FTTABA 8
®YHKIIHOHAJIbHbLIE NMOCJTENOBATEJLHOCTU U PSB!

B 3To#t raase Mu pacCcMOTpUM NOCIe10BaTeAbLHOCTH U PALBI, 4Y/leHAMU
KOTOPHX fABARWTCA PYyHKUuH. Takde nocnezoBaTeIbHOCTH M PAFBI
HA3BIBAOTCA PYHRKUUOHAAOHUMU.

Pasjomenne Qynxkimufi B pagel, ujeHbl KOTophX, BooOwe rosops,
npoule, 4eM pasjgaraeMble (PYHKUMA, NHCNO.Ab3YETCH NpPYU  BHIUMC/ICHUH H
vccaeaoBanui YHKUHH, DpH HHTeCpUpoBaHuKH (DYHKUUH, NPH pelileHHH
auddepeHuUaIbHBIX yPaBHEHUH 1T UM padeT BakKHYIO POsib B MaTeMaTHKe M
ee npunoxenuax. [Ipy 3ToM CywecTBEHHO HCNOB3YIOTCA TIOHATHA P a B H O-
MEepHOH CXOZHMMOCTH U CXOLUMOCTH B CpPe gHEeM, XapakTep-
Hble AN7 QYHKUMOHAJILHBIX NOCAeZOBATeAbHOCTeH U pALOB.

§ 1. TlouatTie paBHOMEepHO# CXONMMOCTH; HPH3HAKH
paBHOMepHOi# CXONHMOCTH

1. CXogHMOCTh H pPaBHOMepHasx CXOgHMOCTh, PaccMoTpum nocneno-
BATEIbHOCTL (YHKUUH

Fr00s fo(X)s vy fu(X)s v es 8.1

onpegedeHHbIX Ha cerMente a < x <& *). Ecan BMecTO TeKywero x
MOACTAaBUTh KaKoe-HHOYAb DM KCHP OBAaNHOe 3HaueHHe X, € [a, b], To
QYHKUHOHAIbHAR NOC/1EA0BATEILHOCTL NPEBPATHTCA B YU CJ OB Y 10

Fi(xe), fa(xo)s «vos Fulao)s - .. (8.2)

$yHKuMOHANLHAA NoclepoBaTeabHoCTh (8.1) HaswiBaeTca cxodsuelics
8 MOHKe X, eciin YHCJIOBAA NoCAeA0BaTEILHOCTS (8.2) cxoauTcsa; QynKuHo-
Ha/1bHAst NOC/Ie0BaTeAbHOCTD (8.1) Ha3bIBaeTCA pacxodaujeiic s 8 MoLKe Xy,
€Cad uMcIoBag NoCAeaoBaTeabHOCTb (8.2) pacxoaurcd. B nepsom cay-
ude X, HA3BIBAOT MOUKONL Cxo0dumocmu nocaedosamersiocmu (8.1),

*) Bmecto cermedta a < x <5 MOXHO B3Tb Kakoe-iubo IpPyroe MHOME-
ctBo X 3HaueHnit x, mampuMep: a < x < b wm a <L x < b, i a < x < b, nau
a<x<+4co nm a{x<-+co, 1 —oo<x<-4cour a Brex cay-
uagx, KOrja Takasg 3aMeHa 3aMKHYTOro orpeska [a, 6] npouU3BOALHBIM MHOME~
ctBoM X HexomycThMa, 5TO GyJIST OroBapuBarbca 0C0GO.
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BO BTOPOM CJyuae — MOHYKOL pacxodumocmu 3ToH nocaedosamens-
socmu *).
Ecan nocaegoBarebHOCT,  YHKUMH  CX0auTCA B Kagolt TOuke
X €la, b], To rosopar, 4TO OHA cxodumca Ha cezmenme {a, b]. Tlpu
9TOM B Kaxao#t Touke x cerMenta [a, b] cywecTByer onpeaeseHHbIH
npezen lim f,(x), xoTopm#t Oyzer, BooOuie roBopd, 3aBHCeTh OT X,
n=>+co

T. e. Oyzer HekoTopoft dyHKuue#t f(x), onpezenenno#t na [a, b]. Dy
GYHKUMIO HA3BIBAIOT npedesom nocredosamersrhocmu @ynicyuid (8.1)
M IMIyT

