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3ameuanune. B asrom mnaparpade Mbl cucreMaTHUeCKM NO/b30Ba-
AUCh TAKMMK TOHATHAMH, KaK «BecKOHeYHO Mainfl napaigelenunens,
«37eMenT 06beMa» M T. 4. $ICHO, uTO 34ech, KaK u B Apyrux mopo6-
HBIX C/IY4aAX, CMBICA 3THX BHIPAXEHMH COCTOMT B TOM, 4TO MBbl paccMmar-
puBaeM CHauana OODBEKTBl KOHEUHBIX Da3MepOB, a 3aTeM coBepliaeM
npele/bHBIH Mepexon, CTPeMA 3TH pa3Meph K HYA0. Mbl noJaraeM, uTo
NpH IKeMaHu| YNTATeNb MOXET NpPOJEeNaTh CaMOCTOATENbHO BCe Te Tpe-
IedbHble TiepeXONH, KOTOPHE 34eCh Auilb MOAPA3yMeBadHCh, HO He M3na-
rajuchb.

§ 8. llepemeHHBe HOJA B CHJOUIHBIX cpenax

Ilo cux mop M, M3yuag Te MM MHBIE' NOAA, HUHTEPECOBAMUCH B OC-
HOBHOM 3aBHCHMOCTLIO COOTBETCTBYIOLIMX BedMuMH (CKAMAPHBIX MM BCK-
TOPHBIX) OT MPOCTPAHCTBEHHHX KOOpAuHAT. Ceffuac MBl paCCMOTPHM He-
KOTOpLIE BONPOCH, CBA3aHHBIE C 3aBUCHMOCTLIO MOJAA OT BpEeMEHH.

1. JlokaapHass M MaTepHaJnpHas HpOH3BOxHbIe, PaccMorpum ABu-
KYIYIOCA KUAKOCTb, CKODOCTH KOTODOH B KaXXAOH TOuKe 3aBHCHT He
TOMBKO OT KOOPAMHAT 3TOH TOukM, HO M OT BpeMenu. Ilycrtb, naaee,
€ 9TOH MMAKOCTBLIO CBA3aHA HEKOTOpas NePeMeHHad BEAMYMHA (p, HANPH-
Mep TeMnepaTypa, SaBiAeHue u T. m. Vayuag naMenenue 3TOH BeamumHb @
C TeueHHEM BpEeMeHM, MBI MOXeM NOCTyNaTb ABOAKHM O6DAa3oM: uam c.e-
IWTb 33 ee u3MEeHeHWeM B JAHHOH TOuKe, T. €. NpH PUKCHPOBAHHBEIX
3HaueHMaX X, Y M 2, WM Xe paccMaTpHBaThb 3HAUEHHE 3TOH BeJMUYMHBI
Laa BaHHOH uacTulbl (KOODAMHATHL KOTODOH MEHAITCA € TedeHueM Bpe-
Menn). HanpuMep, ecam peub WAET O TeMNepaType NOTOKa MMIKOCTH,
TO €€ MOMKHO H3MEPATh TEPMOMETPOM, YKPEIIEHHHM HENOABHKHO, HIH
K€ TEPMOMETPOM, KOTOpBIfi TMAEIBeT B 3TOM mnoToke. Maumenenne ¢ Te-
ueHMEM BPEMEHM HEKOTOPOH Beawunnbt @ (M, ¢) B manno#l Touke M xa-
PaKTepU3yeTCa TaK HA3BIBAEMON #acmuOfd uau £0KAA5HO0UE MPOH3BOLHON

ot At->0

@ (M, ¢+ AAt:—(P(M’ b (6.50)

NpH BHYMCAEHHM KOTOpPOH Touka M paccMaTpuBaercd kak ¢ukcupo-
BaHHaA.

MaMenenne ¢ TeueHweM BpeMenu Bejmumnnl @ (M, £) pna  panno#
YaCTHUB XaPAKTEPUSYETCA NOAHOL WM MamepuaLbHoll npou3BOAHOH
¢ (M, t) no ¢, xoropas onpefe/seTcs CAeAYIOLMM 06pa3oM.

