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peub B Bbill. 3 u 4 HacTosulero Kypca. Mbi e OIpaHHYAMCS 31eChb OAHUM
3/MeMeHTapHbIM npuMepoM. TTycTb TpeGyeTcs pa3iomuTb B CTClCHHOH PAL
X

dyHK Um0 1f~‘(,\c)=e—x’fe¥-2 dt. Jlerko npoeeputh, 4To F (X) ynoBJe-
0
TBopseT, andpdepeHunaibHOMy yYpaBHEHHIO

F'(x)+2xF ()= 1 (8.100)

M HauaabHoMy yciosuio F (0)=0. Dbynem uckaTb pelleHue ypaBHe-
Hua (8.100) B Buae creneHHoro psaa

F(x) == zjcx”-—co—,—clx—kch?—}— et ool (8.101)

IMoacrasass sTor psa B ypasHeHue (8.100) m cpaBumpas Ko3dduunenThl
NPpH OAMHAKOBBLIX CTenensix X B JeBOH u npaBof uyacTaX paBeHCTBa,
MOJyYuM

=1 @®+2c,s+2c,=0 n=1,2, ... (8.102)
W3 navaabnoro yciaosus F(0)=0 HaxoanM
¢, =20. (8.103)

C nomowbio (8.102) u (8.103) u3 (8.101) nonyuyaen
X
F(x)y=e* /e§2 dg =
0

+~010 (_l)ﬂ 2ﬂx2ﬂ+l

NETEmIE (8.104)

n=0

Cuayvaaa paa (8.101) Mbt auddepeHunpoBaIn NOYICHHO GO PMadbHO,
Ternepb, Koraa KoO3(OuUuEHTH ero yxe wu3BeCTHbi, Mbl BuAUM, UYTO
pag (8.104) cxoamrcs npu Bcex x, — oo < x < —Fo0o, u, cieposa-
TeJbHO, rodaeHHoe auddepeHuupoBaHMe 3aKOHHO NpH BCeX 3HAye-
HuAX x (cM. Teopemy 8.9).

§ 5. CreneHuble psagbl B KOMIJEKCHO# o6GaacTu

HOCHe[lOBaTeJleOCTb KOMIJeEeKCH bl X yuceJa
21=x1+Lyx’ 22:x2+iy2’ ey z/lzxn+iy/1' (A)

Ha3biBaeTc c¢x00Awelicss K KOMIUIGKCHOMY 4HMCAY 2,= X,-+ Iy, npu
n-—»—- 00, ecau

|20 — 20| = V (p — £+ (¥ — yo* >0 mpn  n->4-o0.

IToartoMy a8 cXOauMOCTH M0C/Aen0BaTe bHOCTH (A) K Lmcny 2y =Xyt Iy,
neo6X0NMMO M 10CTATOYHG, UYTOGHI

Xp,—>Xy ®u Yy,—>y; npu n->»-400.
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Pan ¢ xoMuJieKCHbIMHM YJieHaAMu

Tie Qa,=0,-+ B, k=1, 2, ..., HasbiBaeTCA CXOOAWUMCA, ecau
CXOIMTCA MOC/Aen0BaTEAbHOCTb eI 4acTHYHbIX CYMM.

Ha paab! ¢ KOMIIEKCHBIMH YJeHaMu JEIKO pacrnpOCTPaHAIOTCH MOHA-
THA a0COJMIOTHOH M YCAOBHOH CXOAHMMOCTH, @ TaKxe OCHOBHOH KpuTepuH
cxoanMocTH, npudnak IagamGepa m npusHax Kowmn *).

O6aacTbio cXoanMOCTu CTEIleHHOrO psad

I ST o2 7-LE SIS S/ -2 B N (B)

T1e KOIDPUUNCHTHL €y, €y wouy Cpyy oo — KOMILICKCHBC UNCAA, & 2=X [y —
KOMIIZIeKCHOE fepeMeHHOoe, ABAACTCH KPYI € LeHTpoM B Touke 2 = 0. Jror
KPYr MOXeT BbipOXaaTbci B TOUKY 2z=—0 n/n 3aHuMATb BCIO MJIOCKOCTb
fniepeMeHHoro 2 = X -} iy. BHyTpu kpyra cxoauMoctn paz (B) cxoanrcs
abcomoTno. CrnipaBen/mBOCTb 3THX YTBepHKACHHH BbiTeKaeT u3 cleaylo-
el JeMMbl.