Fu(X) > [ (%) mpH n—> 00,
U

lim f,(x)=f(x) na [a, b]. (8.3)
n-»-+o0

Teneps Mbl MoxeM CHOPMYAMPOBATH CJAEAYIOLIEE

Onpedeaerue I. Iocaedosamensnocms @yargui {f,(x)} nase-
soemesn cxodawelica k¥ pynxyuu f(xX) na cezmenme la, b,
ecau npu Kaxxoom purcuposarHom 3Hawesuu x €la, b] nocredo-
samenswocms wircen f,(x) cxodumes K wucry f(x), m. e. ecau 0an
Kadxcdozo e > 0 u kaocoozo x € [a, blnaiidemes maxoe N=N (g, X) **),
3asucsauee om & u, 8006we 2080ps, om x, 4umo 6Gydem

[ fa(X)— F ()| <& npu raxcdom n >N (e, x). (8.4)

Cpeau Bcex cxoaAmuxcs QYHKUMOHAJLHBIX TOCAez0BaTe/ibHOCTeH 0CO-
foro BHMMAHMA 3aCJAYMUBAIT PaBHOMEPHO CXOAAWMeCcHd TOC/AeIoBa-
TeJIbHOCTH.

Onpedeanerue 2, Ilocredosamensnocms Ppyrgui {f, (x)) rasbi-
saemcs pasrHoOMepHO cxo0auyelcn K gyrrguu f(x) Ha
cezmenme -{a, b], ecau O0an kascdozo € >0 HRalidemcs maroe
N = N (g) **%), 3a8ucsuee om & u He 3a8ucajee OmMm X, 4Mo OMKAO-
Hetue f,(x) om f(x) yoosremsopsem HepaBeHcmBy

| fn(X)—f(x)| <& npu xasxdom n> N () (8.3)
epasy 0as 8cex x €la, bl.

*) MHOXecTBO BCEX TOUEK CXOLMMOCTH dYHKUUOHANBHOH TNOCKEeIOBATEAbHO-
cti (8.1) HaswIBAOT 06AacmbIO CXCOUMOCMU 3TOHR nocAenoBaTeabHocTH. ObnacTb
CXOXMMOCTH PYHKUMOHANbHOH TOCAET0BAaTENbHOCTH MOMET MMETh CKOJAb YTOXHO
CJOXKHYIO CTPYKTYPY; OHa MOMXKET COBNagaTb cO Bceil OCbIO X, Kak B chaydyae

TOCAENOBATEAbHOCTH [ (X) = T oo <X <400, n=1, 2, ..., cxopsmeiicq

Ha Bceil ocn x K GyHkuuu f (x) =0, uan He comepxarb HUM OXHOH TOUKH, KaK
B Clly4ae NOCAENOBATEABHOCTH fp(X)=(—D" —co<x < }+oo, n=1 2, ...»
pacxoadumieiics Npu KamAoM 3HaYeHnH X, — oo < x < - oo.

**) N (e, X) He npeamonaraercsi 0673aTeAbHO LEABIM.

**¥) N (¢) He npexmonaraercsa 0643aTeAbHO LEABIM.
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SToMy OmNpeaeneHHio, O4eBUAHO, SKBHUBANEHTHO C/eaywluee
Onpedensenue 2', Ilocredosamenrsnocms pyrigui {f,(x)} raso-
daemcsi pasBroMeprHO cxodawelica k¥ GyHnryuu f(x) nHa
cezmenme [a, b}, ecau
sup | f,(x)— f(x)|]—>0 npu n—>~}co, (8.5
x<Lb

a<
m. e. ecal BepXHASL 2PARL OMKAOHERUS pyHryuu f,(x) om PByHK-
quu f(x) Ha cezmenme [a, bl cmpemumcs K HyA0 npu N> co.
IleHcTBUTENLHO, eCAH BhINOJAHAeTca (8.87), To ans Beakoro € >0
Halgerca Taxoe N (€), 4to npH aw6oM n > N (g) Oyaer
sup [ fo () — f (0| <e.
a<x<h
Ho, B cuay onpeaedenus BepxHe# rpany,

| fa()—F() < sup | fr(x)—f(%)]
aLx<h

cpasy aaq Bcex x€la, b}. Cnezosarenbno, 6yayT BHIOJHEHB COOT-
Howenus (8.5).

O6paTHO, ecan BHINOAHEHH CoOTHOWienud (8.5), To

sup | fo(x)—f(0)|<e
aLx<£b

npu kax g 0M n > N (€), a 3To 03Hayaer, B CUaY NPoH3BOJILHOCTH £ > 0,
uTo BBINOAHEHO (8.5%),

PaBHOMepHYIO CX0AMMOCTb NOC/AeZoBaTeNbHOCTH (f, (X)) K oynkuun
f(x) na [a, b] 0603HAYAIOT CHMBOJIOM

fa(X)=3 f(x) na [a, bl (8.6)