TMycte M — nonoxeHyue JAHHOH uacTUUB B MOMEHT £, a M’ —no-
JAOKe(He DTOH e vacTHUB B MOMeHT f-+Af. TTonano#l mpoussomHo# @
no { HasblBaeTcCA

dp _ . @Mt A)—@ (M. D)
o= w - ©:2D
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Yro0bl YCTAHOBMTD CBA3bL MENAY JMOKAMBHOH M MATEpPHAIbHOH NpOM3BOL-
HBIMHM, 3aMETHM, UYTO, BHIUMCISAA MATePHAIbHYIO NPOU3BOIRYIO, MBI AOJMIKHbL
CYMTaTh KOOPAMHATH X, Y M 2 TOukn M yHKumamu OT £, npuueM ux
NpOM3BOAHBIE MO f — 9TO KOMIOHEHTH CKOPOCTH TNOTOKA B TOuke M:

dx ay dz

F =% w T Y% =%

TTosroMy, auddepenunpys ¢=@(x, ¥, 2, {) KaK CIAOKHYIO PYHKLHMIO
OT f, mojayuaem

dg
th—““ +0x x+0y Y‘f‘oZ 2
T. €
do 09 |
=L (v. grad ). (6.52)

AuanoruunbiM  06pa3oM MOMXHO BBECTH NOHATHA YACTHOM M MOMHOH TpO-
M3BOAFO1 MO BpeMeHy M Aad KaKoH-auB0 BeKTOpDHOH BeamunHbl A (M, t),
CBA3aNHON ¢ ABMXYIeHca cpefo#l. ITi NPOUIBOLHEE ONpenetsTca dhop-
MyJaaMu

0A A (M 40N —A (MY
ot At—)O At (©:53)
dA . A(MtAf— A(M, H
= i, Y (6-54)

ananorpunbMu  Qopmyaam (6.50) u (6.51). CBasp Mewny 3TUMM NPOK3-
BOAHBIMK JaeTcd ¢GopMynol

dA J0A JA 0A 0A
@ =t Tox Vet gy Uy e Ve (6-55)

KoTopas mnoayuutca IAuddepenumposBanneM A (X, y, 2, £) KaK CAOXKHOH
dynkuun oT ¢. PaseHcrsa (6.52) u (6.55) ynof6uo 3amucath B BuIe

X% (v Ve (6.56)
n
%:%4-(“ V) A, (6.57)

nounMas nox (v, V) oneparop
J (7] J
Vegy TV ey T
T. €. ((CKaJIHpHOE npou3BeseHyue» BCKTOpa CKOPOCTH V U CUMBOIKYE-
ckoro mekTopa V.

Cnaraemsie (v, V)@ u (v, V)A, sxogsmne B dopmyan (6.56) u
(6.57), Ha3bLIBAIOTCA KOWBEKMILBHbLMI YIEHAMHU, OHM CBA3AHH ¢ AEPEHOCOM

17 B. M. Byaax, C. B. Pomun
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(xonBeklueH) uacTHIl M BOHMKAIOT TOJABKO NP PACCMOTPEHMM I BHKY-
Lefca Cpelibi.

PaccmotpuM B KauecTBe INpuMepa YCKOPeHME uACTMUBI LBHKYIlelcsa
kuakocTi. OHO mpencTaBaseT co0O# MOAHYW (T. €. OTHOCAIYHCS K
$uKCHpPOBAHHON yacTulie) NPOH3IBOIHYID CKOPOCTH. Bocnoasaopasiuych
dopmynoft (6.56), noiyuaem

B v Y, (6.58)

T. €. B KOODAMHATHOH 3amucCH

duy 0vy, dv, Ovye - Ovg,
@ T Tl e Ty g

¥ aHAMOrMYHO LAsi ABYX LPYruX KOMIIOHEHT.

2. Ypasnenue Ditnepa. BocnonbayeMcs nonatuaMu MaTepuanbHOH M
JAOKANbHOH TNpPOW3BOLHBIX O/ BBIBOAA ONHOrO M3 OCHOBHBIX YpaBHeHHH
I'MIPOSMHHAMUKN — TaK HA3LIBAEMOro ypaBHeHus Dfinepa.

