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K nowHATHi0 NOTeHUMAALHOrO MOJASA MH eufe BepHemcd B m. O § 4.

[Tpuwmep. Ilycry B Hauano xoopauHat O nomenieHa macca m. Ecau
Teneps B HeKOTOPYW Touky M (x, y, 2) nOMeCTHTH efMHMYHyI0 Maccy,
TO Ha Hee OyjgeT AGMCTBOBATL CUNA NPUTAKEHUA, pasHas

F=—y r (r=xi-+yj+ zk).

Dru cunbl, ompejgensieMHe B Kawjao# TOUKe HPOCTpaHCTBa, o06pasyioT
BEKTOPHOE T[OJie — [OJIe TArOTeHMs TOoYeyHOo#t Maccu m. Ero mowHo
fIpeACTaBUTL KAaK TI'PafUEHT CKaJApHON Be/JUUUHEI
ym
r

H#a3b1BaeMOft HBIOTOHOBCKUM MOTEHUMAJIOM ToueyHOH Macch m. B camowm
leJde, BOCNO/b30BaBUIMCL Gopmyao# (6.8), moayuaem

grady —y—r.

§ 3. Morox BexropHOro nons. JuBepreHuHs

1. MfoTox BeKTOpPHOro mnoJisi uepe3 MOBEpXHOCTb, B mpensiayuiei
T/aage (§ 2) Mbl NMOKAasajM, YTO KOJMYECTBO KUAKOCTH, MpOTeKawomed 3a
€IVHULY BpeMEHM uepe3 AaHHYI0 (0pUEHTUPOBAHHYIO) HOBEPXHOCTH 2,

paBHO uHTerpany
f f A, do,
z

Tae A, — HopMaJbHas COCTaB/A0LIA% BekTopa ckopoctd A= (P, Q, R).

D1y BeJMUUHY MH HA3BAJIM MOTOKOM KUAKOCTH Yepe3 MOBEPXHOCTH X.
[Tycts Temeps A —- npOUSBOJLHOE BEKTOPHOE MOJe U X —— OpPUCHTHUDO-
BaHHasl MOBePXHOCTh. IloBepXHOCTHHIA WHTerpan

£fAnd0

‘Mbl Ha30BeM NOMOKOM BexmopHO20 noAs A #epes nosepxuocms 2.
‘Taxum 06pasoM, ecad A — CKOPOCTb MABHXEHUA KHIAKOCTH, TO TMOTOK
BEKTOpa A yepes HEKOTOPYIO MOBEPXHOCTH paBeH KOJMYECTBY WUAKOCTY,
npoTeKawmeff yepes 3Ty MOBEPXHOCTL 34 efUHMUY BpemeHu. g Bek-
TOPHOT'O MOJA MHOH NPUPOAH MOTOK MMeeT, KOHeYyHO, npyrofi ¢usuue-
CKUH CMEIC/L.

[Mpumep. Ilycte U=U(x, y, 2) — nose Temneparyp BHYTpU He-
KoToporo Tena, & —xosdduuuenr rensonposogHoctH U A ==grad U.
LCornacHo 3akouy ®Pypse, KoauvecTso Temaa dQ, npoTexawomee 3a
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eNMHULY BpEeMeHH ueped 3jeMEHT dG HeKOTOPOH MOBepXHOCTH X, Bbi-
pamaerca Qopmyaoi

oU

oU
rape E———npoussonﬂaﬂ moJig TeMHneparyp B HamnpaBjeHHM HOpMaJu

K do. (3Hak muHyc B mpaoft YacTu paseHcrBa (6.10) orsevaer TOMY
u3BeCTHOMY (akTy, 4TO Temi0 TedeT OT Oojee HarpeThlXx Hacrefi TeJa
K MeHee HarpeteM, T. €. B Hanpas/eHud yOusaHus U.) Tak kak

oU

= (grad U),,

TO paseHcTBO (6.10) MOXKHO mnepenucars B Bufe

dQ = —k(grad U), do,

W3 KOTOPOrO C/eAyer, YTO|KOJM4ecTBO Temsia (, MpoTeKalomero 3a eju-
HULy BpEMEHU uyepe3d BCIO MOBEPXHOCTH X%, DPABHO

Q:—ffk(grad U), do. (6.11)
p

Bezas BekTOp
q=—*Fkgrad U,

Ha3blBaeMbli BEKTOPOM I[OTOKA Temaa, moJjy4aem
Q= f f g, do.
=

Takum 06pasoM, KOAUYECTBO TeNJa, MpOTeKaiouiee 4yepes X% 3a elu-
HUIly BpeMeHHM, PaBHO NMOTOKY BEKTOpa q 4epe3 MOBEPXHOCTh % (OTCIOAA
M Ha3BaHWe «BEKTOP MOTOKA TelJas).

