FTABA 10
HHTETPAJIbI, 3ABUCAILUE OT NMMAPAMETPA

B mareMarTuke u Maremarudeckolf ¢usuke BecbMa SPQEKTUBHHIM aHa-
AUTUYECKUM annaparoM fBIAIOTCA HWHTErpaftsl, 3aBucsul e oT napa-
METP 4a; TAKOBbI, HanpuMep, 3HJIepoBbt uHTerpansi (cM. § 3), mHTErpaJnt
THNA MoTeHuuana (cM. soim. 4) ¥ T. 1.

JTa raasa NOCBAUICHA WBYYEHUIO CBOWCTB WMHTErpajoB, 3aBUCAIMX OT
napamerpa.

§ 1. CoGerBeHnne ¥ npocTeiiline HecoGCTBEHHBIE HHTErPAJBbI,
3aBHCANLHE OT HapameTpa

1. CoGcTBeHHble HHTErpananl, 3aBHcslUlHe OT mnapaMerpa. [lycrs
bynkuua u = f(x, y), sanannas B npaMoyroashuxe lI: a <x b,
c<{y<d, vunrerpupyema no x Ha orpeske @ - x < b npu kKa-
HAOM 3HAYEHUW y u3 orpeska ¢ <Ly d. Toraa unrerpaa

b
J = [ f(x. yyax (10.1)

spasercs G YyHKUUWEeH nmapaMerpa y, ONpeAeNecHHOM Ha OTpe3ke
¢ <L y-<d. 3afiveMcs uayueHdeM cpolicTB uHrerpansos suia (10.1).
Teopema 10.1 (0 HenpepuisHOi 3a8ucumocmy uHmezpasq om
napamempa). Ecau dyuryusn f(x, V) nenpepvisna 8 3GMKHY-
mos npbﬂmoyzmzbnuice I a<{x b, cLy<d, mo unmezpaaxr

J(y)= ff(x, v)dx ssasemcs Henpepbl8Hoi ynryueld napamem-
a
pa y #Ha ompesxe ¢ <L y-<d.

Hoxasareascreo. M3 nenpepsiBHoctH dynkumn f (x, y) B 3aM-
kHyTOM npaMoyroashvke Il cneayer ee paBHOMepHas HenpepbiB-
HOCTH. DTO 3HA4uT, Yro 414 BCskoro € > O mafiaerca rakoc 6 =10(e) > 0,
He 3aBucsee or pacnosoXenus touex (x/, y) u (x”, y") B npaMo-
yroavhyuke- I, yro npu Buinonuenuu HepaseHcTB

[#"—x"[<d@) n [y —y"[<OE) (10.2)
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BBITNIOMHACTCHA TAKXKE HCPABEHCTBO
4

1@ 9 — F " Y] < i (10.3)

B uwacrnoctn, noaarasi x’= x” = x, noayun™, yto AJ8 moGeix y’ u y”’
u3 orpeska ¢ <y <d, YAOBJICTBOPAIUNX HEPABEHCTBY

[y — 7| < b, (10.2
¥ BCeX X U3 0Tpesdkd a <L x - b Oyler BHIIOAHATHCH HEPABEHCTBO
|f (e 9 — (e 9| < 5= (10.3)

TlosroMy npu a0 66ix ¥ u ¥ u3 orpeska ¢-<y-<d, yAOBICTBOPSIO-
wux nepasenctsy (10.27), 6yner BHINOAHATLCHT HEPaBEHCTBO

b
16— =| [ 1f e ) — 7Gx yds| <

b
<[ 17 )=yl <t —ay—e,

a 3TO O3HAYACT paBHOMepHY O HenpepsiBHOCTL J(y) HA OTpe3ke
¢ Ly <d. TeopeMa poxasana.
Caedcmsue, [1pu ycrosusnx meopems 10.1 pyreyun Fu, v, y)=
v
= ff(x, V)dx nenpepvisHa 8 3aMKHYymou napaissesenunede 11%:
u

aLubh, aLovh Ly Ld.