PaccMoTpuM BHYTpHM IBIDKYUIeHCA IKMAKOCTH HeKOTOpHIH o0beM Q,
orpaHuuenHbii nosepxHocTbi0 . Ha sneMenT do 9TOH INOBEPXHOCTH
AeHcTByeT cuaa — faBJeHue, DaBHOE — pndo, HanpaBieHHOE MO HOp-
Maau *) K do (30ecb M — eIMHMUHLIH BeKTOp BHellHeH HopMaau, a
p — ckanapnas Beauduna). Cuna F, DeficTBYIOIas HA BCIO NOBEPXHOCTb 2,
3anuiIeTcs B BHIe

F=— fz f pn da, (6.59)

rge, KakK Bcerga, nojn HHTEI‘paJIOM oT BEKTOpa
pn=pcos(u, x)i-+ pcos(n, y)j-4 pcos(n, 2)k

NOHUMaeTCAa BEKTOp C KOMNOHEHTaMHU
ffpcos(n, x)do, ffpcos(n, y)do u ffpcos(n, 2) do.
z z z

(6.60)

Hnrerpan (6.59) Moxno npeoGpa3oBaTs B TPOHHOH MHTerpan mo oGbeMmy,
npuMenyB ¢opmyay OCTPOrpaickoro K KaxAoH u3 KomnoHenT (6.60)

*) MBl cuMTaem, 4TO paccMaTpHBaeMad KHEKOCTb HIEa’AbHad, T. €. HMEET
HYJeBYI0 BA3KOCTb, B 3TOM Ciyuae jaBieHHe Ha A06Yi0 GSCKOHEYHO MaAYi0 NAO-
IAJKY BHYTPH MHIKOCTH HAlpaBICHO N0 HOPMAJAH K 5TOH niowagke.
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aToro Bekropa. Tloayunm

_//pndc_—i//l/gidu)—j/]/qfdpdu)__
—k/é//-%’zidw=—fé[/gradpd‘ﬂ’

Clef0BaTe/bHO, Ha Kamabf 3sieMenT d@ o6DbeMa XMIKOCTH AeficTByeT
cuna
: — grad p do.

C npyro#t cropouwl, ecan p(M, ) — NAOTHOCTL KUAKOCTH B HAHHOH
TOouke M B MOMeHT £, a W — YCKOpeHye 4actuubl, HaxojduleHca B 3TOH
Touke, TO Wp (M, £)do npencrasiseT cOGO# NPOU3BELCHHE MACCHI, CO-
nepxauiefica B o6beMe d®, Ha YCKOpeHHe, M, clefOBaTelbHO, MO 3a-
KOHy HploTona nmeeT MeCTO paBeHCTBO

wp dow =— grad p do,

wp = — grad p. (6.61)

D10 M ecTb OCHOBHOEe VyDaBHeHHe CBOGOJHOrO [HBMKEHHA HAeaNbHOH
MUAKOCTH, HaA3bIBacMOe OOMIYHO ypagrenues Jdaepa *). 3mech nos w
NOHMMaeTCs YCKOpeHHe YacTHLBI KUAKOCTH, T. €. NMOJHAaA NPOM3BONHAS

d
dt
KOMHOHEHT YCKOpeHus, HalIEHHHIMMW B KOHLE H. [, Mbpl MOXeM Nepenn-
€aTb ypaBHenue Dfnepa B KoopiuuatHoO# dopme:

\4
CKOPOCTH NO BpEMEHH W == ——, Bocnons3oBaBuinch BbIDAXKEHUAMI 04

ov dv ov ov 4}
( x+ v, x_+_ v, x+ : x) :_%’
ov Ov dv ov ap
y ¥y y vy __ 7
(dt RS e e Oz) Ty
du du dv op
(S + o FE vy g+ o Sxo=—2..

3. NpousBonHas No BpeMeHH OT HHTerpaja HO XKHAKOMY oGbeMy.
PaccorpuM B mBmxymweHcs cpefe HeKOTOPHH oObeM €. Mer Gynem
Ha3biBATh STOT OO0BEM HCHOKUAM, €CAM OH BO BCE MOMEHTbl BpeMeHH
COCTONT M3 OBHHX M TeX XKe HacTuu wugkoctv. ClaenoBaTelbHO, KULKuH

¥) 3nag wmHyc B mpamoft wacT ypasuetina (6.61) umeet sAcublit pusmye-
CKAi CMBICA. TIOHATHO, 4TO YCKOPEHHE Kau(IOH YaCTHUBl MHIKOCTH i1anpaBjieHo
B CTOPOHY yMENbIIeHUS JaBieHus, T. € NpPOTHB IpajiieHTa p.

17*



260 TEOPH S TIOJNH [FJ. 6

ofbeM ¢ TeueHneN BpeMeHy HepeMellaercs n dedopMupyercs. Pacemorpum
uHTErpai
szffcpdu) (6.62)
Q

OT HeKOTOpOH cKaaspHo# dynkuun @ (M, ¢) no TaKOMY XuaKoMy o6beMmy
¥ BHUMCAHM TPOW3BOLHYIO 3TOrO MHTEerpana No BpeMeHH.