PaBHoMepHas CXOZMMOCTb HMeeT TNPOCTOH TeoMeTpHYeCKHH CMBIC.
Cooruotenue (8.5") o3Hauaer, 4To Be PXHAA T P aH b OTK/IOHeHHS rpadu-
Ka QyHKkuwIH y == f,(X) or rpad¥ka Ppynxuuu y = f (x) Ha oTpeske [a, b]
CTPEMHTCA K HYMO NpH n—»—-co. VubiMu ciaoBaMu, ecid OKPYXHTb
rpaduk QyHKuHH y = f (X) «E-TIOAOCKOH», OlpeieiseMoft COOTHOMEHHAMH

fy—e <y < fx)4e alxLb, (8.7)

To rpadMkn Bcex ¢yHKuu# y=— f,(x), HAauMHaA ¢ gocTaTouHo 00Jb-
OO0 7, HeAHKOM J/IeXAT B 3ToH «E-TNoJdOCKe», oKpy¥amowelt rpadux
npeneabHol dynkuun y= f(x) (puc. 8.1).

[Tpumepn. 1. [TocaegosaTeabHoCTh f, (X)= —}; sin nx — f(x)=0

npd n-—>—-00 Ha BCceHl ocu x, — oo < X < —00; 9Ta CXOLUMOCTH

ABJAETCA PABHOMEpDHOMH, TaK Kak |f,,(x)—f(x)|=71l-|sinnx|<
1

<\~E<e cpasy npM Bcex x, —o0o < x <-f0o0, €CAH TO/IbKO

n>N(e)=—61~.
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2. TMocaeaoBareabHoCTh f, (X) = x" cxoautca K ynxuun
0 npy 0Cx <1

1 npu x=1 na cermente 0<{x <1 npu n—>—-co.

f(x)={

OaHaKo 9Ta cx0auMocTb OyieT HepaBHOMepHOM#. JleficTBuTeabHo,
nycts 0 <<e <1, 0<<x<1l. Toraa nepasenctso |f,(x)— f(x)|=

ne
= x" < & BHNOAHAETCA TOJIBKO nplt 2 > N (&, x)=—|—— . Ho N, x)=

nx
i
=|£;—’+Oo npy x—>1—0 u 0<e< 1. Cuegosarenbno, upu
4 ,
k4 ' |
y=rz)+e ; ibe
£
%Hiz)=z 5(@)=z7
Biz)=z7, i’
e |
————— ==/
,}E
!
g 71} s
aq - J' 3
Puc. 8.1, Puc. 8.2.

0 < e <1 ne nafizerca rtakoro kosueunoro N (€), He 3aBUCALIErO OT X,
uroGbl HepapeHCTBO | f, (¥) — f(x)]|=x" <& BHINOAHANOCL TPH Kam-
aoM n > N (e) cpasy anm Bcex x n3 noaycermenta 0 <{x < 1. Ecau
cerment 0 < x <1 3amenuts MeHbw M cerMedtoM 0 <{x <1 —09,
rze 0 <0 <1, npuueM O Moxer ObITb CKOJb YTOAHO MAJbIM TOJOKH-
TeJbHBIM UYMCJOM, TO HAa 3TOM MeHbLIEM CerMeHTe NOC/ei0BATeNbHOCTh
fa(x)==x" cxomurca K csloemy npegeay f(x)==0 pasHoMepuHoO.

4
Tli]_ng(e)=l_'——n(llnié) npu 0 L x 19,
3TNy | /() — ()| = %" < & mpu 1> N (6) = s cpasy a1
scex x €(0, 1 —9o1.

K ananusy sToro npumepa MOXKHO NOZCHTH M C TeOMETPHUECKOH TOuKH
apenus. Ha puc. 8.2 wusobpaxennl rpaduxs Pysxuufi nocaregosare/b-
HOCTH M XHpHO#H Junuedt rpaduk npezeanHod Gynkuuu f(X), OH COCTOUT
u3 orpe3ka 0 L x <1 (6e3 mpaBoro KOHLA) OCH X ¥ H30JMPOBAHHOM
toukn ¢ koopaunaramu (1, 1). Okpyxum rpaduk npezenbHolt Qynkuun f(x)
«g-nonockofty npu 0 <& < 1. I'padux xaxaolt dynkumu f,(x)= x",
BHIHAA M3 Hauaja KoopAMHAT, 00s3aTeabHo npu negoTopoM x, 0 < x <1,

HeticrBurensno, N (&, x)=
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NIOKMAAET ITY <E-NOMOCKY», TaK KaK ero npaBHi KoHelU AZO/DKEeH MNonacTh
B Touxy (1, 1). 3Hauur, nocaegosateibHOCTh f,(X)=x", n=1, 2, ...,
cxoaurca Ha cermente 0 <l x <1 HepaBHOMepHO.

