FTABA 11
PSAbl ®YPLE U MHTETPAJ ®YPLE

B ecrecTtBO3HaHMM M TEeXHMKE yacTo NpUXOANUTCA HKMETL JAejo
C MepUOJUUYECKHMHU NpoOLeCCaMu: KoaeGaTenbHbIM M BpaulaTe/b-
HHIM JABMMEHHEM pasjuuHbIX JAertajsefl MaliMH W NpUGOpOB, MNepHORMYe-
CKUM IBMXeHMeM HeOGEeCHHIX TeJ W 3JEMRHTAPHBIX YaCTHU, AKYCTHYEeCKUMH
W 3/GKTPOMArHWTHLIMM KO/Ae6aHusIMM M T. I

MarteMaTnueCky BCe Takue MNpOUECCH ONMMCBLIBAIOTCH MEpPHOAMYECKUMH
byukuuamn.  DPyuxyus [ () o00nod nepemennod ¢ Ha3vwisaemcs
nepuoduneckoil, ecau cywecmsyem marxoe 4ucao T =0, na-
3u8aemoe ee nepuodo M, 4mo

FE+T)=f({) npu scex snanenusnx t, —oo <t < +4oo. (11.1)

IIpocrefiiiuMy nepuoanYecKUMH PYHKLUUAMU ABJAAIOTCHA, KaK M3BECTHO,
TpuroHoMerpuueckue Qynkuumn sinf u cos¢ ¢ mepuogom I = 2m.
B ¢wusuke npocrefimedt nepuoinueckolt Gynxuuefi OOLIYHO CYMTAIOT
«TApMOHMKY» (WM «TApMOHHUYUEEKOE KOeGanne»)
@)= Asin(ot 4 ¢), —oo <t < 4 oo (11.2)

Tak kak
2 .
§(t+ o) =80 nmpn —oo<t< oo, (11.3)
2n
TO T=—®— ecTh mepuon rapmonuku. Koncrauru 4, © W @ Ha3LIBAIOTCH

COOTBETCTBEHHO aMN AW Ty A oO#, yacTOTOM M HavanbHOW dpasol
rapMOHUKH. -

OAHuM M3 OCHOBHBIX BOMPOCOB HacTOAulEM raBLl ABAASTCA BONMPOC
0 NPeACTaBJeHUH NPOM3BONLHON mepuoguueckoi GYHKUMM B BHAE CYMMBI
rapMOHHK.

§ 1. lpexsaputenpHbie cBefeHMA O nepuogudeckux QyHKauax
M NOCTAHOBKA OCHOBHOH 3ajgadu

1. Tlepuoabi nepuoguueckoit dyuxuuu, Ilycts f(¢) — nepunonu-
yeckas ¢yHkuus ¢ mepuoiaom 7 == 0, 1. e

fE+T)=f( npn Beex £, —oo <t < +oo.  (l11.4)
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Torpa m080e Le/ouUCIeHHoe kpaTHoe mepuona k7T, k= +1, £2
TaKXKe ABJAACTCA NMEPHOAOM 3TOH QyHKIMH.

HetictButesH0, ecan T —nmepuosd, TO mNpH a1060M neaoMm &2 > 1
6yner

ft+ET) = flt+4(k — DT+T] = f [t + (k—DT]=...= f (t) (11.5)

npyu Beex f, — oo <t {400, TO ecTb RT saBASETCA NepHONOM f®.
Daunee,

flt—T1=fl(t—T)+T)= f (¢) npu Bcex £, — oot < 400, (11.6)

a C/aenoBaTeNbHO, uYHCA0 ~—T  saBasgercs nepuosoM f(f). Ho Torza
0 TOMbKO YTO JOKasanHoMy umciao k(—T7T)=—kT npu mo6om
neaoM £ > 1 rtakxe ssaseTcs mepuogoMm f (£). YTeeprueHMe 10KasaHo.