2, Auseprenuus. [Tycte A — HeKOTOpOe BeKTOpHOE MOJE, KOTOpOe
Me cHoBa OygeM mpexcrasasTh cefe Kaxk HOjie CKOPOCTe#t HeCHKuMaeMOH
wuaKocTH. [TOCKOABLKY KHAKOCTH HeCHuUMaeMa, MOTOK

]'I=foA,,d0

gektopa A depe3 Kakylo-iub0 3aMKHYTYI0 MOBEpXHOCThH X *) paseH,
O4eBHIAHO, KOJIW-IQCTBY KUNKOCTH, KOTOpoe 3a €NUHHUIY BpEMEHH BO3HHU-
KaeT WM YHHYTOXaeTc B mpejesax TOH mpOCTpaHCTBeHHOH obaactn €2,
rpandieit Koropo# caywur Z. HasopeM 3TO KOJMYECTBO CYMMApHOL
smownocmsw ucmoanuxos {ecauw 1l > 0) wau cmoros (ecaiu II < 0),

*) Mpl ycaoBuMCS DPacCMaTPUBATbH BHOUWLHIOK CTOPOHY 3TOil TOBEPXHOCTH.
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pacmonoxentsix B obxacru 2. Paccmorpum orHolleHue

ffA,,do
_va_

MOTOKA KUAKOCTH 4Yepes MOBEPXHOCTH X K oObemy o6gactd &, orpauu-
ueHHO# 3TOH moBepXHOCTHI0. OHO mpescrasiaser COGo#M CpeAHION MJOT-
HOCTb HMCTOYHUKOB (MM CTOKOB), T. €. KOJUYeCTBO MUKOCTU, BO3HU-
Kawouell (Mcuesalomelt) 3a eqUHUNY BpeMeHH B exunulle o6beMa obaacru Q.
Paccmorpum, hakoHel, npepen

ffA,, do

b

i T
szl—>mM V(Q)

3TOTO OTHOWIeHMd, T'ie 3uak lim o3Hayaer mpepesa mpu YCJAOBMH, UTO
Q->M
obnacte  craruaeTcsi K HeKOTOpo# Guxcuposanno#t rouke M. ITor
mpefes MOXHO Ha3BaTh IJOTHOCTHIO MCTOUHMKOB (CTOkoB) B Touxe M.
Ou mpencrasaser coGOH CKaJAAPHYIO BeJMUMHY W CAYXHT BaXHOH Xapak-
TEPUCTUKON MCXOAHOTO MmOy,
Paccmorpes 3TOT mpuMep, nepefigeM K oOmiuM ompeme/eHHAM.
[Tycte A — HekOTOpOe BekTOpHOe moJje. IlocraBum B COOTBETCTBHE
KaMAOH npocTpaHCTBeHHOH o6aacTu €2, orpaHuvenHo#p TJAAAKOA  uMad
KYCOYHO-I/IaiKO# IOBEPXHOCTHIO X, BEJHUMHY

ffAndG

z

—nomox sexmopa A uepe3 BHewlHiol Cmopory nosepXxHocmu %,
Mu noayuum Hexotopylo dynxuuio obaactu @ (Q). Jlerko mpoBepuTs,
uTO 9Ta (PyHKUMA aXAUTUBHA.

Onpedenenue. lpoussodnan gynxyuu D Q) no obseny, m. e.

npeden
f f A, do
lim = , (6.12)
Q->M 14 (9)
Hasoisaemcs dusepzenyueld 8exmoprozo nois A 4 oboswa-
4aemcs
div A.

Taxkum 06pasoM, BBejeHHas Hamu aasl MOAA CKOpOCTeH HeCKUMaeMol
KMUAKOCTH MJOTHOCTH MCTOUMHKOB mpeAcTasifdeT cobofi AMBepreHIMIO
9TOro moJjd CKopocrei.