Hokaszareabcrso. B cuay HenpepsiBHocTH dyHkumu f(x, y)
B 3aMKHyToM npsaMoyroashuke I, nalimercs rakas xoucranra C,
0 << C < ~+00, uro |f(x, v)| <C scioay 8 II. Toaromy npu moGeix
W, v, yyua @, v, y") us II* somoanserca mepasencrro

’ n

fvf(x, yHdx — f flx, vy dx

'

JF(ll,, o, y/) —F (lt”, v, y/i) l — \<

o'

[ UG 9 —f ey ax

u’

< + +

} fx, yHydx

v’

[ UG vy —7 @ ynax

u’

+Clu" —u'|-Clv"—v'|.  (10.9)

+| [ f@ yrax| < +
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Mycrs rtouka (u', v/, y') duxkcuposana, a rtouka (u”, v’ y")—>
—>(u’, v’, y’). Toraa nepsoe cnharaemoe B npasoft yacru (10.4) crpe-
MUTCH K Hynalo no rteopeme 10.1, a Bropoe M Tperbe — oYEBUAHHM 00~
pasoM, yTo 4 TPeboBAIOCH AOKA3ATh.

Teopema 10.2 (0 Oudifepenyuposarun uxHmezpasa no napa-

mempy). Ecau f(x, y) u fy’(x, y) Henpepoigrsl 8 npamoyeoavruxe I1:
b

aLxh, cLyLd, mo unmezpan J(y):ff(x, y)dx ssasemcs
a

ougpgpe penyitpyemoti pynryueld napamempa y Ha ompesre ¢ Ly -<d,
npuvem 8c00Y HG 3mMoM OMmpe3xe

b b
%=;7ff(x, y)dxsz;(x, y)dx. (10.5)

BaMmevanue, Popmyna (10.5) nasviBaerca dopMynolt auddeper-
UMpPOBAHUA WHTETpasa no mapaMeTpy no npasuny Jle#tGuuua: npou3soo-
Has uxmezpasra no napaMempy passa URmezpasy om npou3goo-
“HOU nodsinmezpasbHol BYHKYUL RO IMOMY napamempy.

Jdokasdarenbcrso. Mol AOMKHBL NOKa3aTb, 4TO

b
im LM =T '
Aljfo Ay = /fy (x, y)dx.

a
Il1a ®Toro moKaweM, UTO pAa3HOCTb MEWAy INepeMeHHOW BelnyuHOM
b

Jy+AN—J )
Ay

a
crpeMurcsd Kk nynw npu Ay-—>0. B cuay dopMyab KoHEUHBIX Npu-
pawenuit, uMeeM

b
J(y+8y)—J(5) =f f y—}-zzy)—f(x’ Y gy —
y

M ee TNpeano/jaraeMbiM NpeacaoM ff;(x, y)ydx

By
b
= [ £, y+ 04y as,
a
rie 00 < L. TlosToMy ynoMsuyTas pasiocrb paBHa

14
J Ayy—J (¥ "
OEIWN=IO) [, yyax—

By

b
= /7[f;_’,(x, -0 Ay)—f;(x, y)|dx.  (10.6)
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OuenuM ee npu ZocTarouHo Maneix 3Hauenuax |Ay|. Tlycrs aano e > 0.
Tak kax f; (X, y) Henmpepb BHA B 3aMKHYTOM npamoyroashuke lI,
T0 OHa pABHOMEepHO HenpephiBHa B HeM. CnenoparteabHo, Haltmercd
rakoe 0 (e) > 0, uro npu |Ay| < d(e) Gyaer
/ . . &
| [y y+A9)— fL (2 9| < 35—

npu Bcex x€[a, b] u nwb6ux y u y-Ay us orpeska [c, d].
Tak kak 0 <C 0 <1, 10 ¥ MOAABHO NMpPH BCEX YKABAHHBIX X, Yy U y - Ay
6yner

4
b—a’

| fy (s y+-0AY) — fL (% 9| <

Caeaosareisio, B cuay (10.6),

b .
7 ,
J(y+Ay) (y)_!/’fy(x, 9) dx

Ay

b

[ £y y+009) — £y (e, ) dx

a

<

/]
<[ 10 y 089 — f (v W]dv < 50—y =&

npu BcexX |Ay| < 0(e). TeopeMma nokasaHa.

Teopema 10.3 (0 Jugpfeperuuposanun no napamempy uHme-
2pasa ¢ npedesamu UHMEPUPOBAHUS, 3ABUCIWUMI OM nRAPA-
mempa). [Tycms f(x, y) u f;(x, y) HenpepuigHs. 8 npAMOY20.4b-
nuke Il a Lx b, e Ly<d, a x=x,(y) 4 x=x,(y) ougpche-
penyupyessl i yoosremgopsiom ycaosuio a < x,(y) <b =1, 2)
npu ¢ y<Ld Tozda npouzsodnasn unmezpaia

x2(y)
Jn= [ f(x yax 10.7)
x1(3)
no napamempy y cyuecmsyem u pasia
X2 (¥
TO= [ £, ndrtfn0. )5 fEmen nE (10
x1(¥)