Jlemma. Ecau cmenennofi pso (B) cxodumca npu z=oa +0,
MO OH cx00umces ab6coniomuo npu 21060M 2, 048 Komopozo |z|<|a|,
m. e. 8 kpyee |z{ < |a| ¢ yenmpon 8 mouxe z=0 u paduycou,
pasHuM |0 ¥ %),

B kaxnoM kpyre, KOHLUEHTPHYCCKOM C KPYIOM CXOAMMOCTH M JIEXAL[eM
CTPOrO BHYTPHM HEro, CTENeHHOH pAl CXOAMTCS PaBHOMEPHO, M ero
cymMMa OyleT He TOJbKO HeNpepbiBHOH, HO n OeCKOHEUHOE YHCJIO
pas auddepenunpyenmol dyuxuned.

Ornpasassce 0T pas/oXeHuH B CTerieHHbie psiabi  9JeMEHTAPHBIX
GynKuui 1eACTBUTEILHOIO MepeMeHHOr 0t

2 1
ele—}—x—g—%—}— T (8.105)
. o x»3 r x?k-{—l
Slﬂx—x—'3—!‘+ P +(—1) m—*—- “ ey (8-106)
% 2F

— k
cosx = | -—31—‘*— . +(——1) W+ v ey (8.107)

Mbi MOXEM JpaThb onpenejeHune 3JeMEHTAPHBIX QYHKUHH KOMIJIEKCHOIO
nepeMeHHoOro 2 =X - iy: e, cos 2z, sinz, KoTopbie lpu 2= X cosna-
RAI0T COOTBETCTBEeHII0 € ¥, cos x u sinx, HanomuuM, yto psaabt (8.105) —

*) Ecan  ujeHbl pfAxa 1€ ABAAIOTCH TOJOXKHTENbIIBIMH BeleCTBEHHBIMI
yycaaM, TO A4 mnpUMeHeHHs npusHakos [anambepa v Koww Hyxuo Opats
HX MO1yJau,

*¥) 9ra Jemma Oblia f[oKasaHa nAs CTCHEHHBIX psAzoB B neficTsutesbuofi
obaactit (CM. N0Ka3aTeabCTBO teopeMnl 8.5), HO TakuM ke 06pasoM OHa JOKa3bi-
Baercs M AAS CTeNCHHBLIX PHAOB B KOMIUVIEKcHOH 06adcTH,

22%
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(8.107) cxoadTcd npm BceX AeHCTBUTEJNbHBIX 3HaueHusX X, HO TOraa,
B culy CHOpMyImpOBaHHOH Bhllle JeMMbi, OHH OYAYT CXOAHTbCH
W NpH BCEX KOMIVICKCHBIX 3HAUCHMAX 2, €C/M B HHX BMECTO X MOACTA-
BuTb 2. IlosToMmy, noJaras

2 n
e‘:l—}—z—}—%-—{- +%+ (8.108)

23 Qk
sinz=2——3y1 ... +(— 1 (2k+1)l -+ .. (8.109)
cosz:l—%-}— e (1Y (2k)l+ (8.110)

MBI MOJYYMM (YHKUMH KOMILIGKCHOTO [MEPEMEHHOTO 2, OnpejeeHHbie
NMpu BCEX 3HAUCHHAX Z. YMHOkaA abCOMOTHO cxoafiuuecs (B CHIy JeMMbl)
pAabl, MOXHO MPOBEPUTL, YTO RJS OMpEne/eHHHX TakuM o0pasoM QYHK-
LMl KOMMEKCHOTO [MepeMeHHOro e°, €osz, sinz BLNOJHATCA COOT-
Houens

e%1 . gRr = pAt A ¥) (8.111)

cos’z |-sin® z=1, (8.112)

