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MOXHO OGpaTuTh, T. €. €c/iu paBeHCTBO (6.20) yCTAHOBJNEHO, TO M3 HETO
MOXHO BhBECTH (opmyny [I'puma.

Taxum o6pasom, xax dopmysa Crokca, Tak u dopmysa Octporpai-
CKOro B MJOCKOM Ciyuae HpeBpauiaiorcs B ¢opmyiay [puna.

§ 4. Uupkyasuus, Porop

1. Hupkyasuus sekropuaoro moas. [lycts cnosa A=(P, @, R) —
HeKOTOPOE BEKTOPHOE MOJie M L —riankas WiM KyCOyHO-TJIafKas KpUBad.
KpusosnHeHu#t uHTerpan

dex+Qdy+Rdz,
L

Lf Acdl,

rae A;— TaHreHuMaJbHam cocTapisomas mojis A Ha xoHType L, Mbl
HA30BEM WupKyAgyueld 8eKmopro2o noss A sdoas rkpusoi L. Ecmm
A=(P, Q, R)—cusiosoe noie, TO €ro HUPKY/ALUS BAOJIL KpuBOH L
npejcrasiser coboit, kak Mbl ywe 3HaeM (¢cm. § 2 ra. 4), paGory sToro
cuioBoro moss Bxosb mytd L. Jlaa moneit MHoH npupoxH UUMPKY/ALMA
UMeeT, KOHEYHO, APYTOi (PU3HUYECKHUH CHMBOJI.

2, Porop sekrTopHOro noas, 3amuck ¢opmyant Crokca B BeKTOp-
HpIX ofo3HauenusnXx. Ecim L — 3aMKHYTHIE KOHTYD, TO KpPHBO/MHeHHBIA
WHTET pa

WM, Kopoue,

[Pdx+Qdy+Raz
L

M0 9TOMY KOHTYPY MOXHO MNpeo0pasoBaTh B MOBEPXHOCTHEIH, BOCHOJb-
soasmuce ¢opmyio# Crokca (5.41)

§de+Q dy--Rdz=

_// —~——— d dy +(——0—Q)d dz +(£—$)dzdx,

(6.22)

B3ATHI 1O HEKOTOPOH MOBEPXHOCTH 2, HaTAHyTOH Ha KoHTyp L. [lpamas
yacTh paseHCTBa (6.22) npencras/iseT COGOH MOTOK uepe3 MOBEPXHOCTH X

BEKTOpA
0R  0Q 0P OR\ . 0Q op)
(&)t i+ (F -5 6
HasoBeM 3TOT BeKTOp pomopor (WIM 8ux pei) BEKTOPHOTO moif A
n oGosHauum rot A. Taknm obpasom, no onpeneneumo
oR  0Q (oP opP

rot A — (oy E)i-{—w )j+(———7y—)k. (6.24)
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[MoJb3ysch MOHATHEM POTOpaA, MH MOXEM nepenucats dopmyay Croxca
B ClELyIOUEM KOMHOAKTHOM BHJE:

§A,dl= f f (rot A), do, (6.25)
L X

T. €. YUPKYAAGUR BeKMOPHOZO nois A 8doas HexomoOpozo 3anm-
kHymozo xoumypa L paswa nomoxy pomopa 3mozo 8exmoprozo
noAs 4epe3 NOBEPXHOCML, HAMAHYMYO HA FMOM KOHMYp.

B HameM omnpefesieHWd POTOpa yuyacTBYET He TOJBKO CAMO BEKTOpHOE
noJe A, HO W HeKOTOpas OMpeje/ieHHas CUCTeMa KOOpAMHAT (X, y, 2).
OnHako Ha caMOM jesie BeKTOp rot A He 3aBUCUT OT BHIOOpa KOOpAWHAT-
HOH CHCTEMBl, 4 ONpEeJesIeTCA JHUIIb HCXOAHHM BEKTODHHIM MOJem A.
Yrobn yOenuthes B 9TOM, BocmosibayeMcs dopmyioil Crokca (6.25), cuu-
Taf, 4TO MOBEPXHOCTH % — STO HEKOTOpaaA MJIOCKadA Iiomanka, a L—orpa-
HUuuBaloumMi ee xoHTyp. [IpumeHuB K CTOsuieMy B paseHCTBe (6.25)
ClpaBa [MOBEPXHOCTHOMY HHTErpajly TEOPEMY O CpEIHEM, IOJY4HM *)

