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HazoBem jnuue#t rpafuenta *) ckajigpHoro noad U BcAKy KpuBYIO,
KacareqbHas K KOTOpO# B KawAo# ee Ttouke Hampassena mno grad U
8 9TOH Xe Touke. TakuMm 0O0pa3oM, JMHHM TpafdueHTa NOJid — 9TO Te.
AMHUH, BAOJbL KotopuX moje U MeHsieTcsi GhICTpee BCero.

MoxHO mokasath, 4To eciu Gynkuua U(x, y, 2) ¥MeeT HelpephiB-
HHE 4YaCTHHe MNpOU3BOAHBIE N0 2-TO MOPAAKA BK/IOYHTENBHO, TO Yepe3
KamAylo Touky obnacti, B KOTopoff 3amano mnoJe U, mpoxoaur oaua
M TOMLKO OfHAa JuHus TpajeHTa. B Kawio# TOYKe JuHHA TpajueHTa
OPTOTOHa/bHa TOH MOBEPXHOCTH YPOBHA, Ha KOTOPOH 3Ta TOYKA JIEWHT..

§ 2. Bekropuble noas

1. Onpepsenende W nMpHMepH BEKTOPHBIX nojeit, Mu rosopum, yTo-
8 nexomo poli o6aacmu  onpedeneno 8exmo proe nore, ecau Ka*ooit.
moduxe M amoii o6aacmu nocmasaen 8 coomsemcmsue onpedenes-
notii sexkmop A (M).

OmnMH M3 BaXHHIX IPUMEepPOB BeKTODHHIX MOJeH, K KOTODOMYy MH’
O6ydeM HeOAHOKpPAaTHO BO3BpalaThCA, — 3TO MOJe CKOpocre#t cTauuo-
HApHOrO MOTOKa xuakoCtH, OHO ompeleaseTcd Tak: nmycTh ofiacth &
3anoJiHeHa XUIKOCTBLIO, TeKyuie#f B KawAO# TOYKe € HEKOTOpPOH CKo-
POCTLIO V, HE 3aBucAUieHt OT BpEMEHH (HO pasjuyHO#t, BOOOUIE roBoOp4,
B p43HHX TOUKaX); MOCTaBHB B COOTBeTCTBHE Kawmo# rtouke M uz Q
BeKTOp V=V (M), MH MOJyYMM BEeKTOpDHOe [0Je, Ha3hBAEMOE MO JeM
ckopocTel,

Jpyro#t BawHHH mnpHMep BEKTOPHOTO MOJA —3TO MOJe TATOTE HU,
Ilycre B npocrpaHcTBe pachpespesieHa HekoTopas Macca. Torga na Mare-
pHaZbHYI0 TOYKY ¢ Maccofi 1, moMeilieHHy0 B HaHHyl0 Touky M, xeft-
CTBYeT HEKOTOpafd TpPaBUTALUMOHHAd cHJa. IDTU Cuibt, OmpelefeHHHE:
B Kamao# Touke, 0O0OpasylOT BEKTOpHOE [0Je, HasbiBaeMoe MOoJeM
TATOTEeHUA (OTBEHAICWIMM JHAHHOMY pachpeje/ieHUI0 MacC) Wju T p a-
BUTALUOHHBIM MOJEM.

Ecau B mpoltpaHcTBe pacmpefeseHbl KakuM-auGo o0pasoM 3aeKTpu-:
4YeCKHe =2apansl, TO HA EIMHUYHLIA 3JIEKTpUueckUH 3apan, NOMEHiEHHBIA
B TOYKY M, O5TH 3apsipl HefiCTBYIOT ¢ ompefeieHHOfl cuiolt F(M).
O5pasyemMOe 3TUMM CHJaMU BeKTOpDHOE [OJe Ha3bIBAETCA 3 JEKT p O-
CTAaTHYECKHUM TIOJAEM.

W nose rtarortemud, M 3BJEKTpUYECKOe MOJe INPeAcrasjdior colo#
MpUMEPHl CUJOBHIX Mo/eH.

