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cTereHHOH psan, cxoaduiuica K @(X) Ha HexkoTopoM otpeske —R <L x < R,
TO MNpH 3amene X Ha 2 MNOAyYHJCH Ob! cTeneHHoM pad, cxoasurvkcs
k @(x) B kpyre |2| <R, w dyHxuus @(2) Gbiaa 661 B Touke 2 =0
penpepuBHOH ¥ jpaxe auddepenuupyeMofi no 2, a oOHa paspuiBHA.
Hcyepnblpaloniff aHaiv3 3TOrO npyuMepa TaKke MOXeT ObiTb BbiNOJAHEH
JulIb B TeOPHH (YHKUUH KOMIJIEKCHOT O MepeMeHHOro.

§ 6. CxoxumocTs B cpenuem

B psae pasnenoB MaTeMaTHKH M ee npujoxeHuH HcCrosbayercs 6u-
30CTb QyHkuuA f(X) ¥ g(X) B HEKOTOPOM MHTEeI pajbHOM CMBICIE,
ROMYCKAIOIEM B OTAEJbHHX TOYKAX 60ablllve 3HaA4YEHHUS MOAY/AS PasHOCTH
f(x)— g(x). ObuuHo B KayecTBe Mephi MHTerpa/ibHOH O.u30cTH Gepyr
«KBaapartHiHOE Yy KJAOHeHHUue» paCCManHBaXOT TECHO CBA3aHHYIO
C HUM «CXOLMMOCTb B Cpen-
HeM».

1. KpagpartuuHoe YKJOHeHue
M CXOAHMOCTh B CpeiHeM.

Onpedenerue 1. Ksaa-
OpamUMHBAMN VEKAOHEHU e M
dyurwyun f(x)y om g(x) nHa
la, b] Ha3wmsaemcss Heompuya-
measroe wicao

y

b
(. = [If(D—g)|?dx ™.
‘ (8.116)

L et

z OyeBuaHo, UTO

Puc. 85. e, =0 N

Tpadukn aByx dyuxuuit f(xX) u g(x), OMM3KHX B CMBIC/Ae MajOCTH
KBAAPATHYHOTO YK/IOHEHHS, MOrYT CHJbHO OTKJOHATbCH ADPYI OT Apyra
B OTAeNbHBX TOuKax (puc. 8.5).

Onpedenerue 2. ITocredosamersiocmp PynKuui

J1( fo(Xh ovnn fr () - (8.117)

Haswsaiom cxo0aueica 8 cpednem K pyrnruyun f(x)na

{a, b], ecau ,

F(fo N=[1fa0)—f(D)|?dx—0 npn n—>co. (8.118)

¥y Bece ¢ynkuuu B HacroslmeM naparpade Oynyr npeinonaraTbCl HHTe-
rpUpyeMb MU B 0OBYHOM CMBICAE, XOTA Godbllafl Y4CThb MOHATHH H yTBEPK-
neuuit aToro naparpada coxpaHfer CcHAy H mad Qyuxuuil, HMTErpHpyemhix ¢
KBajpaToOM B CMbicie HECOOCTBEHHOTO MHTerpasa.
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ITpu smom nuwym:
lim f,(x)=f(x) mna [a, b]. (8.119)
n-» oo -

Onpedenerue 3. Pynryuonarvruli pao
oo
X u, (%) (8.120)
k=1

Ha3ssaemca cx00auumca 8 cpednen k S(x) va ompesxe {a, b],
ecall Nocaed08amMeAbHOCHb €20 HACIMULKBX CY MM

S,,(x):kgnluk(x), n=1, 2,..., (8.1213

cxodumcn 6 cpednen k S(x) Ha [a, b, m. e. ecau

b n

. 2
P2 (S(x) S,,(x)):fl:S(x)—Euk(x)} dx—>0 npu n-— —-co.