é;Ardl

(rot A (M*)), =+t——,
rae  M* — HexOTOpas TOuKd, MPHHAJIEKAINAd MIowanske X, a ¢ — IJo-
Wags 5To# IJOWAAKH. Bysem Temepb CTATMBATh IIOWAAKY X K HEKOTO-
po#i puxcuposaHHo# Touke M Tak, yToOLl HallpaBJieHHe HOPMAJH 1 K 3TOH
Imjomanke OCTaBaJioCh BCe BpEMﬂ OIHUM H TEM Ke. B npeme/ic nmoay-

qUM
§ Agdl

(ot A (M), = lim S, (6.26)
TS>M

Uupkynsuus BekTopa A BIOJIL KOHTYpa He 3aBUCHMT OT BHOOpa KOOpAM-
HATHOM CHCTEMBI, MO3TOMY M3 paBeHcTBa (6.26) BHITeKaeT, YTO NpPOEKIHMA
rot A Ha Hampas/ieHWe HOpPMAJM 1 He 3aBUCUT OT BHIGOpA CUCTEMB KOOP-
auHar, Ho Hampap/ieHMe HOpMajiM B MB MOI/IM BHOpaTh MPOU3BOJIEHO,
NMOSTOMY HpOeKIMA BexkTopa rotA Ha mofOoe Hampap/ieHHe, a ClieIOBa-
TeNbHO, ¥ CaM BekTop rotA He 3aBucaT OT BHIGOpa cUCTEMBl KOOp-
AMHAT **),

*) Kak OOBIYHO, Mbl CYUTEEM, 4TO KOMIIOHEHTb! P, Q, R BEKTOPHOro moas A
UMEIOT HEeNpepHIBHBIE YaCTHBIE NMPOH3BOIAHBIE NEPBOro MOPAIKA MO X, y U 2.

**) Tlpenmoaaraercs, 4TO Mbl PaCCMATPHBAEM TOJbKO NPaBbie CHCTEMBI KOOP-
AuHar. Tlpu mepexoze K JIEBOH CHCTEME KOOPRHHAT (/€ IOJNOMKHTENbHBIM Hanmpa-
BJCHHEM BpallCHUs CUMTAETCHS HAMPABJEHHE TIO YACOBOH CTPEJKE) BEKTOP 1ot A
HU3MEHHT HampaBJeHHe Ha NMPOTHBONOJOXHOE.
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3. Cumsoaxueckas 3anmuch poropa. PorTop BEKTOPHOTO HOJA
A=(P., Q, R) yno6HO 3amuCLiBATb B BHAE CHMBOJHYECKOIO JETEPMH-
HAaHTa

i j k
4] d d
9% oy oz | (6.27)
P Q R
rae i, j, k —eauHnunble BEeKTOpPH, HANPABJIEHHEE HO OCIM KOODAMHAT,

9 0 0
a4 MOJ YMHOXKEHHEM CHMBOMA ——, Fy WIH - HA HEKOTOPYIO ¢dyHKIHIO

MOHIMAeTCA BHIMOJHEHHEe COOTBeTCTBYOWeH onepauun auddepeHUnposa-

HUs | HallpuMe iQ 03HauaeT 2Q
PHMED, 5% " ox )’
JefcTBuTeibHO, PasJioKUB AeTepMHHAHT (6.27) mo 9jieMEHTaM HepBON