Tlpyu BbUMCAeHMM 3TOH NPOMIBOAHOH Mbl JOMKHbBI Y4eCTb, UTO HHTE-
rpan (6.62) 3aBucMT OT BpeMeHn ABOAKMM O0Opa3oM: BO-NepBhHIX, OT f
3aBUCHT TOAbIHTerpajbHag (QYHKUuA, @ BO-BTOPHIX, NpU u3MeHeHuu £
MEeHAeTCH M Ta MPOCTPAHCTBENHAs 001aCTh, N0 KOTOPO# uHTerpan Sepercs *).

Ecan 65 uameHenus o6beMa €2 He NPOMCXOAMAO, TO 3a BpeMs df

o a
¢GyHKUuA @ noayuuia Obl NpupalieHne —(;;ldt, a wmnrerpan (6.62) noay-
upa Obl TIpM DTOM NpHpalIeHHE

PaccMoTpuM Tenepb u3MeHenne uuTerpada (6.62), BLizBaHHOe M3MeHeHHeM
obbeMa Q. OG6o3naupM 2 NOBePXHOCTb, OrPAHHUMBAOIIYI OO6bem £
B MOMeHT f. M3Menenne ofbeMa Q 3a BpeMa df NPOMCXOIMT, OUEBMIHO,
3a CueT TOro, YTO HEKOTOPBIE YAaCTHUB HMAKOCTH 332 3TO BPEMA BTEKAIOT
MM BHITEKAIOT 4ePe3 MOBePXHOCTh 2. Yepe3d /eMeHT do MOBEPXHOCTH X
3a BpeMsl df BhTeKaeT OGbEM KMAKOCTH, PaBHBIH v, df do, rie v, —TpoeK-
UMA CKOPOCTH KMOKOCTH Ha BHELIHIOID HOpManb K do. ITO u3MeHeHue
o6beMa macr uuterpany (6.62) npupauwenpe

Qv, dt do,

a Bce u3MeHeHne unterpana (6.62), Bh3BaHHOe H3MeHeHweM of6beMa

3a BpeMs df, pDaBHO
dt ¢v, do.
[J

TakuM o6pasoM, NOAHOe u3MeHeHne muTerpana (6.62) sa speMmst d¢ paBHo
4] = dt f/f%it'idw+dtj f(pvndo
" g S

*) Unrerpan (6.62) npeictapasger coGoH Tak Ha3nBaeMbH HHTErpasj, 3aBH-
CAIMA OT mapaMerpa, NpHueM OT nagameTpa { 3aBHCAT H NOJBHTerpaabHas
$yuKuua u 06aacTb uHTErpHpoBaHud. OCHOBLI TEOpHH HHTErpaioOB, 3aBUCAINHX
oT napamerpa, 6yayT u3someHH B A 10. 3pech Mbl, He onupasick Ha oburyio
TeOPHUI0, PACCMOTPHM JIHMIIb BONIPOC O BHUHCAEHHH NPOU3BOZHOH uHTerpana (6.62)
O BPEMEHM, BAXHHII ¢ TOYKM 3peHHA (PU3HYECKUX NPUAOWKEeHHH.
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H, CIAefOBATEIbHO,

dt /[/ dw-i—f/ ¢v, do. (6.63)

IlpeoGpa3oBas BTOpPOE C/araeMoe B NpaBOH 4YacTH ITOrO paBeHCTBA NO
$opmyne OCTpOI‘paJICKOI‘O, HonyunM

v ///‘Pd“’— [// +dIV(<pv)] (6.64)

Hakonen, BOCnonb30BaBUINCH pPaBeHCTBOM

div (pv) = ¢ div v+ (v, grad ¢)

(eM. (6.29)) u Bepawenuem (6.52) nas NMOAHOH NPOM3BOLHOH, MOAyuaeM
OKOHUYaATeAbLHO

dtfffwdw—/ff —{—(pdlvv)du) (6.65)