3amenss B (8.108) 2 na iz u rpynnupys orTaesbHO B MOJIydYeHHOM psae
ujleitbl, IBHO COJEPKaliue M fABHO He Colepauiue £, MOJAYUMM, HCNOJb=
3ya (8.109) n (8.110), sameuare/bHyio popMyay DHaepa

e — cos z+isinz, (8.113)
CripaBea.TMBYIO npu aoboM KomngexcHoM z. llefictBurelbHo,
iz 323 B2t 22 L 23 2t
—‘]+iz+ 2! +3' —*"'T—]—... W"‘lﬁ'—*—ﬂ'—*—-..
22 Fe 28 25 .
= (1 —37 —{—T!— .. .)-—}—i(z _W_*_ﬂ— .. ) =cos 2 4-{sinz.
Tax kak n3 cootHowenu#t (8.109) n (8.110) caeayer, 4ro cos(— 2)=

=co0s 2, sin(— 2)=—sin 2, To, 3ameuss B PopMyae IJH.1lepa 2 HA —2,
MOy YHUM

..

e~ —=cosz—1sinz. (8.114)
W3 ypasuennit (8.113) u (8.114) HaxoauM

iz —iz iz __ ,—iz
cosz:e———g—e——, sinz=e—21—f’)——. (8.115)

Aru dopmyab taicke o0biunO HasbiBaT popMydaMmu Ditaepa,

*) PapenctBo (8.111) mnoayuaercs nyTeM YMHOXKEHHS CTeNEHHBIX PAI0B
y

Aa ¥t 1 €°? o npaBUiaM, KOTOPHIE OBLAH NOKA3aHbi B neificTBHTEAbHOH 00/4aCTH
M COXPaHSI0T CUAY B KOMMJEKCHOH obaactu.
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M3 ¢opmya (8.115) creayer, yro cosSz u SinzZ B KOMILIEKCHOH
006/1aCTH MOTYT MPHHUMATb CKOJb YyroaHo 6O0Jdbliue 3i1ayeHus.
IMonaras, HanpuMep, 2z=——in, rae n— HaTypajibHOE YUCIO0, T0JIYUHM,

1] -n
cos(-—in):e——g—e—%—koo npu  n-»—00.

IMpu stom dopmyna (8.112) ocraerca cnpaBenauBoOH,

C noMoubio CTreneHHbX Psl0B B KOMILIEKCHOH 00.1aCTH MOXHO Onpe-
JequTb ¥ ApPYyrue QYHKUHMH KOMIIJIEKCHOIO [epeMeHHOro, Takme, Kak
In(l 4 2), arctg 2 u apyrue.

Teopusi QyukuMA KOMNJIEKCHOIO NMEPEeMeHHOr o ABJSETCA ONHHMM U3 BAK-
HEHIMX pAa31e/0B COBPEMEHHOH MaTeMaTHKH M HAXOAMT IMMPOKHE [pPH-
MeneHHf B MaTeMaTHyecKOH ¢uanuke.

C rouxu spenus Teopun QyHKUUH KOMNJIEKCHOTO NEePEMEHHOTO HAXOAAT"
6oJlee MoaHOe OObAcCHEHHE HEKOTOpbie (AKTH H3 anaaIn3a QyHKUuH
JeficTBuTe bHOTO nepeMetiHoro. Hanpuvep, B paBeHcrse

1
__1+x2:1—x2+x4—x6—{- (*)

JeBas uactb HenpepbiBHA M OrpaHMyeHa Ha Bcefl YMC/JAOBOH oCH, OAHAKO.
crosuiui cnpasa paa npm |x| > 1 pacxoamrcs. Ecau paccmarpusath
paBeHCTBO (%) MPH KOMIJIEKCHbIX 3HaYeHUsX X, TO MPUYMHA ITOIO ABJEHHS
CTAHOBUTCA SCHOH, Tak Kak npm X =/, JeBas 4acTb paBeHcTBa oOpa-
waeTc B 6eCKOHEUHOCTb I, CJ/ea0BaTeJbHO, OKPYMHHOCTb KpYyra €xoau-
MocTu (C LEHTPOM B Hauaje KOOpAMHAT) 10JIXKHA MPOXOAHTb 4Yepe3d TOUKY
x=1{. (Ecan 6bl 3Ta TOuKa /exana BHYTPH KPyra CXORHMOCTH, TO B HeH

1
q)yﬂKuHﬂ W
B OeCKOHeYHOQCTb.)
B § 4 Obina paccMoTpeHa PyHKUMSA

Obt1a Obi HenpepbiBHOW, a oHa mnpu X —{ oOpauiaercs

e ¥ npn x<+0,
t 0 mpn x=0.