15 B. M. Bynak, C. B. ®oMun
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Teopema 6.1, Ecau A= (P, Q, R)— sexmopuoe noase, onpeoe-
srennoe 8 obracmu @ u maxoe, umo Pyuxyuu P, Q, R uenpe-
poisHs. 8 Q smecme co Bcemu CBOUMU NEPBUMU NpPOU3BOOHBLMU, MO
divA cywecmsyem 80 8cex mouxax 3mod o6aacmu u 8 210608 Oe-
Kapmosoii cucmeme K0OpOuHam BoLpaxcaemcs gopmuyrod

d1vA——+ +dz' (6.13)

HoxasaTeabcTBO. Bocnossayemca ¢opmynoit Ocrporpasckoro

[ anto=[ [ [ +5+a)ae

B cuay TeopemMml © npoM3BOLHOH TPOHHOrO uHTErpaia mo ob6bemy
(m. 5 § 1 ra. 2), npoussozmaﬂ no oﬁbemy 01‘ npaBoit yactTH 2TOro pa-

BEHCTBA CYLIECTBYeT M paBHa —— + + . CienoBaTenbHO, TOMY XKe

CaMOMy BHIDAXEHMIO paBHa H HpOHSBOI[Haﬂ no o0beMy oOT JeBo# ero
‘yactu. Ho 2ta mocnienHas u ecTs mo omnpegenenuio div A.
3ameuanue. Yacto paBeHCTBO

.. __OP  0Q , OR
dIVA_—(37+W+-d_-

NpUHUMAIOT 3a ompeneseHue jgusepreHuud. OpHaKo 3TO OnpejeseHde
MeHee yaoOHO, ueM NPHHATOe HaMu, TaKk Kak OHO omHMpaercd Ha BHOOpD
TOM WM uHoﬁ CHCTeMbI KOOpI[HHaT MU Mbl JSO/KHH eufe JOKashBaTh,

TO CyMMa -~ + +d_ oT BHIOOpa CHUCTeMH KOOPAMUHAT HE 3aBUCHT.

A HesaB[/[C[/[MOCTb OT Bui6opa CHCTeMB KOOpIMHAT BhpameHud (6.12)
_ OueBMjHa.

Hrak, kaxnoMy BeKTOpHOMY MoJi0 A, KOMIOHEHTH KOTOpDOrO Hempe-
PHIBHH W MMEIOT HempepHBHBIE YacTHHE [POU3BOAHBIE, Mbl HOCTABMJIK
B cooTBeTCTBUe cKajdApHyo dyuxkuuio div A. [Tonsayace 3TuM moHsATHEM,
{Mul Mowewm Temepb dopmyay OCTPOTpagCcKOro 3amucaTbh Tak:

ffA,,do:fffdivAdv, (6.14)
z Q

T. €. NOMOK BeKmopa A 4epe3 BHEULHIOW CMOPOHY 3AMKHYMOL no-
gepxuocmu X pasen unmezpasy om Ousepzenyuu noss A, 83n-
. momy no 00iacmu, 02PARULERKOi no8epxHocmsn0 X

3. dusuueckuit CMBICA JAMBepPreHUMH AJAA pPa3AHUHEIX Nojei.
Mpumepsi,

4) Mb yxe BBIACHMJIM, 4TO [/ MOJS CKOpocTelt A HecxumaeMo#
MUIKOCTH, JBWKYLeficA B HeKOTopoH mpocTpaHcTseHHolt obaacty,
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fgffdivAdv

npexcTas/ideT cOOOH CyMMapHY0 MOHIHOCTB MCTOYHHKOB, PACIOOMEHHBIX
B obasactu €, a divA—>3T0O MIOTHOCTL HCTOYHMKOB (T. €. HMX MOLI-
HOCTb, MNPUXOAAULYIOCA Ha exuHuuy oObema). B wactHOCTH, ecan A —
nmojie CKOpocTe#l HeCKMMaeMOM KHAKOCTH, y KOTOpoH HeT HH CTOKOB,
HU HUCTOYHMKOB, TO

BHIpaXeHNe

divA=0.

6) PaccmoTpum Temepb [OJie TArOTEHHA, CO34aBaeMOe HEKOTOPHM
pacmpejesieHdeM Macc. BHACHMM, uTO mpexacrasiseT coOof puBepreHiud
Takoro moji. PaccMOTpUM CHauyaja ToJie, cO3/aBaeMoe Macco#t mg, co-
CpelOTOYEHHON B TOuKe (X, Yp 2p). B 3TOoM caywae emuHuuHad Macca,
nmoMelleHHas B TOYKY (X, y, 2), NPUTArUBaeTcA C CUJOH

