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KOTOPYI0 MOXHO pACCMATPMBATR KAaK pe3ayabTaT TpPHUMeHeHMs «CKAJAP-

HOH» onepauuu
i} 7} 0
(A V)=A,5—+A4, s + A, 5

K KaxIoM U3 KOMIOHeHT BeKTOpa B *).

§ 6. duddepennnaisHbie onepanu#d BTOPOro nopsiaxa,
‘ Omnepatop Jlanaaca

1. JuddepeHnnanbHbie onepanH# BTOPOTro nopsigka. B npenbl-
AyWMX mnaparpagax Mbl BBEAM MNOHATHS TpalMeHTa, JIMBEPreHUMH WU
poropa. B npuaoxmenusx BeKTOPHOrO aHa/iM3a NPHUXOAUTCS BCTpeYaTbCs
HE TOJLKO C BHIMOJHEHWEM 3THX OCHOBHBIX ONepauM#t, HO M C pasany-
HbBIMM uX kKOoMOMHaumsamu. OCOO8HHO YacTO BCTPEYAIOTCS TaK Ha3biBaeMble
OnepauMy BTOPOro NOpsiKa, T. €. TNONapHbHE KOMOMHALMM TpexX yKasaH-
HEIX Bhillle OCHOBHHIX OnNepauyi.

KomOunupys cumsoast grad, rot, div momapHo, MbH MOXeM COCTa-
BUTb W3 HHUX OeBaTb mnap. O#HAKO He BCE 3TH NApH UMEIOT CMBICT;
HanpuMep, omnepauus

rot div

(T. e. B3gTHE POTOPA OT [JUBEPreHUMM) HE HMeeT CMHICAa HU IJS CKa-
JAPHOrO 1MOJA, HM AJAs BeKTOpHOro. Bce uMelOwMecs 34eCh BO3MOM=
HOCTH u3o0paxaioTcs caelywuiedl Tabauueh:

Ckaasipuoe noae U , BekropHoe noJe A
7
grad div rot
grad ’ ’ ’ ’ ’ grad div A l ’ ’
div div grad U ’ \ l ’ ’ divrot A
rot rot grad U=0 l l l ’ ’ rotrot A=0

B KOTOPOH B3alITPUXOBAaHbl KJAETKM, OTBeyaioLlMe He MMeoLMM CMECAa
COUETAHNUAM OCHOBHHIX oOnepauuMi. MblI BHAHM, 4YTO TNPUMEHUTEILHO

*) Hasg Goxbuied cvmmef pin GopMyr MbI 31ech OOO3HAYKAH KOMIOHEHTH
BekTOopoB A H B TeMH me Gyksamu, 4TO caMH BeKTOPHL, 106aBHB COOTBETCTBYIO-
upie rHAekcu., Taxon cucremoi 0603nadenuid Mbi 6y/AeM NOMB3OBATLCA M JajbLie.
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K CKaJpHOMY IOMI0 MMeET CMBICA [Be ONEepauuiH, a UMEHHO:

rol grad U,
divgrad U.

[Tepoe M3 3THX BBHIpaKEHHH NpencTaBadgeT coOOH POTOP MOTEHLMA/b-
noro mnoas gradU m, Kak wMbl BMAeaM, TOMIECTBEHHO PABHO HYJI0-
Bripaxenne divgrad U, BooGuwe rosops, He 006f3aH0 OHTb HyJem.
Ono naswiBaetca onepamopos Jlanaaca *) u obosnauvaerca AU. Boc-
NO/Nb30BABLIMCH M3BECTHHIMM  BBIPAKEHMAMM TpaiMeHTa M AMBEPreHlUyH
B JEKapTOBHX KOOpAMHATaX, NOJyuaeM

. " .. [ oU . oU oU i oU | U
AU:le(gI'adU)zdIV(o—xl—*—W]-ﬁ—?k):W F}’_?+F.

