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X
7 5 5
2. BuluncinM uHrerpan J=f sin? x cos? xdx. [Monaras sin® x = g2,

0
1 1

monyun sinx =22, cosx = (1 — 2)?, dz=2sinxcos xdx. Caeno-
_BaTebHO, YUWTbIBas Mpeldnayuinfl npuMep, GYAeM MMeTh

J=‘B(%.%):@—;g—2—.

3. BoiupcanM uuTerpan

=z
2

J:fsin”'lxcos”'lxdx, p>0, g>0.
0

§ 4. Kparabie coGcTseHnbe H HecoGCTBEHHbBIe MHTErpadH,
3asucsiMe OT mapaMeTpos

HOas KpatkocTw ML 6yldeM paccMaTpuBaTh TOJBKO TpOlHbIe MHTe-
rpajsbl, 3aBucslMe OT TNapaMeTpoB; OMHAKO BCe paccyxleHus OydyT
MMeTb CHAY W AJs MHTErpaaos J1000#f KpaTHOCTH, KpoMe TeX Cayuaes,
KoTophie OYAYT OrOBOpEHH 0co0o.

Mycrs Qyukumns f(x, y, 2, a, B, y) onpeleaexa mpu (x, y, 2) EQ
u (@, B YEQ, rme @ u QF— obaactn npocrpadcrs (X, y, 2) ¥
{a, B, y) COOTBETCTBEHHO, W MYCTb HHTErpas

J@.pV=[ [ [rex v, 2 0 p. v)dxdydz  (10.88)
2
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CyliecTByeT B COGCTBEeMHOM MM HecOOCTBEHHOM CMLICAE INpH JHOOLIX
(a, B, Y)EQ*. Torma on smasercs ydkuneir mnapamerpos (a, B, V).
onpenenentolt & obaacth .

CnpaseauBbl c/eAylOlide Tpel/ioMKeHus:

1) Ecau f(x. y, 2, 0, B, Y) Henpepusna, Kax dynryus
(%, ¥» 2, & B, V) 8 062acmu QX Y, npuven Q u Q' — gamxnymue
O2panudennse obaracmu™), mo, KAK u 8 OONOMEPHOM caynae,
J(a, B, y) Oydem wenpepuwsnoli pynrxyueii napamempos a, B, Yy
8 .

2) Ecau, xpome mozo, f.(x, y, 2, @, B, Y) maxxie Henpepssna.
8 QX mo

dé z—%—/;f‘/‘f(x, v, 2, a, B, Vdxdydz =
=‘/1/(/‘f;(x, y. 2z, a, 8, Y)dxdydz. (10.89
2

Ananornyno 06CTOMT Aeno ¢ AuddepeHuyposaiueM no f u vy.

3) Haxoney, npu ycarosusx npedroxcenus 1) donycmumo unme-
2puposanue unmezpara no napamempy.

[Mpennoxenns 1)— 3) Noka3wbIBAIOTCA TAK He, KAK ¥ B OJHOMEpHOM:
cayuae. OHE JIeFKO DPacnpoOCTPAHAIOTCS HA MHTErpasbl BV A

J(a, B, V)==ffff(x. Vv, 2,08, VE(x, y. 2)dxdydz, (10.90)
Q

rae f(x, ¥, 2, a, B, Y) YAOBIETROPSIOT NpexHUM TpeboBaHusM, a

ffflg(x‘ ¥, 2)|dxdy dz < K = const < +-00,
2

npHyeM HHTerpan fff[g(x, v, 2)|dx dy dz moxer 6bTb coOCTBeH-

Q
HBIM MM HeCOOCTBEHHbIM.

