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Opnaxo, uMMes B BHLy TNOCHeAyWuIMe TIpUMeHeHUs psaos  Pypbe
B MaTeMaTHyecKolt ¢usuke, Mb{ a9 €inHOO0DasHs HANMCAHMA U BHpa-
OGOTKH HaiNexal¥X HaBLIkOB OyieM BEecTH BCE PAaCCMOTPEHUS HENocpes-
CTBEeHHO aas oTpeska [—/, [].

§ 2. OcHoBHasn TeopeMa O CXOAMMOCTH
TPHIrOHOMETpHUECKOro paja Pypsbe

Leavlo wacrtosiuiero mnaparpada sBasgeTcs [10KasaTe/bCTBO TOTO, YTO
mpuzonomempuueckuii psad Pypse (11.16) nepuodunecxoli kycouno-
2aadroi pyuryun f(x) ¢ nepuodom 2[ cxodumecn K f(x) 8 xaxcdoi
mouxe nenpepsgnocmu f(x).

CHauana Bbl OMKMUIEM KJ/&CC KYCOUHO-TAaAKUX (YHKUUH, Urpalomux
BAXXHYI0 pOJb B MareMaTuueckolt ¢usuke, a 3atreM nepeliemM K u3jio-
JKEHUI0O OCHOBHON TeOpeMbl.

1. Kaacc xycoudo-raaaxkux dynxuuél, Pyuxyusa f(x) Ha3w-
8aemcs KYCO4HO-Henpepuosrnol na [a, b), ecau ona Henpe-
PHBHA 8CI00Y KA 3MOM OmMpesKe, UCKAO4AR, GblMb MONCem, KOHEey-
Hoe 4uca0 moueK pa3pssad nepsozo pooa.

Takasn ¢yukuus uMeeT B Kawao# Touke Xx oTpe3ka [a, b] koHeuHble
fipaBoe U JieBOe INpefesbHble 3HAYSHUS:

fx+0)=Ilimf(x+2), f(x—0)=Ilimf(x—2), (11.27)
20 2->0
2>0 z2>0
a4 B KOHLUAX OTpe3ka [a@, b] — Koueunble npefenbuuie 3nauenus f(a - 0)

u f—D0).

Kycouno-nenpepoisuyw Ka [a, b], a < b, Pyuxyguio f(x) Ha3s-
sawom Kycouno-zaadroit nHa la, b), ecan f'(x) cywecmsyem
U Henpepui8RA 8Ccl00Y HA IMOM ompe3xe, Kpome, Obmb Moxcem,
KOHEUHO20 4UCAQ MOYeK, 8 KOMOPHX, 00HAKO, CNUWeCMEYIOm KoHney-
Hple npagoe & negoe npedelvrbie IHAYEHUA

ffx+0=Ilimf (x+2) f(x—0)=Ilimf'(x —2). (11.28)
23>0 z>0
2>0 2>0
Ilpu smom npednosazaemcs MAaKdiCe, MO CYUecmEYIOM KOHEUHHE
npedeasnste 3naxenusn f'(a—4-0) u f/(b—0) 8 rkouyax ompe3s-
xa [a, b). '
Kycouno-riankas dynxius f(x) uMeeT B KawA0OH Touke X OTpesKa
[a, D] xoneunble mpaByio M JeBYI0 NMPOU3BOAHLIE:

f’ (x)= lim f(X+Z)—f(X+O) , )

npas 4

2->0
2>0

P = lim LE=A = =0)

ae —
° z2->0 2 I
2>0

(11.29)
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HeticTBuTeAbHO, APUMEHsAA GOPMYIY KOHEYHBLIX NpPUPalUeHuH *) U HCnoAL3Y S
cootnowenus (11.28), noayuum

tim LEEDZSEED) iy f/ (1 £ 02) = f/ (x £0), (11.30)
230 2 20
2>0 2>0

’ ’
a CJef0BaTe/bHO, NPOU3BOAHLIE frlpaB (x) 1 f, (%) CYWEETBYIOT U HMEIOT
MeCTO paBeHCTBa

Foan=F G0, [ =f'(x—0)

T'paduk KycouHo-raaakolt GyHkuuu f(x) uMeeT ONpele/eHHYI0 Kaca-
TeJbHYI0 B Kauao# Touke, Kpome, OLITE MOXeT, KOHEUHOTO YHC/d TOUYEK,
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Puc. 11.2,