[ycrb Teneps uncna Ty u Ty ABASIOTCH Nepuoiamy GOYHKuuu f (£);
TOra Jerko NpoBepHTb, 4TO 4ucia Ty & Ty Takike ABAAOTCA NMePHONAMM
aTof pyHKLHMK.

OueBHIHO, TOMXAECTBEHHYI0 KOHCTAHTY MOXHO pAacCMaTpuBaTh Kak
NepHoNMUEcKYI0 (YHKUMIO C KaKuM YrOJAHO NEPHOLOM, WHHMM CAOBaMi,
aloboe yucao OyaeT ee NMepHOAOM.

Ecau f(f) — nenpepoisnas nepuoduueckas GYHKGUL, OMAULHAS
0onL MONHOeCMBEHHONL KOHCMAKMbL, MO OHA UMeem HAUMEHbW UL
noaoxcumensuo nepuod *), xomopel O0GH4HO 4 HA3BIEAIOM N e -
puodonm smoii Pynxyua.

2, [Hepuoanuecxoe npoxoJKenue Henepuoguueckoil dynxuuu,
Ornpasagsach OT HeNnepHonuueckol ¢yukuuu f (x) **), 3anaHHo#l Ha o7-
peske a < x < a-+ T, MOXKHO NOCTPOUTHL NepHOANYecKYI0 PyHKLIHIO F (X)
¢ nepuopoM T, copmapalouyio ¢ f(x) Ha orpeske a < x-<{a—+T.
Ecau paccyxnaTb TeOMETPHYECKH, TO [/ STOT0 HYMHO BBINOJHUTD
nepeHochl rpacguka OYHKUMK f (x) napannenbHo OCH X BNPaBO U BJEBO
na paccrosuus 7, 27, 3T, ..., nT, ... (puc. 11.1). 3Bror mnpouecc
MBI HAa3OBeM nepuoduveckusm npodoaxcenuenm Pyuxyuu f(x) 3a npe-
deant ompeska a - x-<a-+T ¢ nepuodon T. [pn atom F(x) ne
noJyyaer, BoOOILE TOBOPH, ONHO3HAYHOTO OMpeNe/eHWs B TOYKAX BUKA

=a T kT, k=1, 2, 3, ...

3 esay

*) Ecan 6bl nenpepoiBHasg nepuoamueckas Qyukuus f (f), OTAHUHAA OT TO-
JAECTBEHHON KOHCTAHTHI, He MMeJa HAMMEHBIIErO HOJOXHUTEJAbHOro NepHoaa, To,
KaK HeTPYAHO NOKa3ath, HAmaach Obl NMOCIEAOBATEJBHOCTL €€ MNMOJAOKUTEAbHBIX
nepuonoB Ty, Ty, ..., Tp, ..., cxolsmasgcs K HyJo. MX BceBO3MOXHBIE 11en0-
YHCASHHBIE KPATHBIE NPEACTABANAN OBl BCIOAY IAOTIOE MHOXECTBO TOYEK HA OCH f,
— o0 <t<-4co, a caepoBaTeabHO, 3Haueuusl f(f) Ha 3TOM BCIOAY IJOTHO:L
MHOXeCTBEe Oblid 6kl paBHBI 3HaueHHio f (f) B nauane xoopauhar. TakuM obpa-
zoM, f(f) Obia 6Bl paBHa TOXASCTBeHHOH KOHcTanTte f(0) HAa sToM BCloay
NAOTHOM MHOXecCTBe U, B CUJY HEeNpEePLIBHOCTH, OHA Obiaa 6 PaBHA TOWACCT-
BEHHOH KOHCT4HTE HAa Bced ocH f, — o < ¢ < - co, uTO NPOTUBOPEUUT YCAOBHIO.