JokaszarenscrBo. Mbl uMeeM

J(¥) =F(x,(y), %2(¥) ¥) 0.9}
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v
npuueM dynxums F (i, v, y)= ff(x, y)ydx npu a <u b, aLvb,
u

c<Ly<d uMeeT HenpepbLIBHbBIE YAdCTHBIE NPOU3BOAHSI&:
v
F,=— f(x, u), F,=f(x, v), Fysz;(x, y)dx. (10.10)
u

HenpepslBhocts vacTHOR npoussomholt F,, cymecraywmwe#t no reo-
peme 10.3, umeer Mecro B cuay caeacreus TeopeMst (10.1). ITockoabky
GOyRKuIMM x =X (y) u X = X,(y) AuddeperuyupyeMbl, TO K UHTe-
rpany (10.7) MOXHO NpPUMEHUTb TNpaBUAC AudGHEPEHUUPOBAHUT C IO K -
Ho# GyHnkuuu, koTopoe 4 npuselder K paseHcTBy (10.8). Teopema Ao-
Ka3aHa.

Teopema 10.4 (00 urmez2puposarHuu uHmezpasra no napa-
mempy). Ecau dpynrgus f(x, y) Henpepsisrna 8 npamoyzoavrure 11
aLxb, cLy<Ld, mo

d a /] /] a
fJ(y)dyzfdyff(x, y)dx:fdxff(x, y)dy, (10.11)
< < a a 4
m. e. Odasn  mozo, Ymolbsl  NPOUHMEZPUPOBAMb  UHMEZPAL
/]

J(y)=ff(x, y)dx no napasempy y, HYIHHO NOOLHMEZPAALHYIO
a

dynrguo f(x, y) npounmezpupogams no 3MOMY napaMmempy y.
Hokazarenscrso. Pasencrso (10.11) asaserca cneacrsueM Teo-
peMbl O CBeJeHUM ABOHHOTO WHTerpasa K MoBTOPHoMy (cM. § B ra. 1).
[lpuBeneM eme OZHO AOKA3aTENLCTBO, JETKO pacnpocTpansiomeecs
Ha N-mepusit cayvait (cM. § 4). Bwmecro pasencrsa (10.11) noxawewm
6onee oliiee paBeHCTBO

a ! t a -
fdyff(x, y)dx:fdxff(x, ydy npu a<t-<b (10.12)

Ecau BBecTu o603HaueHus
d

d t t
o= [ay [ jx pae. vO=[dx [ f(x pdy, (1013

‘7O AOCTATOYHO JAoKasarth, uYro @ (H)==v'(#) npu a <t b u ur0
¢ (e)=1P(a), T4k kak rToriaa, odvepuaHo, Gymer @ (H=1VP(¢) ua [a, b].
Pasencreo @ (a) =1 (a) OueBMIHO, TaK KaK (p(a)70 u P(a)y=0~0.

t

Ilonaras F (¢, y)=ff(x, y)dx, noayuuM (p(t)=fF(t, y)ydy, rie
- a ¢
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F(t, y) nenpepsoiBHa B npaMoyronshuke I1*: o ¢ <0, ¢ Ly 4.

14
B cuny cJaeacraus reopemul 10.1, a Fi (£, y)y=f(f{, y) nenpepuBha
N0 yCHOBHMIO AoKasbipaeMolt teopeMsi. Caeaosarenbho, no reopeme 10.2

d d
o O= [ Fitt. pay= [ f(t. way. (10.14)
t

d
[Monaras §(x)=ff(x, y)dy, noay4uM w(t)zfg(x) dx. Tak kak

a

no rteopeme 10.1 E(x) sBnsiercs HenpephiBHOH (yHKuMeH X HA OTpe3ke
a < x < b, To no reopeme o AuddepeHUNPOBARNY ONpeAeICHHOrO MHTE-
rpana 1o BePXHEMY MNpefeny

t a
V== [tax=10=[f¢. pay.  (10.15)

Conocrasass  (10.14) u (10.15), noayuwaem, uro ¢ )=V’ (f) npu
a <t <b. Caenoarenvho, B cuay paseHcrBa @ (a) =P (@), Takxe
¢ ()= () npu a <t <b. B vacrHocrd, ¢ (h)=1 (D), 1. €. paBeuCTBO
(10.11) eommouansercs. Yro u Tpebopasioch AOKA3aTh.