3. IlocnexsoBarteabHoCTs QyHKUMA f, (x) = —52? arctgnx, —co << x

<400, n=1, 2,3, ..., cxoaurca K OYHKuuu
— 1 npu —oo << x <0,
f(x)=sign x= 0 npu x=0,

i+1 npu 0 << x < ~~o00,

0AHAKO 9Ta CXOZMMOCTb He ABASAETCHA PABHOMEPHOMH, 4TO Jerko
YCTAHAB/AMBAETCA C NOMOLUBIO FEOMETPHUECKOrO aHANN3a, AHAJNOTHYHO TOMY,
K4K 3TO CIeJHO B TIpelbaylueM

npuMepe. ¥

4. TlocaenoraTeIbHOCTL  QYHK- 7

nx

uaft  f,(x)= T-i—__ CXONUTCA

n2x?
K dynkuun  f(x)==0 na noay-
npamoit 0 L x <—+o0. Yrobu
YCTaHOBUTb, CXOAWTCH /M ITa NO-
C/Ie AOBATEJILHOCTh  PABHOMEPHO K
CBOEMY mpefeny Ha [OJynpaMo#
0 <x < 4 co, npoBepuM, BeIOA- 7
HAETCA M COOTHOMIenHe Tuna (8.5,

T. e. Oymer i sup | f,(x)— Puc. 8.3.
0Ly <+

— f(x)]—>0 npu n—--co. i

STOr0  HaHaeM MAaKCUMYM <OTKJOHEHHAY @, (X)=]|f, (X} — f(x)|=
2nx

=TI nzx?

na noaynpamoft 0 < x < —--co. Mu umeem

, (1 4+n2x%)2n—2nx - 2nx __ 1 — n2x?
0 ()= "y = 2 e

OuepunHo, 4o @, (x)=0 mpu 1 —nr?x2=0, 1. e mpu Xp ="
Cie gosaTenibHO,
1

on. —
max cpn(x)chn(%)=———n%1—=l740 npH n—>—-00.
0L x<Hoo 1 5

3HauuT, CXOAMMOCTh He ABAAETCA paBHoMepHOH. 3aech nepasHo-
MepHad CXOAMMOCTh XapaxTepusyercd Haauuueym Oerymero ropOmka, Bhi-
cora kotoporo (puc. 8.3), paBHag eaunuue, ABAAETCA MaKCHUMYMOM OTKJ0O=
nenua rpaguka f,(x) or rpaduka f(x) npu 0 L x <+ oo.
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Bce cka3aHHOe A0 CUX nop o q)yHKllPIOHaJlebIX nocaenoBaTe/bHOCTAX
JerKko nepeHocUTCs Ha (l) YHKIUHOHAaJbHbBIE PAlbl, T. €. HA pAlbl BUId

(oo}

Z D)= Fum@+ D+ . B8

rie QYHKUMH 4, (X) 3aianbl, HanpuMep, Ha cermenre [a, b).
Onpedenerue 1, Pynxyuonarsunii paod (8.8) nasusaemes ¢ x 0-
A uUMCA, eCAll CXO00UMCA NOCALOOBAMEABHOCMD €20 HACMUYHBLX
CyMM .
n

S, (=2 u,(x), n=1, 2, ... (8.9)

ITpedes nocredosamesbHOCMU HACMUMKBX CYMM

S(x) :n_l)iToo S, (x) (8.10)

Haswgaom cymmoii padae (8.8). Ecau psaod (8.8) cxodumca u
ez0 cyuma pasia S(x), mo nuuwym

S()= 2 u, (x). (8.11)
k=1

Onpedeserue 2,. Dynxyuonassuwid pad (8.11) waswsaemcs
PABHROMEPHO cxo0awyumca ik cgoeli cyume S (x) Ha cez-
Menme [a, bl, ecau nocaedosamesbHOCcmb €20 HACMUMHBLX CYMM
{S, (%)} cxooumca pasrnomepro Ha [a, b] Kk ezo cymme S(x), m. e.
ecau 048 8caAKozo € >0 rafidemcs maxoe N=N (g), umo omx.ro-

Henue S,(x) om S(x) 6ydem yoosaemsopsambs Hepasexcmsy

(e8]

|S () — S, (%) = 2+1uk(x)

<€ (8.12)

0as Kaxncdozo n >N () cpasdy npu scex x€la, b], unsurnu cio-
saMu, ecau

o0

2 uy (x)

k=n+1

sup [S(x)—S,(x)|= sup

—0 napu n-—>-co.
agx<h a<<xr<d

(8.12)