X — X

F———(vmo——, vmol%zi, ymoi%i‘l)‘ (6.15)

r3

(r=Vx— %P+ — ¥ (2 — 2o0)-

3neck y— NMOCTOsAHHasg TATOTeHMsA, 3aBHcAuiad OTf BHOOpAa enMHHIL
Huxe wMbi y-mnucaTe He OynxeM, cuutasd, uTo cucTeMa exunul BeiOpaHa
Tak, 4T0 Y= l. BbluuciuM xuBepreHuuio cuaooro noJs (6.15). B xa-
WaoH TOuKe, OTAMYHOH OT TOUKM (Xg Voo 2g)» HMEEM

0 X — X r3—3(x—xp)ir r2 —3 (x— x,)?
55 (mo 3 “)—_mo = My ———
4Ha/I0T HUHO
o y—JYo} rr—3(y—yo’
5 (2 =m, R
17} z2—z r2—3(z—z)?
35 (mo2570) = mg T T2

Cxaapeisad, noJayuaeM

3ri —3(x— x)2 =3 (y—yo)!—3 (2 —2y)? —0
re ’

divF =m,

OxHaKO B TOuKe (X, Yo 2¢) NpHUBexCHHple BHKJAAIKU TepAIOT CMHCI,
¥ B 9TOM Touke sHaueHMe divF BooOme wne onpeneneHo. Ilostomy u

3Ha4YeHUue HHTel"paJIa
f f f div F dv
Q

He MoWeT OHITb MOJYYEHO HEemOCPeACTBEHHHIM BHuMC/IeHHeM, ecad 00-
nacts £ ComepKUT TOuKY (%o, Vo» Zg). Takum 06pasoM, BHIpameHHe,

15*
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crosmee B ¢opmyte Octporpanckoro (6.14) cnpasa, B Halwem cayuae
He ompeneneHo. OAHaKO MBl JIETKO MOXeM HalTH BeJMuyuHy, CTOALLYIO
B 910t opmyse cresa, T. e. MOTOK Bexktopa F uepe3 nosepxHocts 2,
orpanuyusaiomiyo o6vem . Cnenaem sro. [lycrs cHavana X — cdepa
HEKOTOPOro pagMyca @ C UEHTPOM B TouKe (X5 Vo, 2Zp). B xammodt
Touke takoft coepw HanpasieHue Bekropa (6.15) cosnmamaer ¢ Hampa-
BJeHueM HOpMaau X 9to#t cdepe. [losromy mpoexumnsa sexropa (6.15) Ha
HOpMa/ib B NAHHOM Cjy4ae paBHA AJvHe 3TOTO BEKTOpa, T. €. MOCTOAH-

me ~
HOM Besuuute —. ChrenosarensHo,

il g
— M 2 —
/ / Fﬂdc_?;élna = 4nm,,.
z

3amenus cdepy X moGoft apyro#t 3aMKHyTOH MOBEpXHOCTHIO 2, oxsa-
THBaOUieH TOYKY (X Voo Zg)» MH MOJAYUMM TOT Xe caMbiff pesyabrar.
HeticteurenanHo, BubepeM cdepy X HacTobKO Majo#, ytoOH OHa Uenu-
KOM cogepwasnack BHyrpu ;. Toraa

J;J F,,do—LfF,,do:O,

TaK KaKk JeBaf 4acTh 9TOrO PaBeHCTBAa NpeAcraBifeT co60M MOTOK Bek-
topa F depes rpanuuy npocrpaHctBeHHOH 006jaCTH, B KOTOpOH

divF=0.

fandcy:fando.

%, b

CaenosarebHO,

Paccmorpum temepb moJjie TATOTeHUA, CO34aBaeMO€ HEeCKOJLKHMU TO-
YeYHHMH MaccaMH. JTO 10Je PaBHO CyMMe MOJje#f, CO31aBAEMBIX KawjoH
Mmacco#t B oraeabHOCTH. [ToTOK CyMMbl mojell 4epes HeKOTOPYIO MOBepX-
HOCTh X paBeH, OYEeBMAHO, CYMME NOTOKOB CJAaraeMblX; OTCI01d BhiTe-
Kaer, YTO MOTOK 4epes HeKOTOPYIO 3aMKHYTYI0 MOBEPXHOCTb MOJA TArO-
TEHHsl, CO31ABAEMOT0 CHCTEeMOH MaTepHaJpHHX TOYEeK, paBeH CyMme Ha-
XOAAMXCA BHYTPU 9TOMl mOBepXHOCTU MacC, YMHOWeHHOH Ha 4.