2. MNIpocreitine HecoGcTBeHHBle HHTETpanbl, 3aBHCsllHe OT na-
pamerpa. Teopemnt 10.1, 10.2, 10.4 ;Jerko pacnpocTpanfioTcd Ha He-
coGcTReHHbBIe HHTErpansl Clelylomero cneliuanbHOT o BUAL

b
Jy = [ fx. g dx, (10.16)

roe f(x, y) nenpepuBHa, a g(x)—soobule rogopsds, pa3pbuiBHaf
b
yHKuMA, HO TaKas, uYTo HHTerpan f]g(x),dx cXoaiuTCH, INpudem

a
OAMH Wau o0a npeleia WHTRTPUPOBAHUS MOryT ObiTh GeCKOHESUHBIMU.
Iepefiaem Kk TouHBIM HOPMYAMPOBKAM COOTBETCTBYIOMUX 00 00 1w € H-
Hbl X Teopewm *).
Teopema 10.1' (0600 ujeHHAsT meopema 0 Henpepvi8HOE 3a8ucu-
Mocmu uHmezpaasa om napamempa). Ecaun f(x, y) Henpepogna u
-0

oepanutena npi 4 <L x <00, ¢y -<d, aunmezpan f |g(x)| dx

a

*) Teopemnt 10.1°, 10.2', 10.4’ naxonsT npHMeHeHue B MaTeMaTHueckoil (u~
3HKe M B TeopHu HHTerpaga Pypbe.



-408 WHTET PAMBI, 3ABUCSIIIUE OT IMAPAMETPA [TJL 10

cxooumcs, mo
+00

J(y)=f f(x, yg(x)dx (10.17)
a
Asasemcs Henpepol8Roll PyHryuell y Ha ompesdke ¢ Ly <Ld.
Teopema 10.2' (o606uennas meopema 0 dufiepeHyuposaiun
uHmezpaaa no napamempy). Ecau f (x, y) u f;(x, y) HenpepuigHl U
-+ 20

ozpanudenst npt ¢ <L x <300, ¢ Ly <Ld, a unmezpaax f |g(x)| dx
a

cxooumcsn, mo unmezpas (10.17) snsrasemcn duggpeperyipyenoi
ynryued napamempa y na ompedxe ¢y <L d, npuvem 8ciody
Ha 9MOM Ompe3ie 8blNOAHSAEMC PABEHCMEO

= [ fitx y g ax. (10.18)

Teopzma 10.4° (0600weHHAR meopema 00 UAMezpuposaHuL
urmezpasa no napamempy). llpu ycrosuax meopems 10.1 unme-
epan({49.17) nsanemcn unmezpupyemoil dyuxyued napamempa y
Ha ompesre ¢ <Ly <L d, npuves

+o0 +o0

d d d
[Imay=[ay [ fex g ax= [ (g(x)ff(x, y)dy)dx.

a
‘ (10.19)
Hokawxews A npumepa reopemy 10.17 Myers | f (%, y)| <C = const
+ o0

npu o Lx <Joo, cLyLd, a f |g ()| dx <K <+ o0 unycrs

+o0
aano £>0. B cuay cxoauMocTy UHTerpana f|g(x)|dx, MOXHO B3Tb [>a

a
+ 20

croas GoabluuM, uro Oyrer QC/ |g ()| dx < % dukcuposaB Takoe [
!

n 3B y' u y” na orpeske ¢ < y - d, npeacrasuM pasuocts J(y)—J(y”)

B BUIC ,

T — I = [1f (e y)—f(x Yl g (¥ dx+

a

+ 00
-i—f f (. y)—f(x 91 g (x)dx.  (10.20)
l

B npamoyroasuuke a <L x <{l, ¢y <{d oyuxund f (x, y), Oyayun
_menpepsiBuolff, paBHoMepHoO HenpepsiBHa. [losroMy uafizercs Takoe



§ 11 COBCTBEHUBIE MHTETPAJIB 409

d=20(e) > 0, uro ans moGuix y’ u ¥ us orpeska ¢ Ly < d, yrosile-
rBopsiomux Hepasenctsy |y — y”| <<d(e), npu Bcex x u3z orpeska
a < x <! 6yzer BHINONHATBCH HePABEHCTBO

£ e 9 — [ (% 90| < o

Ho roraa us pasencrsa (10.20) no.Jy4yacM HepaBeHCTBO

!
60— < [ 1 e y)—F G5 y)1g ()] dx+
+00

+ [ £ G =17 G ¥l 18 ()] ds <
l

! +oo
<o [lgl dxHCEf g (0] dx < g K +S—e

npu |y" —y"| <0(e),

a 3TO O3Hauaer, 4To uHrerpan J(y) fABAETCA HEeNPEpPLIBHOW dyuk-
uneit na orpeske ¢ Ly <Ld.