Tak KaKk W [JMBepreHUMs, M TIpagleHT He 3aBUCAT, KAK MBI 3HaeM,
OT BBIGOpa KOOpAMHATHOH cucTeMbl, T0 M AU 3aBuCHT Aulb OT CaMoro
noast U, Ho He or cucreMsl koopivHar. K omeparopy Jlanaaca Mbi eute
BepHEMCS HMKe.

Onepartop Jlannaca A eCTeCTBEHHO paccMaTpyBaTh KAaK CKaispHBIH
KBagpar BekTOpa V. JleHCTBUTEJBHO,

01\, (0} J \?
v V=(5) +(5) ) =2

U 2U
V. WUu= Ox2 + Oy?

U
+ = AU.

Vinorna npuxomutcs onepatop A NpHMeHATh He K CKa/JApHOH Be/iMuMHe,
a k Bexrtopy. Ilpu 3stom ecam

A=A i+ Aj+ Ak
10 noa AA HOHMMAeTCs BEKTOD
AA i+ AA 4+ AAK

Kak Mpl yBMAMM HEMHOrO HM)KE, STO BHIPAXKEHHE HA CAMOM Jeje 3aBUCHT
TOMLKO OT C€aMOTO BEeKTOpPa A, HO He OT BHOOpa CHCTEMBbI KOOPIMHAT.

PaccMoTpuM Temeph oOnepalM¥ BTOPOT® MNOpPALKAa A4S BEKTOPHOTO
noasi. [TpuMEHHTEIBHO K BEKTOPHOMY TOJIO MUMEIOT CMBEICA TPM ONepaumuu
BTOPOro NoOpsiiKa, a MMEHHO:

grad div A,
rot rot A,
divrot A.

*) Tounee, onepatopoM Jlannaca HasmBaeTca cam cumson A= divgrad,
NpUMeHeHne KOTOPOro K ckajispHoMy momo U maeT BenuunHy (ONATL-TaKH cKa-
aaphHyio) AU.
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C BeipawendeM BMAa divrot A MB Yyxe BCTpeuaaucs B § 4 npu Haxo-
WIEHUM YCAOBUH COJIEHOMAAJABHOCTH NOJAS U BBISICHUAM, uTO BCErja

divrot A==0.

Hanporus, Beipaxenus graddivA wu rotrot A He o6s3ann oGpa--
waTtbcsd B Hyab. OHM u4aCTO BCTPEHAlOTCS B PA3JMUHBIX BOMPOCAX Mexa-
HUKH M 3JeKTPOIMHAMUKH.

BrigeseM ¢opMyay, CBSSBIBAOLLYI0O ITH BeJMUHHB. PaccMoTpuM pas:
3TOr'0 BBIpaMXeHUue

rotrot A,

KOTOpoe B CHUMBOJHYeECKOH (I)OpMe 3anUChiBAeTCa TaK.:
[V, [V, AlL

BocnoabsoBasumuck cHopa GopMy/aoH A4S ABOHHOTO BEeKTOPHOrO NPOM3--
BEIEHUS, NOJYYUM, UYTO

[V, [V, Al]=V(V, A)—(V, V)A,
rot rot A = grad div A — AA. (6.31)

U3 artoli ¢popMyasl BHEHO, B 4ACTHOCTH, 4TO BhipaweHue AA, ompe-
IeNeHHOe Bbllile, JeHCTBHTENBHO He 3aBMCUT OT BEIOOpa CHCTEMBI KOOp-
OVMHAT, NMOCKOJbLKY Beauuunbl rotrot A u grad div A ¢ BHOOpPOM CHCTEMBL
KOODAMHAT He CBA3AHbL

Tak kak B Bbipaenuu (6.31) yuacTByeT TOMBKO ONHa NMepeMeHHad
BE/IMUMHA, TO Mbi, ollepupys ¢ V, MOraM BOCHO/IL30BATBCH OOBIUHEIMH
dopMynamu BeKTOpHOH aareOpni. YuTaTeni0 peKOMEHAYeTCH NPOBEPUTH-
paBeHcTBO (6.31) HenmocpencTBeHHO, He npuberas K CHMBOJUYECKOMY
MeTONy (M CpaBHUTb BHIKJAAAKH B TOM M APYrOM cayuae).