CTpOKH, MMOJIY4YHM, YTO

i § ok
7w e = i ) (F )k
P Q R

4, ®usuyeckuit cmpica poropa., PuaMUECKHH CMEICH POTOPa MOKHO
MOACHNTL cliegylomiuM obpasom. Bysem cHOBa paccMaTpuBaTh BEKTOP-
HOoe TmoJie A Kak MoJie CKODOCTeHl IBUKY-
me#ca  KUAKOCTH. [ToMecTiM B  TaKOM
1IOTOKe, B OMNpefeeHHOR ero Touke, Gecko-
HEYHO MaJioe KOJIECHKO C JIOMAcTAMM, pac-
MOJOXKEHHLIMH 1O  OKpyxHoctH L 3Toro
Kosecuka (puc. 6.9). ITox BosmeficTeHEM MO~
TOKa WHUAKOCTH Takoe KoJecuko 6yxeT Bpa-
waTbCs ¢ HEKOTOpPOH CKOpOCTHIO, 3aBMCA-
e, RooOule TOBOPA, OT HANpAaBJEHUSt OCH
KOJIleCHKa.

EcTecTBeHHO CuMTaTh, 4YTO JiMHeHHas
CKOpOCTb KaXAOH TOUKH OKpyxHOCTH L 1O
Be/MuMHe GyAeT paBHa CpejHeMy TNpOM3BejxeHufi Ipoekuu# BekTopa A
HA HampasieHue KacaTejbHo#t k L, T. e. OyneT BHlpamathcsl (GOpmyiion

1
v:m§§ Aqdl. (6.28)

[To popmyine Croxca (6.25) xpusosuHeitHp#t Hurerpan (6.28) moxuo mpe-
00pa3oBaTs B NOBEPXHOCTHHIA MHTETpal

ook / / (rot A), do, (6.29)
)
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B3ATHI MO MioWazyu ¥ pacCMAaTpUBAEMOTO KoJiecuka. Cuuras 3T0 KOJeCHKo
GeCKOHEYHO MAJIbIM, Mbl MOYKEM 3alMCATh WHTETpall ff(rot A),dc B Bune
>

NpoM3BefeHNA MJ/ioWan KOJECHKa HA 3HaueHue (rot A), B ero LEHTpe,
T. € B BHIE
R? (rot A),,.

B pesyibtate paBeHcTBO (6.28) HpHHMMaeT BuUZ
v =R (r0t A).

MakcumanibHO BO3MOXHOe 38HaueHHe MpPOEKLUMH BEeKTOpa Ha Kaxoe-Jiubo
HampaBJieHue eCTh MOAyJb 3Toro BekTopa. [losromy, ecnu HampasJieHue
OCH KOJieCMKa BbIOpaTh Tak, 4TOOLl €ro CKOPOCTh 7 Oblia MaKCHUMasibHOH
(910 HampaBJ/ieHHE, OuUEBMAHO, COBHNAAET C HampawiendeMm r1otA), TO Mi

NOJYUUM
R
vmaxz?‘rOtA!
HIIH
]rotAlzﬁ%”—’i.

v
Ho R — 9TO Be/IMuUHA YTIOBOH CKODOCTH G KOJIECHKa. Hrak, mbl mony-

YUK CIeAylowni pesysibTar: eCc/id KOJECUKO ¢ JIOMACTAMH OPHEHTHPOBAHO
TaK, YTO CKOPOCTb €ro BpaueHWs MaKCuUMaljbHa, TO €ro Yriaosas CKO-
pocTb pasHa TOJioBHHe |rotA|, a Hampasiexue
OCH COBHmAjgaeT ¢ Hanpab/ieHHEM BeEKTOpa rot A.
Taxum o6pasom, rotA XapaxTepHayer «Bpa-
rotA=Zwk  yatesnsHyl0 KOMIOHEHTY» TMOJA CKODOCTedl; OH
paBeH yABOEHHOH YTJ/IOBOM CKODOCTH BpallCHUS

feCKOHeyHO Ma/iol YacTHLBl KHIKOCTH.
[Tpumepn. 1. Paccmorpum BexTOpHOE IIO-

Jie C KOMIIOHEHTaMM

P=—y(1), Q=x(1), R=O.

