 i1

a
J=3 [d(p /.dﬁ [r“sinﬁdr:%—:mi
0 0 0
2. BuiuuCauTh HHTerpal

J=ffzdydz+xdzdx+ydxdy,
X

B3ATHI MO HEeKOTOPOH# 3AMKHYTOH MOBEPXHOCTH 3,

Pemenune. [To dopmyse OCTporpanckoro paccMaTpusaeMbift HHTe-
rpan CBOAUTCA K TPOHHOMY, MOA 3HAKOM KOTOpPOro CTOMT TOMXAeCTBEH-
Hotlt nyab. CreposatensHo, /=0, kakoBa Out M ObiNia 3aMKHyTad MO-
BEPXHOCTb 3.

B nmpenmiayme#t raase Ml BHAeJH, uTO ¢opmysna ['puna aaer,
B HaCTHOCTH, BBIpAXKEHMe I IJaOwWanu 00/aCTH uepe3d KPHUBOJMHeHHbIH
uHTerpan no ee rpanuue (cM. (4.47)). Touno Tak we u u3 Qopmy/n
OCTporpaackoro Jerko MoJyuuTh BhpaweHue AaA oObema 06/1aCTH B BUJE
MOBEPXHOCTHOTO MHTErpaja MO 3dMKHYTOH INOBEPXHOCTH 3 — rpaHule 3TOH
obnactu. [efictButenbHo, noxbepeM ¢yuxkuun P, Q@ uw R Tak, uToOHl

oP . 0Q |, OR
oty ta =1l

Toraa mouyuum

fdeydz+dedx+Rdxdy=fffdxdydz:V,
b v

rie V — o6beM, orpaHuueHHpift MOBepXHOCThIO X, Muterpan sgech Ge-
peTcs MO BHellHe#t cropoHe X.° B 4aCTHOCTH, NONOKHUB

1 1 1
P=-=x, Q=3 R=3z,

MBl MOJIYYMM HJisl BBIYMC/eHHs oObeMa yaoOHyio dopmyay

V=—;T/./‘xdydz+ydzdx-{—zdxdy. (5.34)
PZ!