Ecau A (M) — nexoTopoe BEKTOpHOE MOJe B MPOCTPAHCTBE, TO, B3AB
B 3TOM NPOCTPAHCTBE KaKyi0-aIu00 HEKAPTOBY CHUCTEMY KOOPAMHAT, MH
MoXeM nmpencTasuts A (M) Kak COBOKYNHOCTL TPEX CKAaJAPHHX Yy HK LMi—
KOMIOHEHT 3TOTO BEeKTOpa. DTH KOMIOHeHTH Mbl OygeM o008HauaTh, Kak
npasuao, P(x, v, 2), Q(x, ¥y, 2) u R(x, y, 2), B nanbueitiiem Mu

*) Cp. ¢ O6ImUM OmpeAeneHUEM BEKTODHOH JMHUU B CAELYIOMEM Maparpade..
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OyseM paccmaTpupaTh BEKTODHbBIE MOJf, KOMIOHEHTH KOTODHIX Hempe-
PHIBHEL M MMEIOT HempEpPLIBHLIE YACTHHIE MPOU3BOIHEIE NEPBOrO MOpPAKa *).

2. Bextopubie /AnHUM M BekTOpHeie TpyOxH. Tlycrts B ob6aactu
.3agano Bexropuoe mnoae A(M). Kpusas L, sewamas B €, uasuisaercs
BeKmMOpHOL Aunuell, eCHM B Kaxao# TOUKe 3TOH KPUBOH HampasieHue
KacaTeqbHO#i K Heft COBNafaeT C HampaBJieHHEM BEKTOpa A B 3ToH e
Touke. B wacrhocr, ecau Moje A ecth moJe CKOPOCTEH CTalUOHAapHOTO
NI0OTOKA KHUAKOCTH, TO €ro BEKTOPHHIE JUHUM — 3TO TPAEKTOPUM 4aCTHUIL
WHUAKOCTH.

B sompocax, cBfi3aHHBIX C M3yuyeHHeM MHOJieHl, BAXKHYIO POJb WUIpaeT
3ajaya O HAXONIEHMUH BEKTODHOH /MHUM Toad A, mpoxoxsduiedl uepes
. BAHHYI0 TOuKy M.

AHaiurHueckd 3Ta 3axaya GopmysMpyercs, OueBMAHO, TaK: Tpelyerca
HaiTh BEKTOp-(PyHKUMIO T (£), YAOBJAETBOPAIOLIYIO YCJIOBUAM

r’ (£) =AA,

r(t)=rgp
TAE ro— pagUyC-BEKTOp HayanbHOH Touku M, £y — HauaJAbHBI MOMEHT
BpPEMEHH, a4 A — MPOU3BOJbHAA WHC/IOBafA BejuuHHa. MOXKHO MOKasarth,
4TO ecaM KoMmmoHeHTH P, @Q, R sBexkropa A — HenpepuiBHO aHpdepen-
uupyemole GYHKUMM KOODAMHAT, HM B OXHOH TOuke He oOpaiaiouidecs
B HY/Jb OJHOBpPEMEHHO, TO Yyc/oBHA (6.7) neHCTBUTEALHO ONpeensioT
B To#ft oOsacTy, B KOTOpO# 3anaHo noJje A, OXHY M TOJBKO OJHY BeK-
TOPHYIO JIMHUIO *#),

OrpaHuueHHass HEKOTOPOHi HOBEPXHOCTHI0 X% YaCTh NPOCTPAHCTBA,
B KOTOPOM 3aJaHO BEKTOpDHOe moJie A, Ha3bBaeTCA 8eKmo proi mpyo-
KO, eC/Id B KawIOH TOUKU [OBEPXHOCTH X HOpMads K X opro-
ronasbHa BexkTopy A B 3roff we Touxe. Muaue rosops, sekmopran
mpyora — amo 4acmo NPOCMPAHCMBA, COCMOAUAA U3 YesbX Bek-
MOPHOLX AUKUY;, KAWNAA BEKTOPHAA JIMHUA UM LEAMKOM JIEHHT BHYTpH
_AAaHHOH BeKTOpHOH TPYOKHM, uAM HAXOAMTCA LEJMKOM BHe ee. MoxHo
CKasaTh, 4YTO MOBEPXHOCTb X, OTpaHUuUBaouias BEKTOPHYIO TPYOKY,
COTKaHA M3 BEKTOPHBIX JIUHUI.