Puc. 6.10, 910 HoJe MOXKHO paccMaTpUBaTh Kak MOJie CKO-
pocTefl, oTBeyalomiee BpallEHHIO BCETO NPOCTPaH-
CTBA BOKPYT OCH Z C YrioBOH CKOpOCThI0 ®. Potop 3TOro mexrop-
HOrO MOJif paseH, Kak JIerko nposeputs, 20k, T. e. OH Hampas/eH HO
OCU BpalleHHsl, a MO BeJUYMHE pAaBeH YABOEHHOH YrJOBO# CKOPOCTH
(puc. 6.10).
$usnuyeCKUi CMBIC/ 3TOTO pesy/ibTara 3aK/lOuaeTca B CJACAYIOUIEM,
Besikas wacTHia XUAKOCTH IPY BPAUIEHUM BOKPYT OCH 2 Y4acTBYET B ABYX
JABUKEHMAX: B MTHOBEHHOM IEDEHOCHOM  JBHKEHMM CO CKOPOCTHIO
V= (—yo, xo0, 0) ¥ B MIHOBEHHOM BpauareJbHOM ABYMKEHMH. JIerko
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BHACTE, YTO MTHOBEHHAs yr/oBas CKOpOCTh BpauleHus MoGo# yacTHuB! CO-
BIaxaeT C YrJOBOM CKOpOCTBIO ® BCEr0 MaKpPOCKOIMUECKOrO JBHMEHHA
WUAKOCTH, HOSTOMy oJie MrHOBEHHBIX YTJIOBBHIX CKOpOCTeﬁ YacTrll OKa-
3bIBACTCHA MOCTOSIHHBIM U paBHBIM W, 3Ha'-ll/IT, H ToJIE poTopa TaKxe o=
CTOIHHO W paBHo 2w. Bes wxna-
KOCTb Kax Gbl 3amoJiHeHa 0ecKo- zZh
HEYHO MAaJbIMH Bl/lxpﬁMl/l. K/
2. PaccMOTpUM XMIKOCTb, Te-
KYUIYIO B [OCTOSIHHOM HampasJie-

HHH ¢ MOCTOSIHHOH CKOpPOCTBIO, T. €.
NpEANON0KUM, uTo P, Q u R mocro- //';f
q

suHpl. B atoM ciayuae rot A==0.
3, Myee P=y, Q=0,
R =0. B atom ciyuae 7
rotA=—k. rotA=-k

e
B nmocnexHeM mpHumepe poTop

B KajO# TOYKe OT/MYeH OT HyJs, Puc. 6.11.
XOT# BCE BEKTOpHBlE JIMHUW — IpA-
MBE, mapajjielibHbe TJIOCKOCTH y2. DTO MOXKET HOKa3aThCA MPOTUROpE-
yalUM  yTBEPWAEHUIO, uTo rot A XapakTepusayeT «BpawlarefbHyl0 KOM-
noHeHty» mosif A. Ho Ha camom gxeJie 3TO He Tak. 3xech «Bpaiuiarelib-
Has KOMIIOHeHTa» OOYcC/OBJeHa He WCKPUBJIEHUEM BeKTOPHHIX JMHMH, a
HW3MEHEHHEM CKODOCTH JABWMEHMA MpH HW3MEHEeHHM pAacCTOSHHA OT MJOoC-
KOCTH y2. JleTkO C000pa3HTh, YTO KOJIECHKO ¢ JIOMAcTAMH, HOCTaBJeH-
HOE B NMOTOK WHMAKOCTH, ABMKYLIEHCH B Kawaof Touke (X, y, 2) CO CKO-
poctio (y. 0, 0), He Oymet HAXOXMTHCH B MOKOE, €CJAU TOJNBKO ero och
BpalleHU He MepheHJuKy/IsipHa OCH 2.
4. Ilycts BeKTopHOE mHoOJie A WUMEET KOMIOHEHTH
— i - —7 —

P= Vay Q Vst R=0. (6.30)
DTo moJie MOXHO pacCMaTpHBATL KAK MHOJIE CKOPOCTEHl WHAKOCTH, ABM-
Kylleiics B IJAOCKOCTH Xy no runepGosam xy =C (puc. 6.12) Tak, uro
BEJIMYMHA CKOPOCTH B Kawjoff Touke pasHa |. Halizem nueeprenuuio u
porop sroro mnoJa. Mueem