¢ k=1 (8.122)
Ilpu smom nuwym:
Sx)y= 2 up(x) wa la, bl (8.123)
k=1

2. HepasenctBo Komn — Byusxosckoro. Ecau f(x) u g(x)
yoosaemgopsaonm Ha |a, b] onucanHwm 6viuwe mpe6Gosaruan, mo

b b
<'/ff2(x)dx -l/fg?(x)dx. (8.124).

Iokasatearcrso. ITogoxim

b
[rgax

b b b
A=ff2(x)dx, B=ff(x)g(x)dx, CngQ(x)dx (8.125)

¥ PaccMOTPHM A Ba BO3MOXHBIX ciayyas: 1) A=C =0 u 2) no kpalineit
Mepe ofHo u3 4ucel A u C OTANYHO OT Hy.s.
1) Eciu A=C=0, 1. e.

fbe(x)dx:fng(x)dx:(),

TXO U3 OYeBIIHOI'O l€epaBeHCTBA

I ()8 ()] <5 [ ()4 & ()]
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c/ieiyer, 4TOo

b b b
J |f(x)g(x)|dx<%[fo(x)dx'Jr-_/‘g?(x)dx}-:

Ho
b

f If () g ()] dx,

f F)g(dx| <

6
.caefoBatebHo, B = ff(x) g(x)dx =0, n nepasencrso (8.124) sunoa-
a

HAeTCH, TAK KaK B JeBOH U npasoﬁ €ro 4actax CTOUT Hy/ib.

2) Mycto, nanpumep, 4 > 0. Toraa nocrynum ciepyrouiuM o6pasoM.
3aMeruM, 4YTO MpPU BCeX AeHCTBUTE/bHHIX 3HAYSHHAX rapamerpa A

Af () +g P >0
Af2(x) 4201 (%) & (X) 4~ g% (X) >0

Wurerpupys 3TO HepaBeHCTBO MO X OT 4 10 b ¥ yuuteBad 0603Haue-
wua (8.125), noayyum, yto npu Bcex AeHCTBUTENbHBIX A

AN - 2BAL+4-C >0, (8.126)

npuueM A > 0. Ho roraa ksaapatHut Tpexused AA? -4-2B% - C ne Moxer
MMeTb IBYX Pa3MUHBIX 1 HCTBHTEbHEIX KOpHeH A; < Ao, HHaUe ero MOMKHO
‘6610 6u mnpeactasutb B Buie A (M — A)(A— Ay) ¥ OH npuHuMan Ou
oTpuliaTeibiibie 3hayeHusi npH A; << A < Ay, YTO MNPOTHBOPEYUT Hepa-
peHCTBY (8.126). HeoOXxomuMbiM M J0OCTATOYHHIM YCJIOBHEM OTCYTCTBUSA
pasauuHHX JefCTBUTEAbHHX KOpHEH fBAfeTCA, KAK M3BECTHO, HeroJIoMH-
‘“PeAbHOCTb IMCKPHMHHAHTA TPeXxyjeHa

— AC L0. (8.127)

[eperiocss npoussesenne AC B npasyl 4acTb HepaBeHCTBA M HU3BJeKas
u3 oGeux uyacteHl apudmerHuecku#t wBampaTHbiH KOpeub, noayunm |B|<
<VWV|C; a 3T0, ecau ydecT» o6o3nadeHus (8.125), u ecrp
sepasencrso Kown — ByHSKOBCKOIO.

8. UuterpupoBanne cXOZAUiHMXCs B cPejHeM HocaeaoBaTenbHOCTelR"
H psios,

Teopema 8.14;. Ecau nocreoosameavnocms @dyukygut  f(x),
folX) ooy [u(X) ... cxo0dumca 8 cpedHem Ha ompeske [a, b)
K gynxguu f(x). mo npu aobux x, & x Ha [a, b] 6ydem

lim ff,,(z)dz—ff(z)dz (8.128)

n-»+0o0
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Goaee mozo, npu ric6om x,€[a, b] umeem mecmo pasHoMEPHAA
no X cxooumocme

ff,,(z)dz:;ff(z)dz na [a. B] ). (8.129)