B uacriocru, ecam divv=0 (T. e. paccMaTpuBaeTcs ABHIKEHME
HEC)KMMAEMON KuAKOCTH, Oe3 CTOKOB M MCTOUYHMKOB), TO dopMmyna (6.65)
npuHuMaer Gonee NMPOCTOH BUA:

dt///(pdw“f/fdwdw

3aMeuaHue. PaccmorpeHnas namu 3agada O AugdepeHuPOBAHUH
MHTErpaja, B3ATOrO NO MMAKOMY 0ObeMy, aHaJoruuHa cileiywueé oxHO-
MepHO#t 3agaue (¢ KOTOpPOH MH eule BerperuMcad 8 ra. 10): BbuucauThb
NPOM3BOIHYI0 MO ¢ OT MHTErpana
b (1)
J(t)zf ¢ (x, #) dx.
a(t)

PaccmarpuBas J(f) Kak caA0Kny©w yukuuwo ot a (f), b () u ¢, nerko
NoayuaeM, uTo
b ()

= [ Saxro@n. ny O —a@w. Ha O

a(t)

3nech onatb-Taku J' (f) TpencTaBifeT cOGOH CYMMY IBYX ClaraeMeix,
fiepBOe M3 KOTOPBIX ONpefenseTcd M3MeHeHueM NObIHTer paibHO# (yHK-
K, a BTOPOE — M3MEHeHyueM OG/AAaCTH MHTEr pupOBaHKA.

Mpbr paccMoOTpe/ii BHILE WHTErPAn MO XULKOMY O0DBEMY OT CKaaApHOH
yukupn. AnagorMuHbIM  06pa3oM  MOWHO paccMOTpPeTh MHTerpal Io
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KMIKOMY 00BeMy OT BeKTOPHOH ¢ynkunun A (M, ¢). das npoussogHoH
9TOrO MHTErpana Nmo f NOJYuaeTCA € MOMOLUIBIO TeX ke pacCyXIeHHH

dopmyaa
d 3 ? dA ) _ \
L[ [ado=[ [ [[Ar+adv]ao  @o0
Q Q

Briure peus uria 06 MHTErpMpOBanMK MO KuikuM oObemaM. B ruapo-
IMHAMuKe M APYruX pa3feiaX (U3uKH NPUXOAMTCH PACCMAaTpMBaTh, HapALY
C WuEKKUMH ODbeMaMy, XUAKHe MOBEPXHOCTH M JHHuKu. OHu ONpedensoTCs
KaK TOBEPXHOCTH M JMHMM, COCTOSUiME H3 (QUKCUPOBAHHBLIX YacTHI
MULKOCTH M, CAefOBATEJIbHO, MEHfoUMe C TeuyeHueM BpeMeHH (OpmMy H
NONOXKeHHe B TNPOCTPAaHCTBE B COOTBETCTBMM € ABMXKEHMEM MHHIKOCTH.
[ToBe pXHOCTHBIE MM KPHBOMMHEHHEIE HHTET PAIbl MO TAKHM JKHJIKMM TOBEPX-
HOCTAM M/ JWHMAM OT TeX MJAM HMHbIX (YHKUHH OnsiTb-TaKu INpefcra-
BAAIOT COOOH BHIpaXkeHuA, 3aBUCAU(E OT BpeMeHn ABOAKMM OOpa3oM
(ot BpeMeHd 3aBuCAT M 001acTb MHTErPMPOBAaHMA K HOAHHTETr pa/bHad
dynkumua). TlpuMenas Te ke pacCykIeHHR, UTO H B cayyae XKHAKMX
00beMOB, HETPYAHO MOJYuHTh (OpMyabl A4 Au(pdepeHUMPOBaHMA TAKHX
NOBEPXHOCTHHIX H KPHBOJHHEHHBIX MHTEIrpanoB MO BPeMEHH.

4, Jipyroit BelBoJ ypaBHeHHs HepasphiBHocTH. M3 dopmyan (6.63)
cpa3y BbITEKAeT YpaBHeHle Hepa3peIBHOCTH, NMOMYYeHHOe Hamn B M. O § 3.
INycts p(M, t)—naorHocTs gBiKYwelca (CxxuMaeMolt) wuakoctn. Macca T
3TOH KMAKOCTH, 3aKMOYEHHOH B Hekoropom oObeme £, paBHa

T=fgffpdm~

Ecan ofvem € xugkuH, TO Macca BHYTPH 3TOro o0beMa OCTaeTCA
nocroaHHOH. CnenoBarenbHo (cM. (6.64)),

LS [ Jow=f [JT

Tak kax o6beM £ NMPOM3BOJMEH, TO OTCIOJA MOJIyYaeM

% div vy =0,

op R .
pr —+-div (pv)] do=0.

T. €. YpaBHeHWe€ HepPa3pBLIBHOCTH.