*#) B AanpHeillneM He3aBCUMYIO IEPEMEHHYI0 Mbl BClony GyaeMm 0603HaaTE
Tepes X.
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3. Hurerpan ot nepuosuueckoit dyHxumuu. Ecau f(x) sBisercsa

NnepuoAuyYecKkol  WuTerpupyeMoft  dynkuve#l ¢ nepuogoMm 7, To
a+T T

f f(x)dx:ff(x)dx npy mobom a4, —oo <L a < f-oo. [efi-
0

CTBUTEAbHO,
a+T a+T

f fx)dx= ff(x)dx+f f(x)dx=
a T
sz(x)dx—i—ff(x)dx=ff(x)dx.
a 0 0

TaK KaK, B CUJIY TEPUOAMUYHOCTH PYHKUMH,
a+T a+T

ff(x)dx——ff(x—T)dx——ff(x)dx, rie x' =x—T.

Takum o0pas3oM, HHTErpan oT NMepUOAMYecKOH GYHKUuM ¢ mepuogoM T
no n000MYV OTPe3Ky aMuHbLI 7 UMeeT OJHO M TO e 3HAYEHHe.

_27 b_f T a+ZT aﬁff z

Puc, IL.1.

4, ApudMerunueckne AeifcTBHa HAA nepHoaHYecKHMH QYHKIMAMH,
QOueBHAHO, UYTO CYMMa, pPasHOCTb, NpPOU3BEAGHME U YacTHOoe QYHKUUM
C OJHMM M TeM e nepuofoM T 4BAAIOTCH NepUOAMYECKUMH QYHKUMAMH
¢ nepuoiom 7.

Ecau nepuopbt Tf " Tg ABYX mepHoaMueckuX pyuxuutt f(x) U g (x)
COOTBETCTBEHHO COMU3MepUMB, T. e. T,:T,=p:q, rie p u ¢g—
ne/able Yucjad, TO HUCI0 T*=pTg=qTf 6yger nepuosoM Kak ¢yHKUMH
f(x), Tak u dyuxumn g (x). Cnenoparennbo, CyMMa, pasHOCTh, HPOU3-
BeJeHHME U YaE€THOe 3THMX OYHKuuA Takke OYLYT TepUONMYECKUMH QYHK-
UMAMM C mepuoioM 17

Ecmt e nepuoapt 7, u T, Gynukum#t f(x) n g(x) necousme-
pUMBL, TO cyMMa TakuX OQYHKUUHA Yxe He dBAACTCA NePHONMYeCKOR
¢yrKuMett, oHa 6yaeT Tak HasbIBaeMOH noumu nepuoduneckol Pyuryuei.

ChopmyaupyeM onpeje/ieHUe N04TH nepuopnueckoil Pynxuan. Dynxyus f (x),
HenpepblsHas HG 8Cell sewjecmsennoli oct — o0 < X <00, Hazwéaemcs

29*
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noumu nepuoOdudecKol, ecau 04 8cak0z0 e >0 naitidemcst maxoe

wucno L= L () >0, umo na A1000x unmepsase Oaunet L, o< x <{a4L,

— o0 < a < -} oo, Halldemcs no Kpaithell mepe OCUH <NOYMU nepuods T = 1 (&),

coomeemcmey Uil OQGHHOMY €, M. e. MmaKoe HucA0 T= 1 (€), 4mo
If(xft@)—Ffi<e

apu scex x, —oo < x < - oo,

(OueBuzHO, UTO nepuoavueckue (QYHKUUHM SBAAIOTCH YACTHBIM CAydYaeM {0UTH
nepuoavyeckux.) Moxuo 10Ka3aTh, YTO cyMMa, PasHOCTb, NIPOU3BENEHUE M YaCT-
Hoe (ecan jfeauTedb == 0) ABYX M0ObIX NOUTH NepUOAHUECKUX DYHKUMH sABAseTcs
noutd nepuoaudeckol dyHkpMeH, T. e. UTO MHOWECTBO BceX IOYTH NEepUopH-
yeckux GyHkpuil (B oTauude OT MHOXECTBA BceX Iepuoauueckux GYHKpui)
3dMKHYTO OTHOCHTENbHO OCHOBHBIX apudMeTHUecKUX onepanui.