Msl npepocraBafeM yuraremio A0kasate teopemsl 10.2° u 10.4" pasm
uurerpatos Buaa (10.17), a rakwe nepedopmMyaupoBaTe ¥ AOKA3dTb T€O-
pemsi 10.1°, 10.2" m 10.4’ pnaa unrerpanos suza (10.16). 3ameruxm
TONbKO, YT0 B ciyuyae wuarerpanoB Buiaa (10.16): 1) orpaanyensocrs
f(x, ), f,(x,y) Beitekaer w3 wempepeiHOCTH f (X, y), f (%, y) B pac-
cMarpusaeMolt obnactu ¢ L x b ¢ <y <d, 2) ornapaer ueobxoiu-
MOCTb pasCuenusl MHTEpPBAJAa UHTSrpUPOBAHUA Mo X, a < x < b, Ha yacry,
B OTAMYHE OT TOro, KaK 3TO AEJaA0Ch NPU pokasarenascrBe TeopeMsl 10.17
Aas wurerpanos suaa (10.17).

Huddepenuipopanne ¥ unTerPUPOBaHUE WHTETPAJOB N0 NapaMeTpy
IIUPOKO MNPUMEHSAIOTCa A BBIYUC/JACHUS HHTErpadoB, 3aBUCHAIIYX OT napa-
MeTpa, a TakkKe aafd BhiUWC/cHWUA WHTErpanos, HE 3aBUCAIIUX oT Napa-
MeTrpa, NnoChe HAANEKAIEro BBejeHUA Iapamerpa.

I[TpuMep. Boiuucaum uurerpad

+oo
J(y) :/ g 0x Sm_xxz dx, rae a=const >0, —A Ly <A (10.21)
0
Monaras f (x, y) :Sinxxy, g(x)=e~%, noayuum, uto f(x, y)u f; (x. y)

HenpepboBHE ¥ orpamuuyeHsl B noaymonoce 0 .<{x <+ oo,
+o0 +o0

— ALy <A, a MHTerpan /l{,‘(x)|dx:/ e‘axdle_

a.
0 0
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cxoaurcd [losroMy moxnO npuMesurTs 0606iennyl0 Teopemy 10,27
aan varerpaaa  suaa (10.17). [uddepenuupys no napaMerpy noxa

3HAKOM WHTErpana, noJayyuMm
oo

J (y):f e~ cosxydx.
0

Beinonusia gpawael B NOCAenHEM HHTErpade WHTErpUpOBAHUE 110 4ACTAM
(no x), nanaem

J! (y)zﬁ. (10.22)

Tak kak, coraacao (10.21), J(0) =0, 1o, unrerpupys (10.22) s npe-
zenax or 0 mo y, moayuum

y

Y

J()’) L_/ a.2 __l__ yz dy - arCtg_

Moxuo mnocrymats v ueckonbko wunaue. Marerpupys (10.22) no y,
OyneM uMeTb

J(y) = arctg % -+ C.

Tak kak, B cuay (10.21), J(0)==0, ro, nonaras B paBeHCTBe, Coaep-
wameM koncraury C, y =0, noayuyuM, uro C=0. [lpu oGoux noa-
xoaax tpeGyercs, 4rolol OblJAO M3BECTHO 3HAYEHHE BHIYUCAAEMOrO UHTE-
rpaja INIp¥ HEKOTOPOM YACTHOM 3HAYCHUM IAPAMETPA V.

§ 2. HecoGcrBeHHBIe HHTETpaJbl, 3aBHCAUIHE OT NapameTpa

Iycts dyuxuma u#= f(x, y) onpeneaena npu 0.<x < + oo,
cLy<<d v nycts nOpu KamKAOM 3HaveHuu y, ¢ -y <d UHTEr pas

J = [ F(x. yydx (10.23)

cxoaurtca, Toraa J(y) asasercs ¢yHkuuelt y, onpesencHHolt Ha
orpeske [¢, d]. B cuny onpeseneHns HecoOCTBEHHOTO UHTErpana, wMeeM

+o0 l
Joy=[ j@ pas=lim [ ypds (1029

Auanoruuno o6CTOUT AENO C UHTErpanaMu OoT HEOTpPaHMUYESHHBIX
«oyakuuit. Ilycrs, uanpumep, ¢ynkums u= f(x, y) onpenenena
npH e Lx <h, cLy<d, ue orpanuvena npu x—>b—0 n