[Tpusep. [Morenunan rpapUTALMOHHOrO MOJS, CO34aBAEMOr0 TEAO0M £
C MIOTHOCTLIO Macchl p(M)==p(x. ¥, 2) B Touke Q(xo. Yo» 2p), JeXKa-
el BHe Tena, paBeH

U@Q=U (xp Yo zo)=fff%iﬂdxdy dz, (10.91)
@ PQ

*) Obaactbl R X R * HasulBaeTcss MHOXECTBO Bcex Touex (X, y, z, d, B, V)
IeCTUMEPHOrO eBKJUA0BA NPOCTPAHCTBA, NOAYYAIOWUXCS, KOTAA TOYKA (X, ¥, 2

npoberaer ¥ u, HE3aBUCUMO OT Hee, TouKa (o, f§, y) npoberaer L*,
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re  rpo==V(x — %02+ (y — ¥o)° + (2 — 2,) — paccrosuine  Mexn1y
TOYKAMH P(x, Vv, 2) B Qx5 Yo 29). Pyuxuus f(x, ¥y, 2, Xp Vo Z9) =

1
==-——, eCIu TOuKa Q@ 1eMUT HA NONOXKUTETLHOM pacCTOAHMM OT
PQ
of Oof of
‘trena Q, uenpephiBHAa ¥ MMeeT HeNpepbiBHbLIE NMPOU3BOAHLIE ——
0x,° 0y,’ 0z,

[TaoTHOCTL P(Xx, Yy, 2) MOXHO CUMTaTh aBCO/MOTHO MHTErpHpyeMoH QyHk-
uneft 8 Q. Iuddepenunpys (10.91) no x, yo M 2, no npasuny Jle#t6-
Hiua (cM. coordoutense (10.89)), nonayunm npoeKlMu Ha OCH KOQpPAMHAT
CHJIBl MPUTMKEHNS MaTepuansHOR TOUKK Q(Xg Yoo 2,) eAMHMYHOH MacCol

Teaom Q:
oU P
Fx(Q):——=fffp§ )
OXO b B rPQ

Fy (Q)———— f//p(P) —ypdxdydz, }  (10.92)

__oU __ oP .
F,(Q= oz, -fgff o (z—2)dxdydz.

Ecan touxka Q(x, Yy 2p) JAexur sHyTpH Teaa Q, to Tpo="0 npn
cosnagennn P ¢ Q. Cnenosarenbho, @ apasercd ocoGoH TOUKOH NMOMALIH-
terpaasHofl dyHkuuu unTerpasos (10.91) m (10.92) m 3t wmaTerpanni
CTaHOBATCA HeCOOGCTBeHHHIMM, Jawe ecan P (P)=p(x, y, 2) saBagercq
orpanuyentofi uuTerpupyemofl ¢dyuxumetr B €. Xapaxtepuoit ueproti
3TMX HeCOOCTBEHHBIX MHTErpajoB, 3aBUCAIUMX OT NapaMeTpoB (X, Yo 2g)s
ABAMETCA TO, YTO KOOPAMHATHL OCOOOH TOYKM MOABLIHTErpanbHOH QyHKUMH
3aBUCAT OT 9THX IapaMeTpPOB, a MMEHHO, paBHH MM. Mbl OrpaHuyuMmcH
paccMoTpeHueM HeCOOCTBEHHBIX KpPaTHBLIX WHTErpasoB, 3aBHCHUIMX  OT
napaMeTpoB, BUAA

J(Q):fffF(P, Q) f(P)dxdydz, (10.93)
Q

rae
P(x, y, 2)€Q, Q(xyp Yo 2p) €L

dynxuus F (P, Q) nenpepniBua npu P == Q ¥ CTAHOBUTCH HEOTpaHHYeH-
no#t mpu P->Q, a f(P)— orpanuuennas uurerpupyemas 8 Q ¢ynkums.
(Uuterpanst (10.91) n (10.92) aBasioTCs yacTHLIMM CAyvasMM WHTerpana
Buna (10.93).)