5. Cynepno3uilns rapMOHHK C KPaTHbIMH yacToTaMH. PaccMoTpuM
nocaenoBaTeJbHOCTL TapMOHUK

Aksin(z?k-x—}—cpk), h=1,2 ..., —oo< x< oo (11.7)

T
OueBuiHo, YUCIO Tk=—k— ABJAAeTCA MepuonoM R-#i rapmonuxu *). Cie-

Aosartenbno, uncio T = RT, asisercs oOwuM NEPUONOM BCeX FapMOHMK
2nk
niocaenosaredsHoctn (11.7). YactoToft £-# rapMOHUKY sBaseTcs A, = N

k=1, 2, ... Taxum o6pa3oM, 4YacTOTbl FapMOHHUK nOCJAeNOBATEILHOCTH
2n
(11.7) aBagI0TCA HETOUMCASHHBIMA KDATHBIMU OLHOTO U TOTO Ke Yucaa -

Taxkue rapMoHuKu Mbl GyieM HasbiBATb Ta DPMOHUKAMHU C KPATHLIMHU
YacToOTaMu.

Cymma nay, Kak TosopaT QUBUKU, cYNE PR O3 UG LA KOHELHOZO
HUCAQ MAKUX 20D MORUK

N
fu 0= Ayt X A sin (5 x40y (11.8)
k=1

aganemcs nepuodudeckoll gynxyuel nepuoda T, Tak kak uuciao T
ApaseTcd OOWMM NePuOLOM BCEX 3TUX TAPMOHHMK *¥),

AHajnoruugo cynepuosuuus OeCKOHeYHOrO 4YKMCAa TAKWX TapMOHUK,
TOYHee, CYMMa CXOpnsuierocs pana

400
| \Y . 2nk
f(x):Ao—f—ZAksm(-—T—x—{—cpk), (11.9)
k=1
TaKXe ABJIACTCA Meprosuyeckolt Pyukuue# ¢ nepuogom T,
*) HdeficTBuTenbHO, Sin [Q;k (x-}-—z;—) 4+ q)k:‘ = sin {(2—;% x4 cpk) 4 Qn} =

2nk
= sin (TX+(Pk).

*¥) HanoMmuuM, 4TO KOHCTaHTY A, MOXHO CUMTATh Nepuopuieckod dynkuuei
€ KaKuM yroaHo NnepuomoM ¥, B UaCTHOCTH, ¢ nepuofom 7,
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Pasenctsa (11.8) u (11.9) MoxHo npeobpasosaTh Tak. YuuTbIBad, YTO
. [ 2nk 2nk
Ay sm(—“f-x—}—cpk) Ay, sin @, cos —— i x—{—AkcoscpksmE;f-x.

TIOJAOKUM

-%Q-zAO, ak=Aksinq)k, bk=Ak COS Py, 2= T;

TOT 52 paBeHcha (11.8) u (11.9) npumyT Bua

k=1

fa()= “°+2‘(ak cos—-—}—bk mﬁi’f), (11.10)

+00
Fr="3+ X (e cos b s EE)
k=1

B npasofi u Jaesofl uwactax pasencts (11.10) n (11.11) Bce Qyuxuun
ABJAIOTCA NEpPUONMUYECKUMU € nepuoioM 2.
3ametuM, uTo GyHruun fy (X) ¥ f(X) uMeloT yxe Oosiee CIOMKHYIO
knx
!

Tpupony, UeM cocrasasawwe HX TApDMOHHMKKW HIH q)yHKlll/ll/l CcOos

u sin kr;x ., k=1, 2, 3, ... (cM., Hanpumep, puc. 7, 6).

Pgo (11.11) na3wgaiom mpuzonomMmempuuecKkum a pagen-
cmgo (11.11), ecau ono umeem mecmo,—pa3nroxentiem OyHK-
yuu f(x) 8 mpuzonomempudsecKuid psad.