Hokaszareascrto. ITo yciosuo
b

0 (f, fﬂ):f[f(z)——fn(z)]2d2—>0 npH n—>--00. (8.130)

a

Yro6ut nokasath (8.129) (a caemosaresbHo, ¥ (8.128)), ouenuM uHre-
X

rpaj f[]f(z)—f,,(z)] dz. Jlas 9TOro, npeicTaBMB MOAbIHTEr PAJbHY IO
Al
Xo
$yHKUMIO B BHAE NPOM3BEIEHHA

[ () — FaD =1 1f () — (D).
npuMeHuM HepaBeHcTBO Kowy — ByHAKOBCKOro
[U@—ra@idz <]/ fl?dz-)/ [lr@—rf.@raz <

b
<Vb—a-]/f f (D= fa@|?dz=Vb—a VP [ (813D

X

Tak kak npasaf yacTb HepasencTBa (8.131) oT X He 3aBUCHMT H, B CuHAY
(8.130), cTpeMhTcs K HYJAK 0P N—>—-00, TO 3TO W 03HAYAET, YTO
X

f[f(z)—f,, ()] dz=20 na [a, b],

Xo

T. e, coorHoutenue (8.129) BeiroaHseTcs. JTUM NOKA3aTedbCTBO TEOpPEMbL
3aBeplueto,
Ecau pasuoctb f(x) — f,(x) 3ameHuts ee MonyaeM, To BMecro (8.131)
npu Xy=—a U x=~> noayunM HepaBeHCTBO
b

[If@—fu@lde <Vbi—a-VPF [ (813D

a

Wuterpar B JeBo#t wactu (8.132) phipawmaer miowanb, 3aKAIOYEHHYIO

*) Hanomuum, uto Bce dyHkuud B naHHoM naparpade, B TOM uucae f,(x)
u f (x), npenonaraoTcs HHTerpupyembMu Ha [a, b] B 06BIuIIOM CMBICJE;
CM.. OfHaKo, CHOCKY Ha ctp. 342.
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mexay rpauxamu f,(x) u f(x) v opaunaramu x —=a u x =b. Taxum
o6pa3oM, B Clydae CXOAMMOCTH B CpenueM f,(x) k f(x) ua [a, b] ata
nJiowaib CTPEMHTCS K HyMO, TaK KaK KBal1paThuuoe yKioHenue p?(f, f,)
-cTpeMuTcst K Hymo. FIpu 3TOM MakcUMyM OOBYHOrO OTKAOHeHHA f, (X)
oT f(x) Ha [a, b] MOXeT Haxe HeOrpaHWYEHHO Bo3pactaTb. Hanpumep,
S | nxt

noc/efopaTesbHocTe [, (X)=n 8]/ane 2 CXOIWTCA B CpeiHeM
¥ f(x)=0 ua orpeske 0 x <1, Ho

- 1
1 VAR
max |f, () —f ()| =Ff, (""——):‘/—— n8 —-4-co npu n—>—-co.
PSP V on e
C nowmouibio Teopemut 8.14;, nokasaHHOH A noC/JeNOBATENbHOCTEH,
JerK0 AOKa3biBaercs [/s pALOB

400
Teopema 8.14,. Ecau hyrRKyuOHAAOHBE pad > Uy (X) ¢ unme-
k=1
2puUpyemMuMil HACHAME CXOOUMCA 8 cpeOHeMm K UHmMezpupyemol
gyuryuu S(x) Ha ompesxe [a, b], mo

X

fS(z)dz: fu,(z)dz—}— e fu,,(z)dz+ ... (8.133)

Xo

npu an6ux xy u x€la, bl, nputen pao (8.133) cxodumca k csoeli
cymme pasHomepuo Ha [a, b].
IHokasarteabcTso. Tak Kax no ycaosuio S, (X) CXOZUTCA B Cpel-

Hem K S(x) Ha [a, B], rae S,(x)= X u,(x), T0 no teopeme 8.14
k:l

X X
f.S,, ()dz =% fS(z)dz va [a, b]. (8.134)
X : Xa
HO
X n X
fSn(z)dz=E fuk(z)dz.
Xo k=1 x,
-C/e10BaTeAbHO,

é fxuk(z)dz Z;fo(z)dz,

k=1 x,

T. e. yactmyHas cymma psaza (8.133) cxoamrtcs paBHOMEpHO K yHKLUUH
X

fS(z) dz, 4T0 ¥ Tpe6OBajsOCH NOKa3aTh.