Onpedeneriue, Humezpaa (10.93) na3vsaemes pasroMe prO
cxodaumumcs 8 mouKe Q(Xp Vo -2p), ecau 048 8cAK020 € >0
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cyuyecmsyem maxoe d=20(g), ¥mo nepasencmso

[[[F@ @ rPyaxayaz| <e (10.94)

L (e)

8unoAnACMCA 025 20608 o6racmu Qe duamempa < d(e), codep-
ocawel 6 cefe mouxy Q. & 043 6ol mouxu Q’ paccmoanue
xomopod om Q menvuwe O (€).

Hdocmamounsti npu3riax pasHomepHol cxodumocmu, Hume-
epasr (10.93) cxodumesn pasnomepno & mouxe Q(xy Yo 20) EQ,
ecau cywecmsyiom makas OKpecmuocms mounu Q (X Yo, 20) 4
makue koncmanmu C u A, #mo npu scex P u Q u3 smoi
orcpecmuocmu 8HLNOAHALMCA HEPABEHCMEO

[FP Q)| < —5—, rie A=const<3, C=const<4oo. (10.95)
rber

HoxasateancTtso. [I0o yeaosuio |f(P)| < K=const < oo
Bciony B €. CnenoaaTeano, ecan wap pamnyca 8(¢) ¢ uentpoM B Q,
Il 56 (Q), nexur B yn"'MﬂHyT"’ﬂ OKpecrT-
HOCTH Toukz Q, To nag  a1080#  o6-
nactn Qg avaMerpa < O(g), colepwa-
welt B cebe Q u nas mobof Toykm
Q' € s Gyrer

fffF(P, Q’)f(P)dxdydz‘<

25 ()

f f f Kdxdydz
QO(E) rPQ
s oy (@ PQ Prc. 10.2.

tae Lo (Q) —wap paanyca 26(e) ¢ uenrpom B Q° (puc. 10.2).
nepexoml K C(bepnueCKHM KOOpAKHAaTaM ¢ TMOJIOCOM B TOYKe Q’,
NOAYYNM

JJ dxdydz_/dcp/def rsinB _

r ’
Uy (g) £Q

20 (g)
== 4 [‘
0

-h(10.967)
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Ms (10.96) n (10.96") caeayer, uyro
fffF(P, Q) f(P)dxdydz 4%[26@)}“ (10.97)

R5(e)
Tak kak 3 —A >0, To npu JAocraroyHo MajnoM O(e) mpasas yacTb
(10.97) 6ynmer Mensowie & uyTO ¥ TpebOBasOCh N0KA3aTb.

3ameyanue. B cayuae N-kpartnoro uurerpana (N > 1) nokaasa-
Teqb A B NpH3HAKE MO/UKeH YNOBJIETBOPATL HepaBeHCTBY A < V.

Ecau nsioruocte Macesi p(P) B wmmrerpanax (10.91) un (10.92)
SIBASETCA OrpaHudenHodl uMuTerpupyemott ¢ynkuwmeit 8 L, Tt0, B cuay
JOKa3aHHOro INPW3HaKa, TW MHTerpasbl GyAyT paBHOMEPHO CXONAIUMMMUCSH
B m060# Touke Q (xg Yoo 2p) EQ.

M3 pasnoMepHOM CXOOMMOCTH BBHITEKAIOT CJeACTBHUS, TaKMe Xe Kak
M B Ciyuyae OINHOKDATHbIX MHTErpanoB. PaccMOTpuM A/ npHMepa Tteo-
peMbl O HeNMpepbLIBHOCTH HHTerpasa, Kaxk (QyHKLUMM NMapaMeTpoB, W 0 And-
depeHUMPOBAHUN MHTErpana IO NapaMeTpy.

Teopema 10.10. Ecau unmezpan (10.93) cxodumcs pasuo-
Mepro 8 mouke QEL, mo npu cHopmysruposannnx pakee ozpa-
Husenunx na dyunxyue F(P, Q) u f(P) unmezpan (10.93) nsasemcsn
Henpepusnold Pyuxyued 8 mouxe QEQ.