B KOTODBIX, OJHAKO, CYIHECTBYIOT ONpeje/ieHHbe MNpaBas U /leBdA Kaca-

tenbHble (puc. 11.2). '
Ecan f{x) saBasgeTcd KyCOuHO-T/1aakolt ¢pynkuuell na [a, b], 10, oue-

BUAHO, [@, D] MOXHO Pa3OuThb Ha KOHEYHOE YHC/IO TaKUX OTPe3KOB

[ag, 1) [ay, @) ooy [ay a; 4], oo, [aN, apn il
rge

gp=a<l < oo L <o < oL ay<ay,,=b,

yTOo BHYTPU Ka¥ioro orpesxka [a,, a;,,] oynkuwmn f(x) u f'(x) ne-
HpepLIBHB U CTPEMATCH K ONpeje/eHHbLIM K OHEUYHBIM NpeneaaM

fa,+0). fl(a;+0) n f(a,,—0), f(a;,—0)

*) Hyxuyio HaM (opMyay KOHEUHBIX Npupamendit f (x4 2)— f (x4 0)
=z2f (x4 02), tie 0 <0 <1, MOXHO TNOAYUUTL Tak: Bo3bMeM 0 <O <2
npuMeHuM OOGHUHYI0O (GOPMYJAY KOHEUHBIX NpUpameHuil

fE+—Ff x4+ =(—8f (18

rie 0 < 8 <t <2 asareM mepeiineM k npezneay npu § - 0.

4.1
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NpH CTPEMJGHMM X K 4; CNpaBa u K &;,, cdeBa. OTcioga ciaeayer
OrpaHUYeHHOCTL f(x) u f'(X) Ha KOXKAOM U3 OTPe3KOB [a;, a;4,],
a ciaeioBaTeJLHO M Ha [a, b]*)

2, dopMyaHpOBKA OCHOBHOH TeOpeMB O CXOAHMOCTH TPHIOHO-
MeTpuueckoro paaa Pypoe. '

Teopema 11,1, Ecan hynxyusn f(X) AsA8eMCA KYCOURO-2200K00
Ha ompesxe — I L x 1, mo ee mpuzonomempuveckuii pad Pypse
cxodumes 8 KaxuOol mouke X 3ImM0O20 OMpe3ka, npuvem 041
cymmbe

400
S(x)=%+2(ak cos % | p,sin kfl"‘) (11.31)
k=1

aMmozo paoa BHNOAKAIOMLA DPABEHCMBA:
D S(x)=f(x), ecau —I < x <l u x asagemcs mouxkod He-
npepsgiocmu f(x),

mouxoii paspsisa f(x), 4
3) S(—H=SV= f(—’+0)2+f(1—0) '

, ecan —1l < x<lux asanemcs

3ameuanue. Eciu — I < x </ M X ABASETCA TOUKONH HeNpepblB-
Hoctu f (%), 10 f(x—0)= f(x-+0)= f(X), a creroBaTebHO,

0 —0 2
SEOLE=0 20

HosTomMy pasencrsa 1) u 2) MOXHO 3aMEHWTL OJIHMM paBeHCTBOM

S(x)=LEXDLSx=0) (11.32)

BLINOJIHAIOLIUMCA B KaXX10H BHYTpeHHeN TOuke x orpeska [—I,[].
3. OcHosHans neMma, /[lns 1oKas3aTenbCTBA TeepeMbl HaM MNOTpe-
6yeTcsa cjaeaylouias
OcnogHas aemma., Ecau  f(X) agasemcs Kycouno-22a0Kol
dyuryueii na ompeske a L x b, mo

b
lim ff(x)sinax dx=0. (11.33)
a

O =00

*) Je#cTBUTEABHO, €CAM f (x) M f’ (x) LOOUpENeNHTh [0-HOBOMY B KOHuax
orpeska [a; a;,4), noxaras, uto f(a;)= f(a;+0) f(aip1)= f(@iy1—0)
£/ (@)= F (@i +0) f (ar )= f (a1 —0), 10 f(x) ' f'(x) cTanyT mempe-
PHIBHBIMH H3 3aMKHYTOM oTpeske [a;, @;,;], @ cACIOBaTeAbHO, 1 OTPAHUYEHHBIMU
Ha HeM. Tak kax npu sToM 3HaueHds f(x) ¥ f/(x) MOTYT M3MEHUTbCA JUINb
B KOHIAX OTpe3Ka [Iz)z,-, @;41], TO ¥ IPU NEPBOHAYAJABHOM onpenefeHud QYHKIHUU
f(x) u f’ (x) orpanuuenH Ha [a;, a;, )