TIpuMepbt paBHOMEPHO (HEPaBHOMEPHO) CXOISHUMXCA PALOB JETKO Mo-
CTPOUTb, OTNPABJSICL OT NPHUMEPOB PABHOMEPHO (HEPAaBHOMEPHO) CXons-
HMXCH nocaenosarebuoctel. JleicTBUTebHO. MO NPOU3BOJIbHOH NOCIe10-
BaTeJAbHOCTH (PYHKUHH

FLEs [0 s fo(®) . 8.13)
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Jerko NOCTPOUTb pAn

F1() =+ o (%) — f1 (D] F+ [f3 (%) — fo (D14 ...

v T —=Faa (014 ..., (8.14)
AJsL KOTOPOrO OHa BJSETCS MNOC/EL0BATENbHOCTHIO UYACTHYHHIX CYMM.
Tosromy, ecan nocaenosarembHocTh (8.13) cxomurcs paBHOMepHO (He-
pasHoMepno), To M psaa (8.14) cxoautcs paBHOMEPHO (HepaBHOMEpHO),
B CUMJIy onpeieseHust 2,.

3aMeTuM, uTO B CHJY ONpeseJeHHs 2; CNpaBeaauMBO H 06paTHOE yTBep-
KIeHHe: H3 PaBHOMepHOH (HepaBHOMepHOH) cxoaumoctd psiia (8.14) cie-
AyeT paBHOMepHAs (HEpaBHOMepHas) CXOAHUMOCTb NOC/EL0BATEAbHOCTH
(8.13).

HenocpeactseHHo M3 onpejefeHusi paBHOMEPHOH CXOAUMOCTH BhITeKaeT
CNpaBelIHBOCTb CAefYIOLIMX ABYX YTBEepMKIEHWH:

1) Cynma woHenHO020 Hucra pagroMePHO CXO0AWUXCE NOCAEIO-
sameavHocmel (pso08) A8AAEMCA PABHOME PRO cX00AWelica nocaedo-
samensnocmpio (PAOOM).

2) Y muoocenue 8cex HaeH08 pPABHOMEPHO CXO0auelics noc.ie-
dogamessnocmu (pAOA) Ha 00HY U my e O0ZPAHUHEHHYIO (PYHK-
Huw - @ (x) (B 4acTHOCTH, KOHCTaHTY) He Hapyuaem pasHoMepHOL
cxodumocmu.

HokaxeM, HanpuMep, BrOpoe yTBepxienue. Ilycte f,(x)=3 f(x)
Ha [4, b] U nycTb cyuwecTByer Takas koucranta C, 0 < C < —00, uto
[¢(x)] << C npu Bcex x €[a, b]. [lycrb, HaxkOHew, ZaHO KaKoe yroIHO
€ > 0. B cuny pasnoMepHofi cxodumoctu f,(X) K f(x), Hahzercs Takoe

N (g), uto | f,(x)— f(x)] <% cpady npu Bcex x€[a, b] 13 Ka-
#poro n > N (g), Ho Toria

190 £ () — 9(0) F ()] = |9 (0] - [ f () — F ()| <C- 5 =¢

A4 Kaxaoro an > N (g) cpasy npu BCex x&[a, b, T. e. @(x) f,(¥)=3
@ (x).f(x) na [a, b] npu n——oco. Cuuras f,(x) vacTH4HOH CyM-
MOHi, a f(X)— cyMMOfi paBHOMepHO CXOafulerocs QyHKIHOHAALHOrO
psAza, 3aKJI0YaeM, YTO ITO YTBepKIAeHHe CNPaBelJMBO H A5 PABHOMEPHO
cxozguierocs psia.

2, HNpusnaxu pasHomepHOH cxogumocTu., Eciau npezen f(x) nocae-
AoBaTenbHOCTH (ynkuui (8.13) u3secreH, TO ee HCC/leZoBaHHE HA PaBHO-
MepHYI0 CXOZMMOCTb 4YaCTO MOXeT ObiTb BHINOJAHEHO HeNOCpPeiCTBEHHO,
Ha OCHOBE OnpeleleHHA 2 W 2; HJIM MX FeOMeTPHYeCKOH HHTepNpeTaiyy,
aHaJOTHYHO TOMY, KaK 9TO OblJO cAeJaHO B npHmepax 1—4.

Oanaxko uHOria uesecooBpa3dee HCCAeNOBAHME BONPOCA O PABHOMep-
HOH CXOIMMOCTH nociefosaTedbHOcTH Qyukuud (8.13) cBecru K uccie-
JLOBaHUIO BONPOCA O PaBHOMEPHOH CXOAMMOCTH COOTBETCTBYIOUIErO (YHK-
uMonanbHorp psasa (8.14), aas Kotoporo oHa sB/seTCs NMOC/edOBaTelb-
HOCTbIO 4aCTHYHBIX CcymM. TaKoe cBeieHHe MOXeT ObiTb IOJE3HbIM
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II0TOMY, YTO AJA (QYHKUMOHAJbHBIX DALOB CYUICCTBYIOT pas/uuHbie NpaK-
THUeCKH yA0OHbIE NPU3HAKY PaBHOMepHOH CXOAUMOCTH. .