HJokasarteabcTBo. JloxaxeM, yro A48 Bcgkoro € > 0 nadigercs
Takoe d==0(E), uTo U3 HepadBeHcTBa |Trgq | < d(e) cnenyer nepasencTBO
|J(Q) — J(Q)] < & Ilas aToro Bo3L-
Mem wmap Ll (Q) pamuyca d(e)
¢ UenTpOM B @, aexaumi Bayrpu Q
(puc. 10.3), u pasobbeMm Kkaw/aui 13
nurerpanoB J(Q) u J(Q') na nsa cna-
raeMsix: J; no obaactu L5 (Q) u Jy
no obaactu Q — L5 (Q). Toraa

V@ —J@) <L (Q— L@+
+ [N (@Q]F14@)]- (10.98)

IMpn AocraTodHo MajsoM O(e) > 0 u
Puc. 103 BTOpOE W TpeTbe cjaraeMbie B mpaBoft

yacth (10.98) (kamaoe) 6yaytr < ‘;;"

B CHAy paBHOMEDHOH CXOAMMOCTH WHTerpana B Touke Q. Ecan Bafrb Ka-

KOe Yromio MNOJOXHTesHoe O (€) <—é~6(e), TO NpH YCI0BMH, YTO pac-
crosuue oT @ A0 Q' YLOBJETBOpSET HEPABEHCTBY

|QQ7 | < ¥ (e). (10.99)

wnTerpaabl B MepBOM cjaraeMoM B mpasodt uactu (10.98) Oyayr cob~

creennbiMy. CregoBaresisho, ecau B3frh O (€) <%6(e) AOCTaTOYHO Ma-
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JbIM, TO NnO TeopeMe O HenpepoiBHOK 3aBHCUMOCTH C06CTBEHHOF0 Kpar-
Horo WHTerpasna oOT MNapaMeTpoB MNepBOe cJjaaraeMoe B npaaoﬂ 4acTu

{10.98) takmxe Oyner <—§- npu ycaosun  (10.99). Conocrasass 3TH

pe3y/anLTaTh, NoayyaeM, u4ro, B cuay (10.98), u3 BhmOsHenus HepaBeH-
crBa (10.99) Oymer c/neqoBaTh BHNOJHEHNE HepaBEHCTBa

| J(Q —J(@Q)] <&, (10.100)
9rg ¥ TpeboBa/oCh A0Ka3aTh.

Hccaenosanne anddepenuupyeMocT 1o napaMeTpy HecoOCTBEHHOrO
uuterpana suaa (10.93) B obwem ciaydae BLIXOAMT 332 paMKM JaHHOH
kuurn (cM., nanp., [12], Jlexu. VII, § 2). IlokaxeM, kak pemaercd 3T1Or
ponpoc B caydae, koraa F (P, Q)= 1/rpq. f(P)=p(P). rae p(P)—
orpannuennast (|p(P)| < C = const < 4-00) 8 Q uurerpupyemMas Qynk-
uus, T. €. Koraa uurerpan wuMeet Bui (10.91). ror cayuah sBasgercd
BeCbMa CYIUECTBEHHbIM AJaf TeOpuM MNoTeHuuana (cM. Buin. 4). Ecan Touka
Q(xg. Yo 2o aewmut BHe Q (P(x, y, 2) npoGeraer £), TO uHTErpas
(10.91) saBasieTcs cOBCTBEHHLIM W, Kak OblI0 [OKasaHO Bsillle, BbINOJ-
naiorcs pasencrsa (10.92). IoxameM, yto pasencrsa (10.92) coxpausior
CHIy ¥ B TOM cJyuyae, Koraa Touka Q(xg. Yo 2p) Aexur BHyTpu Q.
OrpanuyuMcs paccMOTpeHueM nepBoro u3 pasencts (10.92). Iasa ero
JlOKa3aTe/bCTBA [JOKaXeM, YTO pasHOCTb

U (xo -+ Axy. Yo 20) —U (%4 Yo, 20) .