Ecau cHoBa mpexcraButh cebe BEKTOpHOE NOJIE A Kak I[OJie CKOPO-
-CTefi ABWXKyuieHCS KMIKOCTH, TO BeKTopHas TpyOka —3T0 Ta wacth
HPOCTPAHCTBA, KOTOPYIO «3aMETaeT» MpU CBOeM MepeMelieHHH HeKOTOPHI
(GUKCMpOBaHHBI 00DbeM KUAKOCTH.

3. Paznuunbie BHAH CHMMETPHH BeKTOpPHMHIX noseil. Hayuenue
BEKTOPHOTO noJd (KaK W CKaJApHOro) cyuiecTseHHo objerdaercs, eciu
3TO MoJje 00JanaeT TEMH MM WHLIMM CBOHCTBaMu cUMMeTpuu, [Tepeuncium
HEKOTOpHle BaiHEHIIME YACTHEIE CJAyYau.

(6.7)

*) flcHO, YTO ecad 3TO YCJOBME BHINOJHEHO B KakO-n1u60 OfHOIt nexapro-
BOH cHMcTeMe KOOPAMHAT, TO OHO BHIIOJHEHO W B JI0GOH 1pyro#t cucreme.

**) 910 caexyeT U3 TEOPEMBl CymIECTBOBaHMA W €IUHCTBEHHOCTU peLIeHHs
.4 cdcreM auddepeHRUaNbHBIX YPaBHEHMH (CM, BHIL 3, I'l, 1, § 6).
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a) [lrockonapansnenssioe nose, Ecim and naHHOTO BeKTOPHOrO
noaa A MOXHO noaoGparb [AEKapTOBY CHCTEMY KOODIMHAT, B KOTOpPOH
KOMMOHeHTH moad A umewor sul P(x, y), Q(x, y), R(x, y) (1. e. He
3aBUCAT OT 2), TO MmoJe A Ha3HIBAETCA NAOCKORQAPAALeAbHbLM. EcCau
npu 3toM R(x, y)=‘0, To noje A HaspBaeTcd n.aockum. [lpumepom
TAKOrO TOAS MOWET' CAYWHUTL [OJie CKODOCTeHl WUAKOCTH, CKOPOCTH
YacTUL KOTOpOH mNapaijielbHH HEKOTOPOH (PUKCHMPOBAHHON MJIOCKOCTH W
He B3aBHCAT OT pacCTOAHUA YaCTUUH AO JaHHOM MAOCKOCTH (MIOCKUH
10TOK). BeKrTopHbie JMHUUM TAKOTO MOJA — IVIOCKHE KpUBLIE (OJHU U Te e
B KaxAO# HapanjebHOH IJIOCKOCTH).

6) Ocecummempuyeccoe nose. Bextoproe nose A HasmBaercd
ocecuMMmempuueckKuM, eCIM CymecTByeT TaKas LMJAMHADUYECKass cHcTeMa
xoopauuHar r, ¢, 2, 4ro B Kawno#t Touke M Bexrop A (M) sasucur
Jumb OF 7 4 2, Ho He OT ¢, VHpIMU c/0BaMy, Takoe I[OJie NepexomuT
camo B cels mpu mosoporte BOKpYr ocd 2. Ecau sexrop A (M) saBucur
TOALKO OT 7, TO MOJE HA3HIBACTCA YUAUKOPUHECKUM,
~ B) O0dxomeproe nose. BekTopHOe IOJie Ha3bIBACTCA OOHOMEPHBLM,
€C/IM CYLIeCTByeT TaKas AeKapToBa CHCTeMa KOOpAMHAT, B KOTOpOH# KOM-
TIOHeHTHl 3TOro moJus umeior sug P(x), 0, 0. BexropHbe /JIMHMU TaKOTroO
noJss Tpeiacrasasior co06o#, OYeBMAHO, COBOKYHNHOCTb BCeX HOPAMHX,
napajnenbHHX OCH X.