> 1
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4, O cBA34 MEXAY CXORUMOCTBIO B CPegHeM U BO3MOWKHOCTBIO
no4JjieHHoro audpepeniupoBaHua NOCHenOBATEABHOCTEH U PAIOB.

Teopema 8.15,. Lcau nocaedosamessiocms Henpeposno Ough-
gepenyupyennx ynrgutt {f,(x)} cxodumca Ha [a, b] Kk Pynr-

yuu f(x), a nocaedo8amesbHOCHD #X APOUSBOOHH X {f,’l(x)) cx0-

dumcs 8 cpednen na la, b] k nenpepusnoi dyniyuu ¢(x), mo f(x)
oupgeperyupyena Ha (a, b] u

ffy=ex)= lim f'(x) na [a, b (8.135)
> +20

Hdoka3sareabcTBoO. Mb nmeem npu x, x,€[a, b},

X

[l @ —e@)az|<

<]/f12dz-|/ [fi@—e@Pde<

J

LVb—a-Ver(f, ¢)—0 (8.136)
npu n-—>—oo. CJenoBarebHO, Mepexons K npejedy M yuurbiBas, 4To
Fa () —>F(x) u f,(x9)—> f(xy) npu n—>—00, noayunm

’fn (%)~ fp(x) — fcp(z) dz

f)—flxp= fq)(z)dz, Toe. ()= f(x)+ fcp,(z)dz. (8.137)

W3 pasencrsa (8.137) Bhitekaer, uto f(x) nuddepeHuupyema u
yTo MMeeT MecTo paseHcTBO (8.135). Teopema nokasana.

AgasornunsiM 00pa3oM A0Ka3bBACTCH

Teopema 8.15,. Ecan ghynrguonaasiuli pao

Sx)= kzz‘luk () (8.138)

¢ Henpepusno oughgpe peryupyemsinn wieHamu cxodumesn Ha [a, b,
a paod ‘

o(x)= ;lu; (x) (8.139)

cxo0umcs 8 cpeOnem K Henpepusholl pyrryuy o (x), mo cymna S(x)
psda (138) dugpgpepernyupyena na [a, b] u

+0o0
S'(x)=0(x)= kg} 1, (X). {8.140)

IokasatreabCTBO TeopeMbl 8.15, npegOCTaBAfiCM  BHINOJHUTH
yHTaTeaaM.
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5. Csa3sp MEXAY CXOAUMOCTHIO B cCpexguemM #u APYrHMH BHIaMH
CXOAUMOCTH, Vs o6biyHOH CXOIMMOCTH Mnocaen0BaTe/ibHOCTH (pyHK-

unit f1(x), fo(x), ...y fa(x), ... B Kaxao#h Touke orTpeska [a, b]
YNt(z)=1 g ()=t
7 - 71 ‘
7,

£z)=0 /(.r} /
g vz 7 oz 0 7 z
y @ 4
7 7

NN

0 /',2/72‘77 T 0//4//2 7
)

X4 1
7 7 %
R RN N7,
a, g)
Puc. 8.6.

CXOIAMOCTL B CpenHeM He BuTekaeT. Hanpumep,

1 2
fo(x)="12nxe ? " —> f(x)=0 wna orpeske [0, 1],
HO

1

1
f[f,, (x)— f ()P d,\c=f2n,\ce"’“‘2 dx=({1—e % —1 npu n—--co.
0 0

U3 paBuoMepHOH CXOAMMOCTH BBITEKAaeT CXOAMMOCTb B CpPeE i -
weM. JleficTBuTeabHO, €CAM Aas BCAKOTo € > O uHadgercs rtakoe N (g),