6. HNoctaHoBka ocHOBHO#t 3agaunm, OCHOBHON 3ajauell nacTOsuIeH
T/4BbLl ABJASIETCA WCCACOBaHWE BOMPOCOB:

1) Kakyio nepuoduneckyio gyunryuo ¢ nepruodom 21 MoiHHo pas-
aoxcumy 8 mpuzonomempusiecxuli psd suda (11.11), m. e. npeod-
cmagums 8 sude cYymMmp MarKozo paoa?

2) Kax naiimu xosgpgpuyuenme pazaoxcenun (11.11) ay a, u by,
ecan 3Mo PA3N0HCEHne BOIMONCHO?

3) Karxosa 3asucumocmev MedHCOY XAPpAKMepOM cXo0uUMOcCmU
pada (11.11) u cgolicmsamu gyuryuu f(x)?

7. OpPTOTOHAJNBHOCTD TPHIrOHOMETPHUECKOH cHcTeMbl; Ko9ddu-
HuedtH Pypre u pan Pypoe, Pasnowenue (11.11)— sT0 paanomeﬂue
dyuxkuun f(x) B pAn no QYHKUUAM CUCTEMBI:

1 . .
5 cos—n—lﬁ, smn—lx,..., cosk—rif, smi}{,..., (11.12)

KOTOpY® Mbl OyIeM Ha3blBaTb OCHOBHOL MPUZOHOMempPUutecKol cu-
cmemol.

OcnoBHasa TPUTOHOMETPHYeCKas CUCTeMa SBJSETCA OPMOZOHaAbHOY
na ompeswe [—I,I] B CrepylomeM CMLICAe: HHTerpal MO OTPe3KY
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[—Z, ] or npoussenenus /MI06LIX ABYX pPAasIUYHLIX DYHKUMH 3TOH cu-
CTeMbl paBeH HYJI0, a MHTerpan no orpesky [—/, [] oT ksanpara moGok
GYHKUMH 3TOH CUCTeMBL OT/IMYEH OT HYJs.

ﬂeﬂcmmenbﬂo,

knx 1 1 B 1¥=}
co s—-d = = ——sin N =0,
[2 2 kn LA
!
1 . knx ., 1} by = (11.13)
/75”“*"’“——75“’5—7 e
Y =
1 !
=— 3 =D — (D=0
Hanee,

1
knx , nnx
[cos—il‘— sin ——I——dx =

_ 1 / [cos (k+n)n

2
=1

x—}—cosi—l—-’—z)—ﬁdex=0 npu k= n. (11.13y)

AuanoruyHo Haxoium
)
.k .
/,sm-% smflﬁ dx=0 npu k=n,
_'[
l (11.13y)

kn nnx
fsm 7~ c0s——dx=0 npn E=n
-1

Hakoneun,
1 1 knx
1+ cos? T
[COSQ%ﬁdx= [——2———dx= ,
=1 =1
1 1 knx
1 —cos? )
/‘51[12 knx dx_ ['—,2[—dx=l' > (11-134)

-1 -1
i

1\2 {
‘/.(7) dx=7.

PewumM Tenepb sonpoc o6 ompeieneHuu KodPduuuenToB a4y, ay, b,
paaioxenus (11.11).
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Ecau pad (11.11) cxodumcn pasnomepro taiu 6 cpedHeM Ha
ompeske [—1, I} £ pynnguu f(X), mo e20 MOIHO unmezpuposams
novaenno. ODTO YTBEPHAEHNAE COXPAHACT CUJAY U NOC/E YMHOMXEHUs PaBeH-
cta (11.11) na mobyle unrerpupyemyio ¢ynkumio. Ilociennee o6crosi-
TeJbCTBO B COUCTAHUU C OPTOrOHAMLHOCTHIO cucteMmbl (11.12) noasoaser
Haith  kospdUuMenTH @y, a, u b, pasanoxenns (11.11). Hnrerpupys
pasenctso (11.11) nouneHHo, moay4uMm ‘