4, TNonae rpapuenra. [oreHumanpHoe none. Paccmorpum cHosa
HekoTopoe cKaadpuoe moje U (AM). [locrpous B "kawmo#i touke M
pexrop grad U, Mb 1mOJy4dM BeKTOpHOE MOJle — moJie IpaideHTa CKaasdp-
Ho#t BesuuuHn U, Beenmem caenylouiee

Onpeodeaenure. Bexmopnoe nose A (M) nHa3ze8aemcs nomes-
QUuQAbHB M, eCAE €20 MONCHO npedcmasums Kax 2paduenm
Hexwomopozo ckargprozo noasg U (M):

A=grad U.

Camo cxajsipnoe nojie U HA3biBAeTCA MPH ITOM ROMEKGUQAAOM BeKmo p-
Ho20 noast A.

Paccmorpum cuaenyiomn#t  mpumep. Ilyers U= f(r), rae r=
=V 2+ y? 422 (1. e. U—cdepuueckoe noze). Hatinem grad U.
Hmeem

ouU

Y or Y, X
=S Dse=rm—-,
AHaJOTrHYHO
oU oU z
—d—y—=f'(r)% o =rms.
Tarum oOpasoy,
grad U = f’ (r) % , (6.8)

= xi—+ yj—+ 2k.
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Ecnu BekTopHoe mose A MMeeT MOTEHUHMaJ, TO 3TOT MOTEHUMA
onpejeasercd mojeM A OXHOSHAYHO, C TOYHOCTBI0 [0 MPOU3BO/LHOIO
NOCTOAHHOTO cjaraeMoro. Jle#cTBUTeNLHO, eCau cKaaspube noas U u V
UMEIOT OAMH M TOT e TpaiHMeHTt, TO

grad (U —V)=0.

Ho torma u mpoussosHad or U —V no moloMmy HampapieHUIo
pasHa Hymio B mo6o#t TouKe, OTKyHa C€pasy C/exyeT, 4TO

I —V = const.

BexropHble JMHMYM MOTeHUMaALHOTO HoJA A mnpexctasasior cobo#i, pasy-
MeeTCs, JMHUM TpajueHTa ero noreHuuana U, T. e. junuu Haubuicrpeit-
IIero W3MeHeHUs 3TOro MOTEHuUHMana.

EcrtecTseHHO BO3HHMKAeT BONPOC 00 yC/aOBMAX, HPU KOTOPHIX AaHHOe
BEKTOpHOE moJje A moTeHUHanbHO. PaKTHUECKM STOT BONMPOC MBI yXKe
paccMorpead B rj. 5. JeficTauTebHo, TaM ObJIO MOKasaHo (Teopema 5.2),
YTO BHIpaMeHHe

Pdx+Qdy-+Rdz

(rme P, Q, R — HenpepuiBHEle (YHKUHMM, HMEIOLiME HempephlBHHIE 4HacT-
Hble TPOU3BOAHBlE 1-T0 mopAxKa) CayXuT NOJAHHIM guddepeHuuanom He-
KOoTopo#i onHO3HauHOW Gyuxkuud U (x, y, 2) B TOM M TOJBKO TOM Cay-
uae, ecd P, Q, R yZOB/IeTBOPAIOT YCJOBHAM *):

P _0Q 6Q __OR OR _ 9P

Iy T 9x ' 0z — 9y Ox 0z (6.9
Ho ecau
Pdx+Qdy—+ Rdz=dU,
TO
oU W U
P=d_x" Q—'aT, R—-&-‘»

T. €. ycaosue (6.9) kxak pa3 W oaHauaer, uro mnoJje (P, Q, R) noreH-
uMaabHo.

Urak, 0418 mozo 4moGel 8exmoptoe nose A= (P, Q, R), umewn-
Wee Henpepul8Hble U Henpepolerno Oudighe peryupyeroe KOMROHEHINbL,
0bl20 NOMEHUUALbHO M, HEOOX00UMO U 0OCMAMOYHO, 4MOOLL
sunoansgruce pagencmsa (6.9).