470 npu Bcex n >N () HepaseHcTBO |f,(x)— f(x)| < ‘/—

b—a
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BHINOJHAETCH Cpady Ajsf BCeEX x €[a, b], o, BO3BOAA B KBaapar obe
4aCTH 3TOT0 HEepPaBeHCTBA ¥ HMHTErPUpPYH, MOJYYHMM, UYTO

b
@ f= [ 1fa®—F @ dx < 20— ay=¢

npu Bcex n>N(e), T e uro p?(f, f,)—>0 npu n—>--co, a 310
¥ 03HaYaeT CXOAHUMOCTb B cpedHeM f,(X) k f(x) ua [a, b].

M3 cXoIMMOCTH B CpeljHeM paBHOMEPHAS CXOAMMOCTb HE BBITEKAET;
60/iee TOrO, HE BbITEKAeT AdXe OObIYHAS CXOZMMOCTb B KaXAOH Touke.
PaccmoTpuM npuMep noC/iei0BaTebHOCTH QYHKIMH fi(X), fo(X), -. .,
fa(%), ..., cxonawefica B cpeanem K f(xX)==0 na orpesxe [0, 1] u He
cxofsitefics Ha 3TOM OTpe3Ke HM B 0AHOH Touke. [TocTpoenue 310H nocije-
AoBartejbHOCTH OyleM BeCTH Iar 3a luaroM, noasepras orpesok [0, 1]
pa3buenuio cHayasja Ha 2 paBHBle 4aCTH, 3aTeM Ha 2% papHLIX yacTe#t M
T. A., Ha 2" papHbix vacred u T. A. Pas6us orpesok [0, 1] na iBe
paBHbie 4acTH, onpeieauM f;(x) M fo(x), Kak yxasaHo Ha puc. 8.6, a
n 6. I'padux Qyukuny v3o6paken KHpPHOH JnHHEH, a MajeHbKas LyXKKa
03HauaeT, 4TOo TOYKA, yepe3 KOTOPYI0 OHAa NpPOXOIHT, K MpPUMbIKAIOWIEMY
KycKy TIpaduKa HEe NpHYUCAAETCH,

Pa3bus orpesok [0, 1] nHa 22 pasueix uacre#, onpereisum f(x),
Fa(x). fo(X) n fg(X). kaxk ykasauo Ha puc. 8.6, 8, 2, 0, e. Tlponomxas
3TOT NpPOLUECC HEOT pPaHHYEHH O, NOAYYHUM MOCAEA0BATENLHOCTb PYHK-
walt fi (X fo(X) vovs [fp(X) ..., KaX1ag U3 KOTOPHIX MPHHHUMAET HA
orpeske [0, 1] Tosbko asa 3snavenus: 0 u 1, nosromy f2(x)=/f, (%)
Ha orpe3ke [0, 1] npu Bcex n=1, 2, 3, ...

Hokaxem, uto f,(x) cxoourcs B cpeaHem K f(x)=0 na [0, 1].
Mbr nMeeM

1 1 1
0 fo=[1fa—f) dx= [ f(ydx= [ f,(0dx—>0
] 0 ]

1

npu n—>-}-co. IleH#cTBuTEAnHO, ffn (x)dx pased njowaln 3alITPHXO-
0

BAHHOTO MNPAMOYIrOJbHHKA, KOTOpasf, OYEBHAHO, CTPEMMTCA K HYMO MpH

n——-co. CXoauMoCTh B CpelHeM AOKAd3aH4.

Oasako nocaenoBareabHoCTh f1(x), fo (%), ..., f,(X), ... He cxo-
JUTCA HM B OJHOH Touke orpedka [0, 1], Tak Kak B KaxaoH TOuKe X
3TOT0 OTpe3Ka MpHu CKOJAb yrogHo Ooabiiom N >0 Halaytcs dyHk-
uun ¢ Homepom n’ > N, wumeomue B 3ToH Touke 3Hauenue 0, W Hafi-
Ayrca QyHkuuE C HomepoM n” >> N, uMelomue B 3TOH ke TOUKE BHA-
vyexue 1.