2, YpasHeHHe TenJonposOgHOCTH, B kauecTBe mpuMeHeHMst BBeJeH-
HBHIX BEIIIE NOHATHA pacCMOTpPUM BHIBOJ YPaBHEHHS [N/ NOJAd TeMIepa-
TYP BHYTPH HeKOTOPOro Harperoro teaa. Ilycrs U (x, y, 2, t) — TeMne-
patypa tena B Touke (X, Yy, 2) B MOMeHT /. BnleauM B 3TOM Tese
HEKOTOpHH 06beM (2, OrpaHuueHHbH 3aMKHYTOH NMOBEPXHOCTbIO X, M Bbl-
YUCANM [BYMSI CNOCOGAMM M3MeHeHHe KOJMYeCcTBA TemJa BHYTPH 3TOro-
ofbema 34 Majbi NPOMeXYTOK BpeMenu df. B kaxuom sneMente oObema

ouU
TeMIepaTypa 3a BpeMs df MeHSieTCS Ha BeJMUHHY -ont, a Macca 3Toro

aJeMeHTa paBHa pdvy (rge p— NJAOTHOCTB). CienoBaTelbHO, H3MEHeHMe
KOJMMUecTBa Telja B 3JeMeHTe o0beMa eCTh

ou
[4 —OT_ dtp dv
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(311er ¢ — yhel/ibHag TeNnJAOeMKOCTb; BEJWUUHLBI ¢ U QP NpeinoaarampTcs
TIOCTOSHHBIMH), a4 M3MeHeHMe KOJMYeCTBA TeM/Ja 3a BpeMs df BO BCeM

of6beMe & pasHO
dQ = dt / f f L cpdv.

“C npyro#fi CTOPOHEHI, Ty e caMyl BeJMUMHY dQ MOXKHO NMOLCYUMTATH Kak
KOJIMUeCTBO TenJa, NMPOTEKAoIEro 3a BpeMs df yepe3 HOBEPXHOCTb 3,
orpanuuusapouyo o6bem Q. KoanyecTo Tensa, npoTeKaowero sa spems dt
‘Yepe3 JMEMEHTAPHYI0 MJAOWIAAKY dd, paBno (cM. n. 1 § 2)

dtk (grad U), do,

a KOJMYeCTBO TeMlJa, NMPOTEKAIOIEro 3a 3TO BPeMA Yepe3 BCIO NOBepX-
HOCTb X, BHIPA3UTCA HMHTErpajom

dtf f k (grad U), do.
p

[peo6pasosaB 3TOoT wMHTerpad no ¢opmyase Octporpaickoro B 06beM-
HBIH, NMOJAYUYUM

dtfsz(grad U), do = dt fﬂffkdiv(grad U)dv:dtfﬂfkaUdfv.

[IpupaBHsB APyr ApYry HOAy4YeHHBle BhipaXenus M1 AQ M cokpartus
Ha df, OyneM UMeTb

féff%cpdv:/é[/kAUdv.

“Tak kaK 3TO paBEHCTBO AO/MKHO HMMETb MeCTO AJA JI006O0R mpocTpanct-
‘BeHHOH oOaactn Q, TO orcioga caenyer

\
Y —a2aU (a2=—c"p_). (6.32)
Mpi noayunan ypasHeHMe, KOTODOMY LO/MKHA YXOBJAETBOPATH dynkuus U,
‘npefcTaBAsioOWas cofofl TeMmepaTypy HeKOTOPOro Tena, T. €. TaK Hasbi-
BAEMOR Y PABHEHUE MEnAonposoOHOCHL.