Pp(x)=

Sra q)yHKHHﬂ uMeeT B HavyajJe KOoOpAMHAT [POU3BOAHBIE 110 X BCEX IO~
pAaKOB, HO He pa3joxuMa B cTerneHHoH pdna no Le/biM HEOTPHUATEbHbIM
CTerieHdaM  x. I‘Ipuqua 3TOI'0 CT4HOBMUTCH HACHOH, ecCH paccMOTpPeTh.

dyHxuuio
1

sy
@(R=¢ = (z+0),
CyMTasd, 4TO 2 NMPHHMMAET KOMIIJIEKCHblEe 3HaueHHs. Deps z=1{y, noayuum
1 1
e 2 =¢Y ~»-00 npu y—>0, B 1O BpeMs Kak ¢ ¥ —> 0 1npu x—>0.
CaepoBarenbuo, 3TY QYHKUHMIO 11e/b3fl A0ONPee uTH B Hauale Koopauhar
TaknM o6pasoM, uToObl OHa craja penpepbiBiol. Ecat Gu cymiectsosad
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cTereHHOH psan, cxoaduiuica K @(X) Ha HexkoTopoM otpeske —R <L x < R,
TO MNpH 3amene X Ha 2 MNOAyYHJCH Ob! cTeneHHoM pad, cxoasurvkcs
k @(x) B kpyre |2| <R, w dyHxuus @(2) Gbiaa 661 B Touke 2 =0
penpepuBHOH ¥ jpaxe auddepenuupyeMofi no 2, a oOHa paspuiBHA.
Hcyepnblpaloniff aHaiv3 3TOrO npyuMepa TaKke MOXeT ObiTb BbiNOJAHEH
JulIb B TeOPHH (YHKUUH KOMIJIEKCHOT O MepeMeHHOro.

§ 6. CxoxumocTs B cpenuem

B psae pasnenoB MaTeMaTHKH M ee npujoxeHuH HcCrosbayercs 6u-
30CTb QyHkuuA f(X) ¥ g(X) B HEKOTOPOM MHTEeI pajbHOM CMBICIE,
ROMYCKAIOIEM B OTAEJbHHX TOYKAX 60ablllve 3HaA4YEHHUS MOAY/AS PasHOCTH
f(x)— g(x). ObuuHo B KayecTBe Mephi MHTerpa/ibHOH O.u30cTH Gepyr
«KBaapartHiHOE Yy KJAOHeHHUue» paCCManHBaXOT TECHO CBA3aHHYIO
C HUM «CXOLMMOCTb B Cpen-
HeM».

1. KpagpartuuHoe YKJOHeHue
M CXOAHMOCTh B CpeiHeM.

Onpedenerue 1. Ksaa-
OpamUMHBAMN VEKAOHEHU e M
dyurwyun f(x)y om g(x) nHa
la, b] Ha3wmsaemcss Heompuya-
measroe wicao

y

b
(. = [If(D—g)|?dx ™.
‘ (8.116)

L et

z OyeBuaHo, UTO

Puc. 85. e, =0 N

Tpadukn aByx dyuxuuit f(xX) u g(x), OMM3KHX B CMBIC/Ae MajOCTH
KBAAPATHYHOTO YK/IOHEHHS, MOrYT CHJbHO OTKJOHATbCH ADPYI OT Apyra
B OTAeNbHBX TOuKax (puc. 8.5).

Onpedenerue 2. ITocredosamersiocmp PynKuui

J1( fo(Xh ovnn fr () - (8.117)

Haswsaiom cxo0aueica 8 cpednem K pyrnruyun f(x)na

{a, b], ecau ,

F(fo N=[1fa0)—f(D)|?dx—0 npn n—>co. (8.118)

¥y Bece ¢ynkuuu B HacroslmeM naparpade Oynyr npeinonaraTbCl HHTe-
rpUpyeMb MU B 0OBYHOM CMBICAE, XOTA Godbllafl Y4CThb MOHATHH H yTBEPK-
neuuit aToro naparpada coxpaHfer CcHAy H mad Qyuxuuil, HMTErpHpyemhix ¢
KBajpaToOM B CMbicie HECOOCTBEHHOTO MHTerpasa.