C noMoOUIbI0 HpenesbHOro mepexoja OT CUCTeMBl MaTepHaJbHBIX TOYEK
K Macce, HENpepLiBHO pacnpenejeHHOd MO mpoOCTpaHcTBy € 00DbeMHOH
NJOTHOCTLI0 P (X, ¥, 2), MOMHO MOKasaTh *), 4TO npH HempephiBHOM
pacnpenesieHHM MacC MOTOK TPaBUTAUMOHHOTO MOJA dHepe3 B3aMKHYTYIO
MOBEPXHOCTb X PpAaBeH 3aK/I0YeHHOH BHYTpPU STOH NOBEPXHOCTH Macce,
ymHoweuuoft Ha 4x. Ho »sra e Macca moxerT OwbiTh mpeiAcCTaBieHa Kax

*) Crporoe o6ocroBanHe 3TOTO NPelessHOro Hepexoga OTHOCHTCA K TaK
Ha3biBaEMOH TEODHH NOTEHlHaNa; OHO OHupaeTcd Ha TEOPHIO HHTErPaJoB, 3aBH-
CAWKX OT MapaMeTrpa, ocHOBHI KOTOPO# uanaraioTca B ra 10.
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WHTETpaj OT IJOTHOCTH P(X, V¥, 2), B3ATHA mo o6bemy £, orpaHuueH-
HoMy nosepxHocTslo Y. Takum oGpasom, 00603Hauast mo-NpewnHeMy cuM-
sosoM F(x, y, 2) 3HauyeHHe rpaBUTAUMOHHOIO HOJA B TOYKe (X, ¥, 2),

uMeem
ffF,,(x. ¥ z)d0=4nfffp(x, y, 2)dv,
b4 Q

[ [ Faao

431: xv .Z= “m ———————
pL% y. 2) a6y VO

OTKyza

crofliuit 3xech cmpaBa npepes npexcrasiadeT coboft guBepreHUUI0 Bex-
ropuoro moad F. Hraxk, oxonuare/bHO Hoayudaem: dusepzenyusl zpasu-
MayUoOrHOZO noAfL, C(030A8AeM020 HEKOMOPHM pacnpedeseruer
Mace, pasna 00veMHOL naomuocmu, p(x, y, ) Imozo pacnpedeqe-
HUSL, YMHOXCEHHOU Ha 4.

B) Te xe camble pacCy¥XpeHMs, KOTOpHe MB TpOBEJIH AAA MOJA
TArOTEHUs, MOXHO TOBTODUTH U AJA 9JeKTPOCTATUYECKOTO MNOJA U NO-
Ka3aTh, YTO IMBEPreHUHA TaKOro OJig paBHa NJOTHOCTH 3apsifOB, yMHO-
KeHHO#H Ha 4m. (DTO yTBepkKIGHUE, UBBECTHOE B  DJIEKTPOCTATHKE
moj HasBaHWeM Teopemsl [aycCca, IUHPOKO WCIOJb3yeTcd B pasJudu-
HBX 3afa4ax, CBA3AHHHIX C 3JEKTPOCTATHYECKUMH MOJSAMU, HAIMpUMED
OpPH  BBIYMCJACHHM HAOpAXKEeHHOCTH 1049 B KOHAeHCaTopax pasaudHoH
dbopmbl.)

4, ConeHompanbHoe mojie, BexropHoe moje, AUBepreHUHss KOTOPOro
TOXAECTBEHHO paBHA HY/I0, HA3HIBAETCA COLCHOUOQ.IbHLLM *) WIM mpvo-
yamorx. TlpriMepOM CO/JICHOMIAJBHOTO MOJASl MOWET CJYXKHTb, KAaK MH
BUlead BbIIE, MOJE CKOpOCTed HeCHUMaeMOH WHIKOCTU NPU OTCYTCTBUM
CTOKOB ¥ UCTOYHHKOB,] T. e.
npH yCJOBHM, YTO HU B OnHOH
TOUKE MHUAKOCTb He HCHe3aeT U
He BO3HHKaeT.

Oas cojeHOUAANbHBIX MoJyieft
UMeeT MecTO TaK HasbiBaeMblF
3AKOH COXPAHEHUS UHmeH.
CUBHOCMU BEKMOPHOL mpyo-
Ku, CcOCTOgulMH B ClaelyIoleM.
[Tycte A — coseHoUMnanbLHOE no-
je. PaccMoTpum 1eKOTOPYI0 BekTopHyw TpyOKy u BO3bMeM ee OTpe-
30K, 3aK/IOUeHHBIH Memay AByMs ee cedueHusaMmu X, u X, (puc. 6.7). It
ceueHns BMecTe ¢ GOKOBOH nOBEPXHOCTHIO 2, TpyOKH 00pasyioT 3aMKny-
Tyio nosepxHocts %. Tak kak nose cojeHouaanbho, T. e. divA=0, 7o,

Puc, 6.7.