3
[f()é-dx:
-1
{ oo 1 1 :
a N\ knx . knx
=—21 !/,dx—}— z [ak /cosde—{—bk fsm 7 dx] = ayl,
-1 k=0L -1 1
OTKY A4
1
a0=%'/,f(x)dx. (11.14,)
-1
nnx

Yrobrl onpeesuth Ko3GGUUHeHT &, npH COs YMHOMHUM paBe-

] ’

nix
W npouHTerpupyem no x or — /[ ao'l; aro

!
mact (B cuny (11.13) —(11.13y))

crBo (11.11) na cos

I 1
anx _ Gy anx
./,f(x)cos—l dx =~ '/COS ——dx -+
-1 -

i

+4-00 14 400 k

N ;

-{——Eak [cos kr;x cos %dx—{—}ibk /sin JIM cos mlw dx =
k=1 -1 k=t =1

3

k

nnx
A

§
=a, / cos? dx=a,l,
=1

OTKy1a

i
= ff(x) cos 7% dx. (11.14,)
]

. Anx
AHanornyng, uYroObl omnpefeauTs Kosdduuuent b, npu sin —7—,

nnx
)

ymuoxnuM pasexcrso (11.11) na sin H NPOUHTETpUPYEM MO X OT
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—1 g0 41 oo mact (B cuny (11.13;)— (11.13y))

i
/ fysin B2 ax—p,,
iy
OTKyZa

nix

i
bﬂ=.}_ff(x)sm Y g, (11.14,)
-1

Onpedenenue 1., Yucaa a, a, u b, onpedersemsie no gop-
myaanm (11.14g), (11.14) a (11.14,), xassisaomes KoagPryuen-
manu Pypove gyuxyuu f(x) no O0cHOBHOEL MPuOHOMempuie-
cxold cucmenme (11.12).

Onpedenernue 2, T puzonomempuueckul psd

k“"), (11.15)

+ 00
%—{— E(ak cosk?—x—}—bksin 7
k=1

Koappuyuenmet a, a, u b, xomopozo onpedeasiomca no Hop-
nyzanm (11.14y), (11.14) u (11.14y) uepe3 dyuxyuw f(x), Ha3o-
saemcst padomn Pypove pynxkyuu f(x).

3aMeTtuM, 4?0 aas cywecrsosauus unrerpanos (11.14g), (11.14)) n
(11.145) nocraTouno MHTEerpuUpyeMocTu GYHKUMKH f(X) HA OTpesKe
[—1¢, i]. TlostoMy kawnaofi unterpupyemoit Ha orpeske [—I, I] dyux-
unu f (X) MOXHO MOCTaBUTL B cOOTBeTcTBUE €€ pan Pypbe

400
f(x)~£’21+2(akcosffl‘i+bksinklﬂ), (11.16)
k=1

T. €. TPUroHOMerpuuecKufl psanx, Ko3pdUIUUEHTH KOTOPOro ONpeAeasioTcT
no ¢opmyaam (11.14y), (11.14)) u (11.14y). Onnaxo, ecau ot PyHk-
uuu  f (x) He Tpe6oBAaTh HUYEro, KPOME WHTErpHPYEeMOCTH HA OTpPe3Ke
[— I, 1, To 3nak coorBeTcTBUA B cooTHowenuu (11.16), BooGuwe rosops,
He/b3fl 3AMEHUTbL 3HAKOM PaBeHcTBa. B cieaylouiem maparpade Mbl BHSICHUM
HEKOTOpPLIE NOCTAaTOYHbBIE YC/I0BHA, NPU BHIOJHEHUH KOTODBHIX 3TO
MOXHO CleaTb.