HanGosee npocThiM W IIMPOKO HCNOJbL3YEMbIM M3 TAKMX IPUIHAKOB
SIBJISETC Ma)kOpaHTHblH Npu3Hak Be#iepmrpacca, ocHoBaHHbIA Ha CpaBHe-
HuM QYHKIMOHAJABHOLO PAla C YUCJIOBHIM PHAAOM, UJeHbl KOTOPOrO HeOT-
pHLAaTEbHBL.

' Yucr080li pao ¢ HeompuyamesvHslMU 4AeHAMY

k§ak=al—{—a2+ ... (8.15)

HA3LLBAEMCA MO HCOPUDPYOUILY, UL MAKNOPAHMH M, 048
PYHKUUORAAbRO20 pAOA

--00
D)=+ Fu+ . (8.16)
Ha ompesie a < x < b, ecau
[ue ()| < ay (8.17)
npu scex k=12, ... cpazy dasa ecex x€|a, b].

Maxncopanmusiii npusnax Beidepumpacca. Ecau 0aa Pyux-
yuoHarvnozo psaoda (8.16) cywecmsyem cxodawulica maxrcopupyio-
wuli Ha |a, bl uucaosoli pad (8.15), mo pad (8.16) cxodumca
pasHoMepHrO Ha [a, b

HDokasareabctBo. Ilycte Aano kakoe yroauo & > 0. B cuay
CXOIMMOCTH MaxopaHTHOrO psaia (8.15), mpu Bcex 4OCTaATOYHO
60/bIIMX 3HAUEHUSIX 7L UMeeT MeCTO HepaBeHCTBO

+oo
2 g, <e.

k=n-t1

Toraa npu BCeX TaKUX 7, B cuiay cootHouwenud (8.17), Oyayt Buiioa-
HATbCS HEPAaBEHCTBA

o “+oo +P‘O
D<M jn@< X n<e @19)

cpasy a4 pcex x€[a, b], uto M o3HavyaeT paBHOMEpHYIO

cxoauMocts psaa (8.16). Ilpusnax npokasad.
400

\" sinnx
Mpumepn. 1. Pan }AT CXOIMTCS paBHOMEpHO Ha BCed

n=1

ocH X, —oc < x < -+ 0C, TAK KaKk AJaA Hero CyuecTByeT MaxXopu-
pyloHIMHA CXOLAUUACS YUCTOBOH psiA

. 1 \

O sin nx - )

Y (T | € o —oo<x <o)

1=1
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2. PaccMoTtpuM psig, 2 T——|—-_xn_‘—x7 Ha noayocu 0 < x < +-00. Toib-
=1

3yfCb OOHIYHbIMH NpHeMaMH AuddepeHIMaIbHOTO HCYMC/AeHHUS, HAXOLUM
X X 1
max ———5— = . CleioBareibHo, < 57

————— U
or o T RIXE 22 T nix? P

!
0 x <400 Ho pan 24? cxozutcd. CrenosaTtesbHO, 1O  NpH-
n=i

3Haxky BeHepmitpacca, psa 2‘ 1+n4 CXOIUTCHd PpaBHOMepHO Ha

Bcelt nmoayocu 0 < x <+oo

(1)

3. Nas psana TFa

n=1

pywigero cxoaauierocss yucA0BOro psna, Tak Kak max
0L x < +oo

0 < x <00, He cyuiecTByeT MawoOpH-

(="

1
x+nl n

!
a psn 2‘-’; pacxogurc. OnHako, B cuay npusHaka JledOuuua (cm.

n=1
Bun. {, ra1. 13, § 5, nepasencrso (13.80)), npu ao6om x € [0 < x < 4 00)
fMeeT MecTO Ol{eHKa

O (—1)* 1 _
ch—l—-)k <x--|l—-n <7 mpr 0. x <Aoo,

k=n
a CJiejoBaTeJbHG, B CHJY OllpejeseHUd paBHOMepHOﬁ CXOﬂ.HMOCTM (pyﬂl{-

uMoHajbHOro psia (cm. coortHomenune (8.12)), psn 2‘ x_{_)’n

n=1
paBHOMepHO na noayocu 0 < x < - ¢o. IToT NpuMep NOKA3bLIBAET, YTO
npusnax Befiepurpacca ssiseTct AMIIbL JOCTAaTOUYHBL M AA9 paBHO-
MEpPHOR CXOAMMOCTH M He SABJARETCH HEOBXOAUM b M.