*) OT rpeueckoro cnoBa oAy (conen) — TpyodKa.
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s cuny dopmynnt Ocrporpaancxoro,

A,do=0.

i
ff4yo=fjbhm4:ﬁfmdm+ffAJm (6.16)
z = Z, 2

MpUYeM B KaXAOM U3 CjaraeMHX MMeeTcsi B BMAY BHeLIHAs CTOpPOHA mo-
BepXHOCTH. Tperbe M3 CTOAIIMX CNpaBa CliaraeMHX DAaBHO HY/IO, TAK Kak
MO ONpene/ieHHI0 BEKTOPHOH TPyOKM Ha NOBEPXHOCTH Xy HanpasieHue
BEKTOPHOTO MO A TNepHeHAMKYJASPHO HATpPAaBJ/ieHUI0 HODMAJH K STOH
MOBEpPXHOCTH, T. €. Ha

A, =0

Eciu MB Teleph Ha CeYeHHH 2| HampaslieHHe HOPMAJiM W3MEHHM Ha
IPOTHBOIO/0XKHOe, TO paseHcTBO (6.16) mepenuuiercs B BUie

ffA”wszAMm (6.17)
! 2,

T. e. TNOTOK BeKTOpa A uepes ./060e ceueHUe BeKTOPHOH TPyOKH HMeeT
OIHO u TO e 3uavenue. Ec/iu mosde sexropa A mpeicrasaarh cebe Kak .
Moe CKOPOCTe# HEeCHKMMAeMOH IKUAKOCTH MNPH OTCYTCTBMM HCTOYHHKOB
M CTOKOB, TO paseHCTBO (6.17) o3snauaeT: Ko.suwecmso dcudrxocmu,
npomexanouei 30 euHUyy 8peMeny Hepe3 cedenue BexmopHol
mpybxu, 00no w mo e Oasl 8cex cewenui amoid mpyGru.

5. YpasHnenne HepaspeBHOCTH. B KxauecTse IpHMeHeHH U3JOWeH~
HHIX Bhillle MOHATHH [axMM BBLIBOJ OJHOrO M3 OCHOBHBIX YpaBHEHH# NBHU-
MEeHNA KUAKOCTH, TAK HA3LIBAeMOrO YpaBHeHHMs Hepa3peiBHoCcTH. [lycthb
A —mnose cxopocreff ABMMKYIIeHca WMMAKOCTH. Mal OyxeM Mpesno/iarars,
4TO B paccMarpuBaemMo#t 00/acTH MUAKOCTb HE HUCue3aeT M He BO3HUKAeT.
OxHako B OT/iMuMe OT HAIMX [pebAYIHX paccMOTpeHuHt Mbl OyneM
npeprnoJsarath 3Ty WUAKOCTL CXKUMaeMoH, T. e. CYUTaATh IJIOTHOCTH o
HEKOTOpPOH# (yHKIMeH KOOPAMHAT X, y, 2 M BpeMeHH £, BuiAcHuUM, Kak
CBA3aHA CKOPOCTb JBUXEHUA TAKOH KHAKOCTU C UBMEHEHUEM ee 10T~
HOCTH. Il 3TOH Ue/iM PACCMOTPHUM HEKOTOpHIK 3aMxuyTHit 00beMm Q M
nojcuynTaeM AByMs enocobamu namerenue AQ Ko/iMuecTBa WHUAKOCTH BHYTDH
atoro o6bema 3a spemsa Af, Tlycrs p(x, y, 2, £) — MIOTHOCTH KHAKOCTH
B MOMEHT £ B Touke X, ¥, 2. Torsa, owesWjHo,