8. Pasnomxenne B pan Pypbe YeTHBIX H HeueTHBIX QYHKIHIL.
PynxkuMs f (x), 3ananHas va orpeske [—/, /], nasvizaerca wemnod, ecan

f(—x)=f(x) npu Bcex x€[—1 1] (11.17)

$ynkuna f(x), 3anavHas Ha otpesxe [—I, I], HasmiBaeTCa Heuem-
HoOi, eciu

f(—x)=—f(x) npu Bcex x€[—1 I]. (11.18»
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M3 stux onpejgenexuft cnenyer, UYTO rpaduk uYeTHCH QYHKIUM CHUM-
MeTpHYEH OTHOCATEJLHO OCU ODAMHAT, a TrpaduK HedeTHoH dyHKuUU
CHMMRTPHYEH OTHOCUTE/NLHO HAYasta KOOPAMHAT.

Ecmn f (x) — npounssonbHas ¢GYHKUMA, 3ajaHdas Ha OTpeske [—/, [],
TO nepBas U3 QyHKuMi

fl(x);i(x_)"tgf___(:ﬁ " fd@:%ﬂ (11.19)

ABJdeTCd YeTHOH, a BTOpasd — HeuyeTHOH, npuueM
J )= f1(x)4 fo(x) npu Bcex xE[—1, 1], (11.20)

a cjaefoBaTe/bHO, Beakas ¢yHkuMs f(x), 3aganHas Ha orpeske [—/, [],
MoxeT ObITb NMpejiCTaB/eHa B BHUAE CYMMBl YeTHON U HeueTHOR ¢yHKuMi,
Ecan f(x) uuterpupyema Ha orpeake [—/, [], To

i 0 ) i
[r@ax= [ feyax+ [ fodx= [1f () +F(—nlax (11.21)
-1 .=l 0 0
({TaK KaK NpU 3aMeHe X Ha — X MnojyyaeM

0 0 12
ff(x)dx:——ff(—x)dx=ff(—x)dx).
-1 ) 0

U3 cootnoutenus (11.21) creayer, uro
1

l
2f x)dx, ecm HKLHSA X) yeTHas,
[fwaz=]"; A by AL (11.22)
. |
! ( 0, ecan ynkuus f(X) HeueTHas.
1 nX 2nx kax
dyurunu 5 €0S——, COS=—, ..., COS —;— — YeTHbIe, 2 dyuk-
. X 2nx . knx

uum sin——, sinT, +++» SI0——— — HEUeTHbIE.

Iycrs f(x) unrerpupyema ua ortpeake [— 1/, []; ecau dynkuua f(x)
Yemuas 1o ee pal Pypbe HMeeT BHUL

+-00
2+ ¥ apcos B2 (11.23)
k=1

ecau #e Oyuxuus f(X) Hevemuan, 10 ee pas Pypbe uMeeT BHA:

400
¥ besin 25 (11.24)
k=1
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knx
Hetictutensuo, ecan ¢yskuns f(x) yeTnasn, To f(x)cos T;

. knx
Takke yerHad, a f (X)sin

7 HeueTHad, NOITOMY

1 \ 1
aw=r [f®a=2[roa
0

-1

-~

g

b=+ | f®sinErar=o, (11.25)

.

-1

-1 /V@)cosfﬁara—2 [f@)cos LI

knx
Ecm ke ¢ynkuus f(x) HeuertHas, To f(x)cos 7 HeueTHas,

.k
a f(x)sin T;x

4eTHad, NOITOMY

3 i
w=+ [®a=0 a,=1 [f®esEa=o,
-1
(11.26)

i
k_%l/ Bsin % g — 2 /f(g)sm d.

9. Paanoxenne ¢yuxnuit Ha orpeske [~ m, w]. Ecam tpebyerca
pas3noXUTh B TPUroHOMeTpHueckufl pag Pypbve dyuxuuto f(x), 3agaHuyio
Ha orpeske [—m, =), To, nonaras B dopmyaax (11.13) u (11.17) I=m,
noayuuM aaa Ko3adduuueHTOB d)ypbe u pasa Pypbe caeLylouiMe BHpa-
KeHud:

gy =+ ff(g)dg. a,,=%ff(§)cosn§d§.