. 0 x 0 —y yi—xP
d = - —_ | — )
ivA 0x (Vx2+y2)+ oy (sz—i—yz) (x2+ y?)*

0 —y 0 X —2xy
0x ( V] oy \Vx¥Ey? (2 47"
3nec, AMBEpreHUUA MOJOXHTENbHA, Korga |y|>|x|, u orpuuaresibHa

npu |y|<<|x| <usHueckH 3TO O3HaudeT, 4TO ABHNKEHUE HECIKMMAEMOH
WUAKOCTH, Omuchipaemoe TMoJjeM (6.30), BO3MOXKHO JIMIIL TOTa, Korjaa
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B Tex o6hactax, rge |y|>|x|, uUMEOTCA HCTOuHMKM, a TaM, TIae

;y|<|x|, uMeloT Mecto CTOokM. Porop mossm (6.30), kxak u BCKOrO
IIOCKONapa/ifie/ibHOT'O IO/, HalpaBJ/eH B KaXIOH TOUKE MO OCH 2, UMEHHO,
ero HampaBJ/ieHHE COBMANaeT ¢ MOJOWKit-
Te/NbHbLIM HANpaBJieHHeM OCH 2 BO BTO-
po#l M UETBEPTOH 4eTBEPTAX U C OTPH-
UATe/bHBIM HAMpaBJieHHeM OCH 2 B mep-
Boit u TpeTvell. 11 xmBeprenums, u porop
nona (6.30) crpemarcs K Hy/d0, Koraa
x? 4+ y?—>o00, T. e. MO Mepe ynaieHus
=7 OT Hauajia KOOpAuHAT.

6. Eme pa3 o noTemnHaapHBIX WH
coJeHOHAaAbHBX NoasX. [Tonatue po-
TOpa, pacCMOTPEHHOE B 3TOM mnaparpa-
¢e, HEMOCPeACTBEHHO CBABAHO C Ollpe-
JeJeHUAMH MOTEHUMANBHOTO M COJCHO-
UAANBHOTO  TOJieH, BBEIEHHBIMH BHILE.

Puc. 6.12. Mu Hassa/iM MOTEHUMAJLHBIM BEKTOP-
HOE TMOJie, MNpPEACTABMMOe B BHjae rpa-
JAMeNTa HEKOTOPOro CKa/jfpHOro MOJi, M IOKasanu *), 40 BEKTOpHOe
noie A=(P, Q, R) moreHuHanbHO B TOM H TOJLKO TOM CJiydae, €C/H
€ro KOMIOHEHTb! YAOBJIETBOPAIOT YCJ/OBHAM
P 9Q 0Q _ OR  OR _ 9P
9y T ox' 0z 9y’ 9x oz °

Ho 9T Tpu yCJOBUS O3HAYAIOT He YTO MHOE, KaK paBeHCTBO HYJIO BCEX
TpeX KOMIoHeHT poropa nonia A. Takum obOpasom:

Ars mozo 4mo6er 8exmoproe nose A OblA0 nomenyuadsioLM,
Heo6x00umo u 00Cmamouro, 4mols. 86LROALAAOC, YCAOBUE **)

rot A==0.

[TonaTue coJieHOMpaJbHOTO NOJA, BBegeHHOe B § 2, TOXe CBA3aHO
¢ moHsTHeM potopa. JleHACTBHUTE/NLHO, HEMOCpEACTBEHHOE BBHIYMC/EHHE
MOKAa3bIBAET, uTO AJif JI0OOro BeKTOpHOro moas A

d R 0 dP R [4] oP
div (rot A) = —— —-——Q)-i— -tz (Q =0,
dy oy \0z  ox 9z \ox oy
T. €. BEKTOpDHOE MOJie, MPEACTABUMOE B BMAE POTOPa KaxKoro-iubo npy-
roro BeKTOPHOTO IOJf, COJeHOMaaAsHO. MouHO nmokasath (Mbl He 6yaem
3TOTO A€Jarh), YTO BEpHO M OOGpaTHOE, T. €. UTO 8CsKOE COAeHOUdQAb-
HOE nose MONCHO npedcmasumb 8 8ude PoOmMoOpa HeKOMOpozo B8ex-