462 PAAB ®VPBE U WHTETPAN ®VPHE [ 1t
HokasarteabcTBo. PazobbeM [a, b] HAa TaKMe YacTHYHbIE OTPE3KH
[ag, @], 18y, asl, ooy (@ @)y ooy Lay, i)

The a——a0<a,< e <o < oo < ey < ay,=>b, o
dynkumn f(x) u f'(x) BHYTpH Kaxioro orpeska [al, @ ;1] HenpepLiBRbI
W CTPeMATCH K oONpeleleHHbLIM KOHEUHbIM IpejesaM

f(a;+0) f(a;+0)n f(a;—0), f'(a,,1—0)

npu x-—>a; cnpaBa u x—>a;,, cmesa Tak xax

S
ff(x)smax dx—z [ fesinaxax, (11.34)
1=0 a;
TO J0CTAaTOYHO A0Ka3aTh, 4TO
%
lim f f(x)sinax dx=0 (11.35)
a-—)ooa

npu 0<i<{N. Hockoarky f(X) u f'(X) MOXHO CYUMTATL HEMPepPLIB-
HBIMM H4 3aMKHYTOM orpeske [a;, a@;,,] (cM. cHocky Ha ctp. 461),
TO MOXHO BOCNO/Ab30BATHCA HMHTEr PUPOBAHMEM MO YacTaM. IDTO AaeT
e+l

f (%) cos ax [F=%4170

i+l
. _ 1 ,
f f(x)sinaxdx= 5 $=a+0 —}—-a—f J (X)cosaxdx.

al ai

(11.36)

Tak kak f(x) u f’(x) orpanuuensl una [a, b], 1. e. CyuwlecTBYIOT Takue
kouctantst M u M’, uro |f(x)| <M u|f (x)| << M Bciogy nala, b),
tTo u3 pasenctBa (11.36) caeiyeT HepaBeHCTBO
i1
f@ysinax x| <2 M@z (g 37

a4

W3 nepasencrsa (11.37) npu a-soo cieayer coornoulenve (11.35).
ITUM OCHOBHAA /eMMa [OKasana.

3aMevanune 1. Moxuno 10Ka3aThb, YTO JeMMa BepHa W A/ 3HAUM-
TeAdbHO Oosiee WIMPOKOTO Kiacca dynkunii. Hanpumep, ecan f(x) abco-
H;OTH O MHTerpupyema na [a, b], T. e. HecoOcTBeHHbIH HHTETr pa.l
f|f(x)|dx < - 0o, TO JMeMMa TaKXe COXPaHseT CUy.
a

3ameuanue 2. Ilog 3makoM uHPerpaia B JleMMe MOXHO BMECTO
sinax OpaTb COSQX.
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4, JloxasaTenbcTBO OCHOBHO TeopeMbl cxoaumocTH. [lycTh

I<Lxl. TlponomxuM nepuoluueckd OYHKHUIO f(x) ¢ nepuosoM
2]/ 3a mnpenensl 3TOrO OTpe3ka Ha BCIO OCb X M [JOKa¥eM, 410 aas
Kakiaoro x, — oo < x < — 00,

{8, —LEZOFLEEN L, 0 npw n—> oo, (11.38)

rue

n
a " knx . knx .
S,,(x)—_——2—°—l—2‘(ak cos —— b, sin— ) (11.39)
k=1
— 4aCTHUHasg CyMMa TpuroHoMeTpuueckoro psana Pypoe dyukumu f(x),
orBeuaiomero orpeaky — I < x <[ *). [Moxcrasass 8 (11.39) BLpaxeHus

Ko3dduunenror Pypbe

i
%%(I/‘f(é)dé, ak=%_lff@>cos L

!
=1 [ r@sin B2 AR a, (11.40)
i
NOJLY4HM l
1 knx
S (= ff@)dg 4+ / /@ [cos £ cos £25 1
k=1
1 -
knx kn(—x
+s1n—~—si — 5 /f(g)l +Hcos——(l——)- dt =
I—x .
-1 f(x—l—z)[ + ¥ cos ’”l‘z]dé, (11.41)
-y k=1

*) Tak Kak f (x) nocje NEPHOAUUYECKOTrO NPONCJKEHHS CTAAA NIEPHOAKYECKOH
dynxuuell ¢ nepmogoMm 2/, a 5 cos%, smn—lx vves COS krl;x’ sin k*;x