IMpusenem Tenepb OCHOBHOH KpHUTepHH paBHOMEPHOH CXOIHMOCTH,
HMeoUMH BaKHOE TeopeTHYeCKOoe 3HAYeHHe W TNO3BOJALUIMA yCTaHOBUTH
6oJlee TOHKME [OCTATOUHble INPH3HAKY PaBHOMEPHOH CXOAMMOCTH, ueM
npusHak Be#iepuwrpacca.

Kpumepuii Kowu (0 pasrHomepHO cX00sujuxcst nocredosa-
measrocmed). aa pasrhomeprod cxodumocmu nocaedosamens-
nHocmu yrruul {f, (%)} K pynrxyuu f(x) na ompesxe [a, b] Heobxo0-
oumo u docmamouno, umobu 025 8caKozo e > 0 cyuecmsosaro me Je
N =N (e), umo npu kaxwodom n> N (e) u scex p >0 wHepaseHcmso

| frip(0)—fa ()| <e (8.19]
BHNOAHAAOCH OBl Cpa3y a8 Bcex x€[a, bl.

cxoaurcs

20 5. M. Bymak, C. B, ®omux
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NokaszateabcrBo. Heob6bxoaumocTs. Ilycrs f,(x)=3f(x)
Ha [a, b); rorza npu moboM & >0 cyumecrsyer takoe N (£), uTo npu
BCex n > N (e) u Bcex p >0 Oyzer

[ —F @] <5 B |far,(®)—F 0| <5
cpady anas Bcex x¢€l[a, b]. Tlosromy
| frip(0)— fa ()|
L fnep@ —F D] F+1F ) —F(0)| < 5+5=¢

npu Bcex n > N (g) U Bcex p >0 cpasy aas scex x€[a, bl

Hocrarounoctb. M3 Bumoanenus Hepasenctsa (8.19) npu Bcex
x €[a, b] BbTeKaeT, UTO Npy kamioM GUKcHpoOBaHHOM XxE[a, b
noc/ienoBaredbHOCTy uHcea f,(x), n==1, 2 ..., cXoZurcs, TaK Kak
oHa sBJaserc (yHAAMeHTaJbHOH, T. €. MOCTeZOBATEALHOCTb (GYHKIMH
fa.(x), n=1, 2, ..., cxogurcs Ha BceM oTpe3ke [a, b]. OOGosHaunm
npeledbhylo dyuxumio uepes f(x). Ilepexoas k npezeay B (8.19) nmpu
p —>-+cc, noayuum, uro

| fr)—F ()| <e

npu Bcex n >N (e) cpasy aas scex x€|[a, b]. Ho 3ro u osnauaer,
yro f,(x)=X f(x) na orpeske [z, b]. Kpurepuit nokasaH.

IMpumensst kpurepuéi Koy ajasi paBHOMEPHO CXOAANIMXCH IOC/IAe40BA-
TeJbHOCTeHl K NOC/AeN0BaTe/IbHOCTH UYACTHYHBIX CYMM

S1(x) = uy (%),

Sp(R) = () Fup(x)s - s Sp ()= ()T wve Fuy(x),
+00
q)yHKuPIOHaJleOI‘O paia Z‘ uk(x) NOJaYy4YuM

Kpumepuii Kowu (z)fm PABHOMEDPHO cx00sujuxcst psoos). Has
PABHOMEDPHOIN cxodumocmu paila

S =u@+n@+ o Fu@+ . (620

Ha ompesre [a, b] Heo6xodumo u Odocmamoxno, umolwv. 04 BCA-
ko020 € >0 cywyecmsosaro maxkoe N=N(g), wmo0 npu raxdon
n>N(e) u scex p>0 Hepaserncmso

n+p

2 Uy (x)
k=n+1

=a+

| Ss 4 p(X) — Sp(x) | = =ty () oo Ty, (0| <

(8.21)

BHINOAHAAOCH 6bt cpa3y 04 A 8cex xE€la, bl
C nomoupbio kpurepusi Kol MoOXHO AOKa3arhb
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MMpuskax Abeas. Ecau wacmuunsle cymMms pada
+-co

élluk(x)zul(x)+zz2(x)+ voeF (D) + L. (8.22)

pasroMepHO o2parunens wa [a, bl, m. e. cywecmsyem
maran woucmanma C, 0 < C <+ o0, umo

1S, ()| =] X #pg ()| <C mpn n=1,2, ..., (8.23)

- k:l
cpa3dy dan scex x€la, b, a nocaedosameasrocms Byuxyui
Ay (X)) Og(X), « ooy Cp(X) ..., (8.24)