3. CraumnoHapHoe pacupeiejeHHe Ttemnepatyp. IapMoHHueckue
nods., Mbl nokasanM, 4YTO pacnpefefeHde TeMNepaTyp BHYTPHM Teda
JO/DKHO YLOB/IETBOpATh ypaBHenuio (6.32). Moxer, B YaCTHOCTH, OKa-
3aThCsl, YTO paccMaTpPUBAEMOE HAMM TeJO HAXOJUTCA B COCTOSHMM TENJ/o-
BOTO PABHOBECHS, T. €. YTO HM Ha TIpaHMUe €ero, HM BO BHYTpeH-

OU
HUX TOUKAX TeMmIeparTypa He MeHSeTCs co BpemeHeM. Torma ——=—0 u
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ypashenue (6.32) npunuMaer BuL

AU =0,
T. €. B JEKapTOBBIX KOOpIMHATaX

U U *U
0x? + dy? + 022

COCTOsIHYE TeNJOBOIO PaBHOBECHS MOXHO MNpeAcTaBUTb cebe C/AeLyioluM:
o6pa3zoM. [IpeanojoxkuM, YTO HA TPaHUuUe TeJa B KaXBOH TOuke NOL-
JEPHUBAETCS HEKOTOpasd (UKCHpPOBAHHAf TeMIlepaTypa, He 3aBucdAwiasd oT:
BpeMend (HO pasHag, BooOule TOBOPS, B PasHbX Toukax). Torga 1o
pacnpefeneHie TeMIepaTyp, KOTOPOe YCTaHOBUTCS BHYTPU Tesa depes.
HOCTaTOYHO O0JabiIOH (CTpOro rosops, GeckOHedHO O0AbLIOH) MpOMexy-
TOK BpeMeHd, M OyAeT TeM DAaBHOBECHBIM paclpefeneHueM TeMNepaTyp,
KOTOpPOe COOTBETCTBYeT 3aJaHHOMY TeNJIOBOMY pexHuMy Ha TOBepx--
HOCTH Teaa.

YpaBnenue
AU =0

HasbiBaeTcs ypasHenuem Jlansaca. C ero NOMOIBIO ONMMCHIBAETCA He:
TOJBKO CTAUMOHApHOE pacnpefefeHde TenJaa. YpasHenue Jlanaaca urpaer:
NePBOCTENEHHY0 POJAb TNpPH ONMCAHMM W LPYTMX YCTAHOBMBLIMXCA NpO-
LecCOB, HampHMeP DAaBHOBECHOI'O pacnpefe/ieHds 3apsaioB N0 NOBepx-
HOCTH NPOBOJHUKA, YCTAHOBMBILETOCA ABMIKEHUS HECIKUMaeMOH MUIKOCTH.
B 3aMKHYTOM cocyjie ¥ T. n. Ckaagpuoe moae U(x, y, 2), yAOBIeTBO-
psiowee ycaosuio AU =0, Ha3biBaeTCs 2anAaco8slM UAM 2apmonue-
ckum moneM. CrauMoHapHOe pacnpefe/ieHHe TEMNEpPATyp BHYTPU HeKoO-
TOPOro TeJa NpescraBisger cOOOH, COrJacHO CKA3aHHOMY BbIlle, FaPMOHH--
yecKoe ToJe.
OpMH M3 BaXHBIX NPUMEPOB TAPMOHMYECKOrO MO/ — 3TO (QYHKUAS

% (l‘= Vx2+ vi 22, k:COﬂSt).

A1y (YHKUMIO MOMHO INpPeicTaBAsTh cefe KaK NMOTeHUMAn NOJAS TAroTe--
HUS (MAM  3JEKTPOCTAaTHYECKOro TNOJ4), CO3KaBAEMOrO TOYEHYHOH Maccol
(TOYeuHBIM 3apANOM), NOMelIEHHOH B Hayaje koopauHaT. IlposepuM, uro-
3Ta (yHKUMS — rapMoHHYeckas (KpOMe Haya/la KOOPOMHAT, IAE OHA He.
onpenenena). IefictBurenrsHo,
20 k kx * k rd—3xr 3x2 —r?
= =—=k =k po