ﬂ—__?l;— (/‘f(g)sinnﬁdé f(x)~ °+2(akc05kx—{—bksinkx).
k=1

O6uwmtt cayua#t 3ananus ¢yuxuun f(x) na orpesxe [—/, ] coasar

K TOJLKO 4YTO PAaCCMOTPEHHOMY C NOMOLWILIO 3aMeHbl HE3aBUCUMOH mepe-
Ix
Mennofi X' = dynkuns 9(x )= f T) OonpeneseHa Ha OTpea-

T
T
ke —a<x' N, ecam f(x) onpesenena mna orpeske [—1I, [
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Opnaxo, uMMes B BHLy TNOCHeAyWuIMe TIpUMeHeHUs psaos  Pypbe
B MaTeMaTHyecKolt ¢usuke, Mb{ a9 €inHOO0DasHs HANMCAHMA U BHpa-
OGOTKH HaiNexal¥X HaBLIkOB OyieM BEecTH BCE PAaCCMOTPEHUS HENocpes-
CTBEeHHO aas oTpeska [—/, [].

§ 2. OcHoBHasn TeopeMa O CXOAMMOCTH
TPHIrOHOMETpHUECKOro paja Pypsbe

Leavlo wacrtosiuiero mnaparpada sBasgeTcs [10KasaTe/bCTBO TOTO, YTO
mpuzonomempuueckuii psad Pypse (11.16) nepuodunecxoli kycouno-
2aadroi pyuryun f(x) ¢ nepuodom 2[ cxodumecn K f(x) 8 xaxcdoi
mouxe nenpepsgnocmu f(x).

CHauana Bbl OMKMUIEM KJ/&CC KYCOUHO-TAaAKUX (YHKUUH, Urpalomux
BAXXHYI0 pOJb B MareMaTuueckolt ¢usuke, a 3atreM nepeliemM K u3jio-
JKEHUI0O OCHOBHON TeOpeMbl.

1. Kaacc xycoudo-raaaxkux dynxuuél, Pyuxyusa f(x) Ha3w-
8aemcs KYCO4HO-Henpepuosrnol na [a, b), ecau ona Henpe-
PHBHA 8CI00Y KA 3MOM OmMpesKe, UCKAO4AR, GblMb MONCem, KOHEey-
Hoe 4uca0 moueK pa3pssad nepsozo pooa.

Takasn ¢yukuus uMeeT B Kawao# Touke Xx oTpe3ka [a, b] koHeuHble
fipaBoe U JieBOe INpefesbHble 3HAYSHUS:

fx+0)=Ilimf(x+2), f(x—0)=Ilimf(x—2), (11.27)
20 2->0
2>0 z2>0
a4 B KOHLUAX OTpe3ka [a@, b] — Koueunble npefenbuuie 3nauenus f(a - 0)

u f—D0).

Kycouno-nenpepoisuyw Ka [a, b], a < b, Pyuxyguio f(x) Ha3s-
sawom Kycouno-zaadroit nHa la, b), ecan f'(x) cywecmsyem
U Henpepui8RA 8Ccl00Y HA IMOM ompe3xe, Kpome, Obmb Moxcem,
KOHEUHO20 4UCAQ MOYeK, 8 KOMOPHX, 00HAKO, CNUWeCMEYIOm KoHney-
Hple npagoe & negoe npedelvrbie IHAYEHUA

ffx+0=Ilimf (x+2) f(x—0)=Ilimf'(x —2). (11.28)
23>0 z>0
2>0 2>0
Ilpu smom npednosazaemcs MAaKdiCe, MO CYUecmEYIOM KOHEUHHE
npedeasnste 3naxenusn f'(a—4-0) u f/(b—0) 8 rkouyax ompe3s-
xa [a, b). '
Kycouno-riankas dynxius f(x) uMeeT B KawA0OH Touke X OTpesKa
[a, D] xoneunble mpaByio M JeBYI0 NMPOU3BOAHLIE:

f’ (x)= lim f(X+Z)—f(X+O) , )

npas 4

2->0
2>0

P = lim LE=A = =0)

ae —
° z2->0 2 I
2>0

(11.29)