*) Cuutan dyukuuu P, Q, R HempephBHO nuq)cbepenuupyemumu, a 06nacn>,
B Koropou 3agaHo nose (P, Q, R), oqHOCBABHOL.
**) Mpl cudTaeM, yTo mOJ€ A 3ajaHO B OJHOCBA3HON 06GJACTH H €[0 KOMIIO-
HEHTH IBaMAbl HEMPEPHIBHO b depeHuHpyeMsl,
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moprozo noas. VIHLIMM CJIOBAMM, /IS BCAKOTO TOiS A, yAOBJETBOPAIO-
wero yciosuio div A= 0, moxHo nosobpars nose B Tak, uro A =rotB.
dro BekTOopHoe moJe B ompenpessieTcs He OXHO3HAYHO, a ¢ TOUHOCTHIO
JO0 MpOU3BOJLHOrO ciaraemoro suma grad U. '

Ecin A=rotB, 1o noie B naswiBaerca sexmop-nomenguasos
moss A.

XoTs moTeHuMaNbHblE M COJIEHOMAAJIbHBIE TOJA He HCYEPNHBAIOT BCEX
BEKTOPHBIX MoJe#l, mM1060e BeKTOpPHOE TMOjie CBOAMTCA K KOMOMHALMH
noJiei 9THX aAByX THHOB. ToOuHee roBOps, MOXHO AOKa3aTb, YTO BCAKOE
BEKTOPHOE MoJie A TpEeACTaBUMO B BUAE

A=B-C,

rge B morenumasnsHo, a C COJIEHOU A AL HO.

§ 5. Oneparop FamuasToHa

1. Camsommueckuit sekrop V. B § | Mu Bpesu moustde rpaguenta
ckaispHoro noasa. [lepexon ot cxajisprHoro moas U x grad U moxHo
paccMaTpMBath KaK HEKOTOPYIO Ollepauuio, BO MHOFOM aHaJOTHUHYIO
MO CBOUM CBOMCTBaM onepauun auddepeHunposaHus, ¢ TOH, OHAKO,
pasuuuefi, uyro guddepeHUHMpOBaHUE TNEPEBOAMT CKaJAp B  CKajufAp,
B TO BpeMs Kak 31eCb Mbl HMEeM Iepexoj OT CKaljspa K BEKTOpY.
Onepauuio nepexoxa of U x grad U uacro o6osunauaior, clienyd TaMuiib-
Touy *), cumsoJioM V (unraerca «HaGlia» **)) W HA3LIBAOT ONEpPAMO POM
«uabray, na onepamopon I'anussmona. Takum oOpaszom, HO onpe-
Jie IeHHIO

VU =grad U.

Oneparop V yno6HO TpaKkTOBaTb KaK CHMBOJIHYECKM{l BEKTOP C KOMIO-
0 0

HEHTaAMH W’ —0;7_ H 0_2:

a MpUMeHeHHe E€ro K CKa/iApHOA (PYHKUMM — KaK YMHOXEHME CKajiapa Ha
STOT BEKTOp ***),

¥y ¥Y.P, Tamuisron (1805—1865) — anrauiickuit MareMaTak n Me-
XaHHK.
**) Camo Ha3BaHMe «Habsa» OHa0 Takwe BBegeHo IamuabToHoM. Habaoit
Ha3blBaJICS CTAPHHHBIA My3BIKAJbHBIA HHCTPYMEHT, HMEBLIHI TPEyroabHyio dhopuy.
*#%) Bblme, HalpPUMEp, IPU 3aIlTUCH POTOPa KaK CUMBOJIIUECKOrO IETEPMHHAHTA
MBl YXE BHICIH, yTo omepanuio nuddepeniuposanus y106H0 NPEICTaBAATL Cebe
KaK «yMHOMXEHHE» cHMBoaa puddepenuupoBanus Ha Ty (GyHKRHIO, TPOH3BORHAA
KOTOpOI BLIyHCAAETCH.



