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JOTOJIHEHHME 1 KTJ, 8
KPUTEPHI KOMNAKTHOCTH CEMEHUCTBA ®YHKUHH

Bonpoc 0 koMNnakKTHOCTH cemelictBa QyHKLUUA B MaTeMaTHdeCKoft
¢usrxe BO3HMKAeT MPH JOKa3aTelbCTBE CylIECTBOBAHMA pelueHul aud-
depeHuHalbHBIX ¥ HHTEIpadbHbiX YpasHeHWH M NpH AOKA3aTeAbCTBE CXO--
IMMOCTH PA3AUYHBIX NPHOIMKEHHHX METOLOB PEelIeHHfl TAKHX ypPaBHEeHui,
HO [/ ero pacCMOTpPeHHd He Tpe6yeTCﬂ MpuB/AC4YeHNU NMOHATUH Teopun
AnddepentnanbHbX HAH HHTErPAIbHBIX ypaBHEHHUH; 10 CBOEMy XapaKrepy
OH €CTeCTBECHHbIM o6pa30M NpHMbiKaeT K BOMpoCaM, paccCMOTpeHHbIM
B HacrofueHd raase.

Onpedenenne 1. Cemeicmeo gynrgui |[f(x)), 3adanusy Ha
Heromopou MHoscecmse X monerx x, umnt Oy0em HO3nBaAMDL K O M -
naKmus M (8 cMbicae pasuomeproli cxoduyocme), ecan u3 2060k
Oeckoneutiod nocaedvsameavhocmi dVHEuRiE  f. (X)), [fq(X). ...,
Jn(X) ... Oannozc cemeiicmsa MOJCHO 8uderumb neonoc.aedosa-
me2bhocme fu (%) [, (X) ovs fu,(X), ooy paspomepro cxo0s-
wyioca Ha muoocecnge X F).

Onpedesenue 2. Cenelicmgo gyuxygui {f(x)}), 300annsx Ha
HeKomo pow muooicecmae X, Mol Gy0eM Ha3bt8aMbs PABH O Me PHO
02PAHULEN HB M HA INOM MHONCECMBE, eCAU CYUECHBYEN MAKAA
KoKcmanma C, 4 < C << 4-00, umo Hepaserncmso |f (x)| < C sunoa-
HAaemca cpady 048 8cex XxE X u 0aa scex pyHrygul f (x) u3 oan-
HO20 cemelicmsa.

Onpeodenerue 3, Cenelicmso gyvruynli | f{x)}, 300anHsX HA MHO-
acecmge X, HaA3bl8AEMCA pUTHOUCHCHeHHO HEN DO P BHM
Ha 3moMm MHOJcecmBe, ecau 048 kaxc0020 € > 0 cyuyecmsyem marxoe
0=0() >0, He 3asucamee om swbopa Pyuryun f(xX)EL{f(x)} u
sibopa x' uw X"E€X, umo 048 kaocdod gynxyuu f(x)E{f(x)} u
2i0bsx X' u x" € X, yoossemsopiowux Hepaserncmsy | x'—x"| <0 (e),
BHLNO AR AEMCS HepaBencmso

() — (] <e. 1y

Teopema I (Apueara). Ecau ceneiicmso gyuruud | f(xN 20dan-
Hoix Ha onmpesre o < x <L b, pasHoMepHO 02PAHUYEHO UL pUBHO-
CHICHEHHO HERpPepssdo, ri0 OHO KCMIOKNIHO 8 CHMbCAE PABHOMEpD-
HOU cxo0umcemu.

NokasaTeibCTBO. PaccMorpum Kakoe-iub60 CHETHOE BCIOAY
miotHoe Ha orpe3ke @ < x-<b wuoxectBo M ToueK X, X9 ...,
X, ..., HAMpUMEDP MHOXECTBO BCEX palMOHAJbHLIX TOYEK STOI'O OTpe3Ka
WAM MHOXECTBO BCeX TOUYeK JHe/enus MNPH MOC/JAeA0BATEAbHOM Je el

*y AunanorsuwreiM o6pasom ompenensercd KO Mitas [U6 . » B UMBCAE
cxonuvmocin s cpenuen. OfHako Mo 5TOMY MOBOAY Mbl OTCHHIAEM K PyKO=~
BoAcTBaM No (MYHK{HOHAIbHOMY aHaJM3y.
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aror0 OTpe3ka Ha 2, 4, 8, ..., 2", ... paBHbix uacrefl. BosbmeM Kakyio-
6o rnocaenosaredbHocTb GyHkuu# {f, (x)} w3 ZamHoro cemeficrsa.
B cuay paBHOMepHOMR orpanmuenHocru cemefictsa, |f, (%) <LC==
=const < —4-conpu Bcex n=1,2,3, ... ucpasy anascex x€M
B uactHoCTH, MOCAenOBaTedbHOCTb uHced f,(xp), =1, 2, ..., Gyzer
orpaHuyeHHoff, 1ak 4To mo reopeme Boabuano — Beflepurpacca naftaercs
CXOAAMAACH MOANOCAEAOBATENbHOCTb f1; (X, [fio(X1)s - o0 Fra (1)