Ax, :
— [ [ [LPE=5) grayaz 10.101)
Q rpqQ

crpemurcs Kk Hymo apn Ax,— 0 u cduxcuposannoft Q (xy. Yy 20) €Q.
Myctb nano kakoe-yroano € > 0. Onumem u3 Toukn Q (Xxy Yo 2p) WIap
JocTaToyHo Magoro pammyca O(e), Ll (Q). newawmti BHyTpu 2, u
o6osnaummM  veped Uj(xg Yo 2p) ¥ Ug(xy Yoo 2p) unterpan (10.91),
paariit no obaactu Qy =Iy(Q) n Qy=Q—Q =Q— Ul (Q).
Ouesnnno, U=U,+ U,, nosromy pasnocts (10.101) MoxHO nepenu-
caTb B BHe

a_{AU‘} { fffp(P)(x o) dxdydz}+

AUZ P(P)(X Xo)
+{ v fff——————Q dxdydz} (10.102)

o=

OueHnM nepBoe cJjaraeMoe B npaBoﬂ yactn (10.102). Mu nmeewm:

- = K fffp(P)(,PQ —

"eQ =TpPQ )
Axn f!‘fp(f’) dedydz, (10.103)

)dxdydz.—:
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rne Q' —mouka ¢ Koopamnatamu (xo+AXp Yo 2g),  newauwas
B Q=L (Q). Croponnt tpeyroabhnka QPQ’ pasHbl rpg, 7po’
u |Axyl; nosromy

[reqr—rpgl << |Ax,l. (10,104)

Yunrusas ouenky (10.104) w oOuesunuoe nepaseHCTBO
1 I I I
——<“(T+—§—*):
TpQ'eqr 2 \rbq  The
noayvaeM aas (10.103) oueuky

AU1 Cfff( 1 )dxdydz, Tak Kak |p(P)| <
Q

(10.105)

Hurerpan fff{—i-’—ridy—dz— cxonures pasHoMepHo B & = Ll (Q) (cM.
& "pQ
JOCTATOUHBIYL TNpHU3Hak), MNO3TOMy npasaf yacTe HepasencTBa (10.103)

Gyner <—§— npy ROCTaToOYHO ManoM O==0(€) > 0. Bropoe cuaaraemoe

B npaBo#t vactm (10.102) B cuay HepaBencTBa |x—x0|/rPQ\<1

M AOCTAaTOYHOI'O TNPHU3HAKA pABHOMEDHOM CXOLMMOCTH TaKke sB/IAETCH
PIBHOMEPHO CXOJNALIMMCA MHTerpacM W NOSTOMY OyzeT MO MOAYIJIO

£
< TNpY BCeX NOCTATOUHO MaJIbiX 0 =20(e). Oueuusl, HaKOHEl, TPeTbe

caaraeMoe B mnpaso#f wactm  (10.102). Tax kak Us(xp Yy 29 =
= / / /D(P) dx dy dz asasercs unTerpanom Buma (10.90) (Touxa

Q(xo, yo, Zy) MexuT BHE ,), TO ero MOXHO AMdpdepeHIpoBaTe NO napa-
MeTpPy Xp a CJenOBaTe]bHO, NpPH BCeX JOCTAaTOuHO MaabiX |Axg| <

< &==0(g) Oyzer

AU, / o (P (/‘7 O () (x— xp)
Aty [ pr dxdydz | <

+.  (10.106)

Takum o6pazoM Bca pasnocts (10.101) Gyner mo monymo < & npu
BCcex AOCTAaTOYNO MannX O=10(g) u |Axy|, uro ¥ TpeGoBanochL 1OKaszaTh.

3ameuanue. Pesyabrarn, noayueHHble B 9TOM Naparpade Aas MHTe-
rpanos no o6beMy, Oes TpPyd MepeHOCHATCS HA MHTErpadbl MO KpUBHIM M
nosepxuoctaM. Hanjewallee BuaouMaMeHeune (GOpMyJAHMpOBOK W AOKa-
3aTCALCIB [pPefoCTaB/AAeTCd CHeJaTh YUTATEJfM.