Ecau A — noTeHuuanbHoe BeKTOpPHOE MoJe, TO (PakTHueckoe Haxo-
WACHHE ero MOTeHUUana CBOAUTCA K HaXOX/JeHHIO PyHKuuu MHO ee mOJ-
Homy nuddepeHumMany — 3amade, KOTOpYW MH paccMaTpusaid B § 4
ra. 5 (popmyna (5.43)), a nad aByX mepeMeHHHXx —B § 4 ra. 4 (dop-
Myaa (4.50)).

*) Mbl cuuTaeM, 4TO 0O/Na€Th, B KOTOPOi OHpeje]eHO BEKTOPHOe noje A,
OJHOCBA3Ha.
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K nowHATHi0 NOTeHUMAALHOrO MOJASA MH eufe BepHemcd B m. O § 4.

[Tpuwmep. Ilycry B Hauano xoopauHat O nomenieHa macca m. Ecau
Teneps B HeKOTOPYW Touky M (x, y, 2) nOMeCTHTH efMHMYHyI0 Maccy,
TO Ha Hee OyjgeT AGMCTBOBATL CUNA NPUTAKEHUA, pasHas

F=—y r (r=xi-+yj+ zk).

Dru cunbl, ompejgensieMHe B Kawjao# TOUKe HPOCTpaHCTBa, o06pasyioT
BEKTOPHOE T[OJie — [OJIe TArOTeHMs TOoYeyHOo#t Maccu m. Ero mowHo
fIpeACTaBUTL KAaK TI'PafUEHT CKaJApHON Be/JUUUHEI
ym
r

H#a3b1BaeMOft HBIOTOHOBCKUM MOTEHUMAJIOM ToueyHOH Macch m. B camowm
leJde, BOCNO/b30BaBUIMCL Gopmyao# (6.8), moayuaem

grady —y—r.

§ 3. Morox BexropHOro nons. JuBepreHuHs

1. MfoTox BeKTOpPHOro mnoJisi uepe3 MOBEpXHOCTb, B mpensiayuiei
T/aage (§ 2) Mbl NMOKAasajM, YTO KOJMYECTBO KUAKOCTH, MpOTeKawomed 3a
€IVHULY BpeMEHM uepe3 AaHHYI0 (0pUEHTUPOBAHHYIO) HOBEPXHOCTH 2,

paBHO uHTerpany
f f A, do,
z

Tae A, — HopMaJbHas COCTaB/A0LIA% BekTopa ckopoctd A= (P, Q, R).

D1y BeJMUUHY MH HA3BAJIM MOTOKOM KUAKOCTH Yepe3 MOBEPXHOCTH X.
[Tycts Temeps A —- npOUSBOJLHOE BEKTOPHOE MOJe U X —— OpPUCHTHUDO-
BaHHasl MOBePXHOCTh. IloBepXHOCTHHIA WHTerpan

£fAnd0

‘Mbl Ha30BeM NOMOKOM BexmopHO20 noAs A #epes nosepxuocms 2.
‘Taxum 06pasoM, ecad A — CKOPOCTb MABHXEHUA KHIAKOCTH, TO TMOTOK
BEKTOpa A yepes HEKOTOPYIO MOBEPXHOCTH paBeH KOJMYECTBY WUAKOCTY,
npoTeKawmeff yepes 3Ty MOBEPXHOCTL 34 efUHMUY BpemeHu. g Bek-
TOPHOT'O MOJA MHOH NPUPOAH MOTOK MMeeT, KOHeYyHO, npyrofi ¢usuue-
CKUH CMEIC/L.

[Mpumep. Ilycte U=U(x, y, 2) — nose Temneparyp BHYTpU He-
KoToporo Tena, & —xosdduuuenr rensonposogHoctH U A ==grad U.
LCornacHo 3akouy ®Pypse, KoauvecTso Temaa dQ, npoTexawomee 3a