AQ— mfff“m

C npyro#t CTOpOHHI, H3MEHeHHE KOJHYECTBA KHAKOCTH BHYTPH o6bema Q
PaBHO YMHOMEHHOMY HAa Al MOTOKY IKHAKOCTH Yepes OBEPXHOCTH X,
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OrpaHUyMBaOLLyI0 3TOT 06beM, T. e. DPABHO —Atff(pA)ndG, rae
z

fl — HApyXHAsA HOPMa/b (3HAK MHUHYC OepeTcs MOTOMy, YTO eCAH CKO-
pOCTb HAmNpapjieHa HADYXKY, TO KOJIHYECTBO KHAKOCTH B 06DbeMe yMeHb-
maetcs). [IpeoBpasosas 3TOT NMOBEPXHOCTHBI MHTErPas C MOMowbo Gop-
Myin OCTpOrpaickoro B o6bemHblfl, MONYYHUM

AQ::-Atfffdiv(pA) dv.
Qo

.npl/lpaBHﬁB Apyr JApyry ABa Beipaxenus nia AQ H cokpatus Ha Af,

Gy neM nmets
—f/./ldw(pA)d'v——ff/ du;

TaK KaKk 3TO PaBEHCTBO MOJMKHO MMETh MeCTO I Jio6o# 006/acTu Q TO
pasHB Mewdy cofoft W MOABIHTErpa/bHLle BBHIDAWKEHHS, T. €.
0 .
20 — — div (pA). (6.18)
at
Mgl noJiysmin ypaBHeHWe, €BA3LBAIOLEe MexAy cOOOH CKOpOCTL H INIOT-
HOCTb JBHXKYIMEHCS MAKOCTH INPH OTCYTCTBMH HCTOYHHKOB M CTOKOB.
OHO Ha3LIBACTCA Y PABHEHUELHM HEPA3PHLBHOCMIU.
Eciu BBectu Bextop J=pA — naomunocms nomoxa dxrudrxocmu,
TO ypaBHEHMe HepPa3pHIBHOCTH MOMXHO MepenucaTh TaK:

20+ div=0. (6.18)

6. Ilnockoe Tteuenne wuakocTH, Popmyna Octporpagckoro Ha
IJAOCKOCTH, PaccMoTpum H/OCKOE BEeKTOPHOE I1oJie, T. €. I10Jie, KOMIO-
HEHTBI KOQTOPOr'0 B HEKOTOPO#H NeKAPTOBO CHCTeMe KOOpAMHAT UMEIOT BUI

P=P(x, ), @=Q(x. y), R=0 (6.19)

(cm. n. 3 § 2). Ero MOxHO IupeAcTasiaTh cefe kaK mojie CKopocTeft
HHUAKOCTH, KAXAAA 4YACTHULA KOTODOH ABMIKETCA INapalie/ibHe PuKCHpO-
BAaHHOH IUIOCKOCTH €O CKOpOCTLI0f HE 3aBUCsAILEH OT e€ paccTOfHuA JO
9TO# MJOCKOCTH (TdKOe HBHKEHHE XUAKOCTH HA3LIBaeTCa MJOCKUM Teye-
nuem). JlusepreHiMs TakOro MOJA DAaBHA

oP 0Q
o Ty
Mycts Q — uMiMHAp BRICOTH eAMHUUA, ¢ OCHOBaHHMeM G, JieXALMM B ILI0-

ckocTH Xy, W Ookoso#t mnosepxHocTeid X (puc. 6.8). - Hamumem mis
obuactn £ popmyay OcTporpalckoro, NpeipapuTelibHO 3aMETUB, YTO TPOH-

HOW wuHTerpai or 3?+5')?— mo £ uuciieHHO paBeH ABOMHOMY HMHTErpay
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OT 5TOTO BHIpaWeHWs MO MJIOCKOH obsactu G, mortok Bextopa (6.19)
yepe3 MOBEPXHOCTb X PaBeH KPUBONUHEHHOMY HMHTErpaiy

f[Pcos(n, x)-+Qcos(n, y)ldl,
L

rae n — AOpMaJib X KOHTYpY L, a MOTOK u4epe3 BEPXHEE M HIKHee OCHO-
BaHua uwinHgpa Q paseH Hymo (HOC/ejnHee BLITEKAET M3 TOrO, 4TO Bek-
top (6.19) mepmenmuxyjapen ocu 2). B cmay ckasannoro, dopmysa
OCTPOrpanckoro mJisi MJIOCKONApa//ie/ibHOro Nojia A M UMJIMHADHYECK Of
obnactu § uMeeT BUX

/ [P cos (n, x)—-Qcos (n, y)] dl=//(%§+%—$) dxdy. (6.20)
L G

OT6pocum Temepb OKOHYATEJNbHO TPETHIO KOOpAMHATY Z, Oynem paccma-
TpuBath (6.19) Kak BexTOpHOE MO-
Jie, 3ajaHHOE B HJOCKOCTH Xy.
Hasosem kpMBOMMHEAHBII WHTErpal

f[Pcos(n, x)-+Qcos(n, yjdl

L

(6.21)