oxr_ r’ oxtr rs

1 aHaJOruvHoO

2 2__ p2 2 322 — p2
02 k k3y r 0% k& p3—r

oyt r s ozt r r
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OTKyZa

TapMonnyeckoft OyfleT ¥ QyHkuus T—=nT npu mobom dukcuposan-
1o

HOM T,, a CJAEAOBATEJNbHO, M Jai00ag auneHHas KOMOWHauusa BUAa

n
P
Jr—r;|’

i=1

npeicTapagomas coboff noTeHuManN, cO34aBaeMbIt CHCTEMOH TOYEUHBIX
Macc. IIpeneabHBI Mepexos OT TOUEYHOro pacnpefie/ieHUsl MacC K Hempe-
PHIBHOMY € TNJIOTHOCTbIO (X, y, 2), eCTeCTBEHHHIH 3fech € TOUKHM 3pe-
Hus ¢usuky, noTpeboBaa 6bl AAS CBOEro MaTeMaTH4ecKoro 000CHOBaHMS
NpYMEHEHUsS TEOPUH MHTerpajioB, 3aBUCAIMX OT TNapaMerpa, KOTOphHie
-Oymyt paccmorpenbt B rj. 10. CucTemaruueckoe M3nOKeHMe BCEro Kpyra
BONPOCOB, CBA3AHHHIX ¢ NMOHATHEM HNOTeHLMa/Ja, MMeeTcd B y4yeOHHMKAX MO
‘MaTeMaTHueckoH ¢usuke.

Ynpaxunenud. 1. Hamnumre norenumast moJasg TgroTeHus, cosja-
"BAEMOr'0 MAacCOM, HENpepHBHO pacnpefeeHHOM MO NMPOCTPAHCTBY € MJAOT-
HOCTBIO W (X, ¥y, 2). ’

2. Kakos norenuMan 3/1eKTPOCTATHYECKOI'O MOJS, CO3%aBaeMOro 6ecKko-
HeuHOH, DaBHOMePHO 3apsmKEeHHOH uuThio. DBygeT Jaum 9TOT mnoTenuuan
TapMOHNYeCKOH (yHKuMel?

§ 7. 3anuch ocHoBHMX AH¢pdepeHUHANBHBIX Omepaumuit
TEOpHH NOJIA B OPTOrOHAJbLHBIX KPHBOJHHEHHHLIX KOOpAMHATaX

1. IloctaHoBka 3apauM. Takye Be/MUMHBI, KaK rpajiueHT, OMBEpreH-
Mg, POTOP M APYrHe, 4aCTO BCTPEYAlOTC B DPa3JMYHBIX 3ajavyax Teope-
THYEeCKOH M MaTeMaTuueckoh ¢uavky. Bo MHOrMX C/Ayuasx nmojsesHO YMETb
3anmYCHIBATb 3TH BeJHUMHBI HE TOJLKO B AEKAPTOBLIX KOODAMHATAX, KAK 3TO
ObI0  CHENAHO BHIIE, HO M B TeX MM MHBIX KPHMBOJMHEHHBIX CHCTeMax
koopauxar. [Ipeinonomum, HampuMep, 4TO paccMarpusaercsl moje, obJa-
jamlulee chepudecKol cumMerpuelt, T. €. B KaXIOH TOUKe paccMaTpu-
BAeTCs BeJMuMHa, CKalsApHAad MM BEKTOpHAf, 3aBUCAllas TOJbKO OT pac-
CTOSHMS STOH TOUKM O Hadala KQopgMHaT. flcHo, uTo BCe Qopmyds,
CBA3aHHBIE C TAKMM NOJeM, [O/KHB 3HAUMTEIbHO YNPOCTUTLCHA, €CJaH
3aMMCHBATH HX B CQepuueckMx KOOpPAMHATAX, a He B NEKapTOBHX.
B gpyrux ciaydasx MoOryTt okasaTbCid YZOOHBIMHM Kakie-nu0O MHBIE CH-
CTeMbl KOOPAMHAT.

B asroM naparpade Mbl 3anuileM B KPHBOAMHeHHBIX KOOpAMHaTax
BhIpaX(eHNs AJst IpafyeHTa, AMBEpPreHuuu, PoTopa W omeparopa Jlamaaca.