B pesyabrare u3 nocaenoBatenbHocTH ¢yHkuud f, (X) okasanach Bbiie-
JieHHOH 1o mocAel0BaTe AbHOCTD

Fu (O fro(x) coes () «oey 2p

cxoaawmascs B Touke x; € M.
AHaJIOTHYHO 43 MOCAeJ0BATeAbHOCTH (2;) BHAEAUM MOANOC/AENOBA-

TeAbHOCTD
Far () Foo(X) vy fo, (X o1 v,y (29)

CXOAAUYIOCH B TOUKE X, € M; nocieioBaTeabHOCTb (25) CXOAUTCH TAKKE
u B Touke X; € M, ubo oHa fiBAfeTCH MOANOC/AENOBATEIbHOCTLIO MOCAEL0~
BaTebHOCTH (2;), KOTopas B TOYKe x; cxoiurcsd. Hrak, nocaenosaresb-
HOCTb (2,) CXOOMTCA B TOUKAX X; M X, MHOxecTBa M.

[Tponomxas HeorpaHHyeHHO 3TOT MpPOLECC BbidedeHus MNOANOCAeNOBa-
TeqabHOCTe#, mosyuuM OGecKOHeuHylO TabauLy:

Ju (0 Fro(0) cooy Fra() oo )
f21 (x). f22 (x), ) f2n (%) - (3

f,,l(x> f,,2(x). ceer fn (x).

B n-# crpoke KOTopoﬁ (n=1. 2, 3, «++) CTOUT MOANOCAENOBATENDb-
HOCTb, CXOLAILAACH B TOYKAX X, X9, «.., X, [l03TOMy AuaroHaibHas
TI0C/e10BATEbHOCTD

fll(x)' f22(x)' MR fnn(x)’ A (4)

Oyger cxoaurbcd B Kax nO# Ttouxe x, € M. Jlokawxem, 4yTO OHAa CXO-
JUTCE PaBHOMEpPHO Ha [a@, b]. Iag 3TOro AOCTATOYHO HOKA3aTh, YTO
JaHHag rnocjenoBarteabHocTh (4) ynopiersopseT Kpurtepuio Komm nas
PABHOMEPHO CXOAALMXCA (YHKIUOHAJbHBIX MOC/eA0BaTe/IbHOCTeH.

[Tycts nano xaxoe yroano € > 0. Chayasa BubepeM u3 BCIOAY MAOT-
Horo MHoxectBa M Takoe KOHEUHOe MOIMHOKECTBO /ﬁrlxl. Xgo «nen Xpl
4YToOH ero TOouKd Jeuiu 0Tpe3ok [a@, H] Ha vacTUuHbiEe OTPE3KH [IJUHBI

< 0(e), roe 0(e) >0 BoiGupaeTcs U3 YCAOBUS PaBHOCTeNeHHOH Herpe-
pbiBHOCTU ceMeHcTBa, T. e.

[f (Y —f) <e nmpn | —x"| <o) n x', x"€[a, b).

Torpa and kawxaoro x €{a, b] unafiiercs Takoe 3HaueHue x,-E/VI. 4T0
jx— x;| < 0(e). Hatinem, nasiee, mo samaunomy e > 0 takoe N (g), ue
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3asucsawee or x;, i=1, 2, ..., p, uro
Ifmm(xi) ——fnn (xi)l < € 1IIpu BCEX M #u n > N(S) (5)
u Bcex i=1, 2, ..., p. Toraa 6yaer |f,,(X)— f,.(x)| < 3¢ npu

Bcex m u n>N(e) 4 cpady aaa Bcex xE[a, b]. IeficTBurennnio,
nyctb m u n>N(e), a x€[a, b]. Hallnerca rakoe snauenue x;E M,
uro |x — x;| < 8(g). Ho roraa, B cuiy pasHOCTeNeHHOH HelpephBHOCTH

|fmm (x)_fmm (xi)l < & Ifnn (x)—fnn(xi)l <& a chreloBaTe bHO,
B cuiay (5), 6leET BbITOIHATLCA HEPABCHCTBO

| Fonn () — Fn COL U Fram () = Frn (0] == | Frum (1) — Fn (x| -+
N fan () — fun ()] < e 4-&4-e=3e.

Kputepu#t Kowu papHoMepHON CXOAMMOCTH AJis NMOC/eA0BaTebHOCTH (4)
BbiTOJIHEH. Teopema JOKa3zaHa.

Teopema Aptesa HaxoLWT, HanpuMep, MpUMeHeHHe NpPU AOKa3aTe/lb-
CTBE CymieCTBOBAaHHA pellleHnd Aud@epeHlna]bHbBX ypaBHeHUH.

HokaxeMm emie OXHY TeOpeMy, CYIIECTBEHHO HCMO/b3yeMyi0 B TeOpPHH
HHTErpabHHX YypaBHeHUH.