HOTOKOM 9TOTO BEKTOPHOrO MoJs
uepes xoHtyp L. Torza dopmy-
Aa (6.20), HaswiBaeMmas oo pMY.20d
Ocmpozpadcrozo 045 NAOCKOC-
mu, O03HayaeT, 4YTO ABOHHOH HHTE-
rpaji OT AMBEpPreHIMH MJIOCKOro Mojia A mo Hexoropol obmactw G pasen
HOTOKY BekTOpa A uepes rpanutly 3Toft 006/iaCTH.

Jlerko yGeautscs B TOM, uTo Qopmyna (6.20) — nNpoCTO SKBMBAJIEHT
dopmyin Tpuna (4.45). JleftcTuTeNHO, eci MH, Kak 00wuHO, 0603ia-
YUM 4epe3 o yroJi MEKAY KacaTe/JbHOH K KPUBOM W MOJOXKHTEJNLHBIM Ha-
npaBJieHHEM OCH X, TO

Puc, 6.8.

cos(n, x)=—sma, cos(n, y)=cosda,

nosromy uuterpai (6.21) MoxHo 3amucarb Tak:

f(Q cos o — Psina)dl,
L

HJIN

dex—de.
L

IlpeoOpasosaB TOT KPHUBOJIMHeHHEI MHTErpasi B ABOHHOH ¢ HOMOLLLIO
dopmyast I'puna, M M noJdyunm paseHcTso (6.20). DTo paccywiuenue
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MOXHO OGpaTuTh, T. €. €c/iu paBeHCTBO (6.20) yCTAHOBJNEHO, TO M3 HETO
MOXHO BhBECTH (opmyny [I'puma.

Taxum o6pasom, xax dopmysa Crokca, Tak u dopmysa Octporpai-
CKOro B MJOCKOM Ciyuae HpeBpauiaiorcs B ¢opmyiay [puna.

§ 4. Uupkyasuus, Porop

1. Hupkyasuus sekropuaoro moas. [lycts cnosa A=(P, @, R) —
HeKOTOPOE BEKTOPHOE MOJie M L —riankas WiM KyCOyHO-TJIafKas KpUBad.
KpusosnHeHu#t uHTerpan

dex+Qdy+Rdz,
L

Lf Acdl,

rae A;— TaHreHuMaJbHam cocTapisomas mojis A Ha xoHType L, Mbl
HA30BEM WupKyAgyueld 8eKmopro2o noss A sdoas rkpusoi L. Ecmm
A=(P, Q, R)—cusiosoe noie, TO €ro HUPKY/ALUS BAOJIL KpuBOH L
npejcrasiser coboit, kak Mbl ywe 3HaeM (¢cm. § 2 ra. 4), paGory sToro
cuioBoro moss Bxosb mytd L. Jlaa moneit MHoH npupoxH UUMPKY/ALMA
UMeeT, KOHEYHO, APYTOi (PU3HUYECKHUH CHMBOJI.

2, Porop sekrTopHOro noas, 3amuck ¢opmyant Crokca B BeKTOp-
HpIX ofo3HauenusnXx. Ecim L — 3aMKHYTHIE KOHTYD, TO KpPHBO/MHeHHBIA
WHTET pa

WM, Kopoue,

[Pdx+Qdy+Raz
L

M0 9TOMY KOHTYPY MOXHO MNpeo0pasoBaTh B MOBEPXHOCTHEIH, BOCHOJb-
soasmuce ¢opmyio# Crokca (5.41)

§de+Q dy--Rdz=

_// —~——— d dy +(——0—Q)d dz +(£—$)dzdx,

(6.22)

B3ATHI 1O HEKOTOPOH MOBEPXHOCTH 2, HaTAHyTOH Ha KoHTyp L. [lpamas
yacTh paseHCTBa (6.22) npencras/iseT COGOH MOTOK uepe3 MOBEPXHOCTH X

BEKTOpA
0R  0Q 0P OR\ . 0Q op)
(&)t i+ (F -5 6
HasoBeM 3TOT BeKTOp pomopor (WIM 8ux pei) BEKTOPHOTO moif A
n oGosHauum rot A. Taknm obpasom, no onpeneneumo
oR  0Q (oP opP

rot A — (oy E)i-{—w )j+(———7y—)k. (6.24)