MOHOMOHNNO He BO3PACMAA, DPABHOMEPHO CHpeMUmcs
K HYAIO HQ 9MOM Oompesxe, mo paod

+00
kgl @y (x) g (%) (8.25)

cxodumcsa paBHoOMepHO Ha [a, bl
[Mpewie uyeM AOKa3ath npuiHAK AGensi, nmpuBeleM NpUMep ero npu-
MeHeHus.
40
Y sin kx
4. Pan }_‘ A MOXII0O paccMarpuBaTh KaK pe3yabTaT YMHOXeHUf
k=1
4JleHOB psid

Fo00
Dl sinkx =sin X +-sin2x 4 ... -sinkx 4 ... (8.26)
k=1

Ha 4YJeHbl INOCJAe10BATEJIbHOCTH

1 1 1
i, T g Foree (8.27)
Jlas yacTMyHRX cYMM psiga (8.26) uMeeT MecToO oOueHka
1
(S, (D) <7
lsin5l

(cp. ¢ sun. 1, ra. 13, § 5), a cienosarenbiio, cpa3y nNpu BCeX X,
yLOBJIeTBOPAIOLIHX HePaBeHCTBaM

2mn o L x LCm+Dn4a, rie 0<a<m,
m=0, X1, £2,..., (8.28)
BBITOJMHSIOTCS HEPaBEeHCTBA

S, ()| < la =const <400 npu n=1, 2, ...
sin —

2

20*
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Tak Kak nocieioBatenbHOCTb (8.27), MOHOTOHHO y6hiBasi, CTpeMuTCs

K Hymio W, Oyay4n uHCIOBOH, CTPEeMHTCA K CBOeMY npejejgy paBHO-
400
1 sin kx

MepHO Ha BCeH ocu x, TO pal —% — YAOBJETBOPSET BCeM yCJO-

k=1
BuAM npusHaka AGensi Ha KaxaoM unTepBaje, (8.28) u noatomy cxo-
JIMTCSl PABHOMEPHO Ha KaOXAOM TaKOM HHTepBaJje.
JoxasareabctBo npudnaka AOGensd JlokaxeMm, uto npu
cOpMy THPOBAHHBIX Bbillle YCJAOBHAX AJst psaaa (8.25) BbinoJHeH KpUTepuit
Koum (ans paBHOMepHo cxoasiuivxcst psios). Mp umeem

R o S L T
=181 — S+ 00 [Sha— S+ -0
e 0 S = Shi g = — 0 S (O — ) S T -
cor Ot — Ui ) Spipe1 0 pSui . (8:29)

YuurpiBas, 4TO 0 (X) > 0y (X) > ... 2> a,(X)>a,, ,(X)> ... ¥ 41O
|S,(x)|<C npu Bcex n==1, 2, ... 4 Bcex x€[a, b], ua pasencrsa
(8.29) noayuum, uro

|a’n+lun+l + e +an+pun+p| < c {a’n+l+ (a’n-H _an+2)+
+ (an+2_a’n+3)+ cee +(an+p—l_an+p)+an+p} = QC(J,”_H <208n+t

npu Bcex p>0 wm cpagy naas Bcex xE€[a, b, rae g,.,=
= sup «,.,(x)—>0 npu n—>-+o00, uTO U TpebOBANOCL A0OKA3aTb.
agxgd

§ 2. CsoiicTBa pasHOMepHO CXORAMLHXCA (DYHKUHHOHAJIBHBIX
nocJexoBareJbHOCTEel H pPALOB

1. HenpeprBHOCTL H paBHOMEpHASs CXOZHMOCTb.

Teopema 8.7. A) Ecau nocaed08amesbHOcms Henpe Pol8HbLY
dyuryuld f1(xX), fo(x) ..., fu(x), ... cx00umeca pasrHoMe pHO
Ha la, bl k dyuxyuu f(x), mo f(x) marxoxce Henpepsisna ra [a, b

B) Ecau sce uaens paoa

+00

S (x) =k§ i, (X) (8.30)

Henpepuisior Ha [a, bl u pad cxodumca pasHomepHo Ha [a, b,
mo ezo cymma S(xX) maxoxce Henpepusna Ha [a, b).
Hdox,asartenbctso. A) BosbMem npoussodnuyio Touky x € |[a, 6],
U nyctb (x-+hA)E[a, b]l. YcraHOBUM  HenpepbiBHOCTb f(X) B
tTouke x. [as atoro oueHum passocts f(x 4+ #)— f(x). [lycts aano
npoussoJibHoe € > 0. IlokaxeM, 4YTO0 INpH AOCTATOUHO MAMBIX IO