Teopema 2. Ecau nocaedosameasvzocms Pynryui {f, (X)) pasno-
cmenenno Henpepwgia wa [a, b] u yooe.remsopnem YCAOBUIO

b
P F= [Un()— fa(x)Pds—>0 npu n m—>-+o00, (6)

a

mo OHa CX00UMCS PABHOMEPHO HQ 3MOM OMpPE3Ke K Hexomopol
Henpepuisholl ynryun f(x).

JloxkasaTeabcTBo. JlokameM, 4yTo A1 3TO# NOC/el0BaTeNLHCCTH
BbITOJIHEH Kpl/l’i‘ep[/lﬁ Ko paBHOMepHOﬁ CXOOHUMOCTH, T. €. IOKaxeM,
4TO

Cpym ()=1[fr () —Fn ()30 wma [a, 6] 1mpn n, m—>-oco.

Honyctum npotusioe. Toraa naltnercs rakoe g, > 0, 4To nMp# Kak Yroi-
HO 0OJbLIMX R CYWecCTBYIOT Takue n, >k n x,€[a, b], 418 KOTOpBIX

| 9k, (xk)’ > 4. (M

B cuay paBeOCTEMeHHOR HEmpepsiB:iOCTH MOCIEA0BATEILHOCTH, Ha#aeTcs
0=20(gy), 3% KOTOPOTO

|fa () — Fu(xp)| <& mpu  |X— xp| < O(e)- (8)
Crenosatenbio, npu n, > k> N (g) 1 |x — x,| < 8(g,) 6yaer
| (Pk"k (x)—(Pk,,k (xk)l é I fk (x)—fk(xk)!+
+ | f"k (X) - f”k (xk)] < 28Q~ (9)
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Ho rtorza, B cuay (7) u (9), 6yzem umeTb
| ®en, (0] | Pra, (%) || Pen, () — e, (¥2)| > 40y~ 26, =22, (10)

Ecin B3atb 0(geg) << b— a, TO 1no kpa#He#t Mepe IMOJIOBHHA HHTEPBAJIA
e—0 < x << X,-+0 unewur na orpeske [a, b]l. CrezosarebHo,
B cuay (10), nmpu n, > k > N (g

O (fa, fo)= [q>k,, () dx > 4e} 5 —28§6=const>0, (11

YTO MPOTHBOpPEYHT YyCaOBHIO (6), TAK KaK YUCJIO B MOXHO B3iTb CKOJb
yroaHo 6oubiuM. IlosroMy @, () ==[f, (X)) — f, (x)1=30 na [a, b]
npu n U m—> -+ co. CleroBare/bHO, B cuiy Kputepus Kolu a8 paBHO-
MEPHO CXOASIIUMXCS TNOc/efoBaTeabHOCTeH, MOC/Aen0BaTeNbHOCTD | f, ()}
CXOAMTCHd paBHOMepHO Ha [a, b] k Hekoropo# dyukuuu f(x), npu-
yeM f(x) HempepbBHA, Kak NpeaeJ] PaBHOMepPHO cxoisutedcs noc.e-
[10BaTe IbHOCTH HenpepbiBHbIX ¢yHkuu#. Teopema nOKaszaua.

NOMOJIHEHUE 2 K T'JT. 8
CJABAY CXOIHUMOCTDb U JEJbTA-GYHKUHUY

Hapsagy ¢ paBHoMepHOH cXOZMMOCTbIO M CXOLMMOCTbIO B CpelHeM
BAXHYIO POJb B MaTeMaTHKe W MareMaTHYeCKOH (uauKe WrpaeT TaK HAa3bl-
BaeMas cJjabas CXOLHUMOCTb.

Onpedenerue 1. Iocredoramesbnocms PyHKYUL

() (XY vovy Pu(x) oo, (D
onpedesennsix U uxmezpupyemnx na (a, b), Hassgaemcs c2a60
cxodawelica «8 cebe» Ha (a, h), ecau 028 8cAKOl Henpe-
posHoil u ozparuuenHoli na (a, b) Pynruyuu f(x) cywecmsyvem

KOoneuHul npeodea
b

lim F (g, (x)dx. (2)

=¥ + o0 a
Onpedenenne 2. Qyuxyua ¢(x) Ha3nsaemca cLabs M 7 pe-
desom nocaedosameavnocmu pyrwraui (1) na (e, b),
ecau
b

b
lim [ f() @ (de= [ F(x)o(x)dx. (3)

>+

0as 20604 Henpe pu8HOll & 02 panuternoll Ha (a,h) GyHKGL f(x)A’!‘.}‘.

*) Tounee, B 3ToMm cilyuae rosopsT, ur0 mnociaelosareibnocTih (1) cxoanred
K @ (x) c1abo B kaacce OyHKUMH, HENPEPHIBHHX Ha (4, b); MOKIO ONPEASAUTH
cnabyi0 CXOAMMOCTB W B APYrux Kjaaccax QyHkiui.

23 B. M. Bymax, C. B. ®omuu