TAKKE SBAAIOTCA NEepHOAHYeCKHMH (QYHKIHAMH C HepHOLlOMl 2!, To uHTErpaan

npx  BuuuCieHur  KoshdmumentoB  Pypoe a(,:lT [f(x) dx, ap=

dx MOXHO IIOCJEe TaKoro

dx, n=— ff(x)sin

npojomkenus f (x) 6patb He TOABLKO no otpe3ky — I < x I, HO K NO awbomy
JPYTOMy OTPE3KY MMHHBL 2[; OT 3TOr0 3HAaYCHHA Koatpqmunemos He H3MeHsITCA.
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rae z=3§— x. HalizeMm TemepL 3aMKHYTOe BHIpAXeHHe NJf CYMMLI

n
0, (2) =5+ Y, cos £, (11.42)
k=1
YuMnoman obe vactu (11.42) na QSing—f, NOJAYUUM
knz
20, (z)sm Z —sin 2> +2‘2sm — =

— i 2 NY [ 1\ nz . I\ nz . 1\ nz
== Sifl 27 +2‘[Sln(k+7)—l-—8m(k—7)7]=sln(n+-§-)7
k=1

OTKY.La
c,,(z):—-T 2-;-2‘ . (11.43)

Moncrasasa 3to B (11.41), noayuuM n1a uactHuHOH cyMmbi paga Pypwe
BbipaxeHue

S, (x ]* smlrt )l d 11.44
()——Hf( +2)Tng_f_ s (1.4

Tak kak f(x) (nepuognuecks NPOJOMKEHHAs 3a npenent orpeska [—I, [
C nepuoloM 2/) spaseTcs NepHOAHueckod ¢YHKuued ¢ nepuosoMm 2/

I\ ne
sin{n-+ - ) i
M TaK Kak, B cuay (11.43), ‘m— ABJIfleTCA INepHOAUYeCKOH
2sin ——
21
sin (n—-}—l) %
¢byurunet z ¢ nepuosom 2, To npoussenenue f(x -+ Z)—n—z
25“17

TaKe fBJIAETCH Nepuosuueckoit dynkuuelt z ¢ nepuogoM 2[. IlosaTomy
HHTErpas 1Mo 2z OT 3TOTO INpOou3BeleHUs No N0GOMY OTpe3ky AauHu 2/
MMeeT OAHO H TO e 3HaueHue. CienoBaTennbHo, B uHTerpate (11.44),
GepyuieMcs N0 MHTepBaly MIuHL 2/, npepe/bi MHTErpupoBaHus — [ — X
M [ — X MOXHO 3aMeHuTb npenesaMu — [ u [; B peayabTaTe MNOJAYUHM
pPaBeHCTBO

! sin n+
S, ()= (/‘f(x—i—z)—(%dz. (11.45)
-1

QSinT
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CXOOMMOCTb PS[A ®YPLE
Huterpupys (11.43) no z or —! no I, noayuum

lsin n--}-l)E !
1 / 2) T el
T QS‘niz_ Z__Q—[e Z=4
-t Mo -1
i
TaK Kak /cos k—r;z—dz=0 npu k=1, 2, 3, ... Ho
i

BHITEeKaeT, 4TO

0

1\ nz ! 1\ nz
1/5‘“(”+§)Td 1 “L/’S"‘("‘*‘?)T
T 9 sin nz z 2 l,
- S

1 74
0

2 sin —

1
5
2

Ymuomas mneppoe u3 pasencts (11.47) wa f(x—0), a BTOpOE Ha
f(x-0) u cknanmBas pe3y/bTaThi, MOAY4HM

fE— 4 0 1 [ sn (n4-) -
) =7‘ / f(x_O)ET—dZ—}*
-1 '251n2—
!
i 1\ nz
sin{n4 5] —
+%/f(x+0)—(——%—z)—l—'—dz. (1.
0 QSin-il—
Briunrtas (11.48) us (11.45), OyaeM umets
S, (x) — f(x—o)é-f(x-i-o) —
: sin n-{——l 3z
=%/[f(x+z>—f(x—0>1_—( iz Loaz+
=1 2sin ——
2!
! 1\ nz
sin{nt-+ | ——
+%f[f(x+z)—f(x+0)l‘———( 2%
0

pope dz.
2sin ——

27

JTlokaxeM, 4To oba uuTerpana B npasoH uwacru paseHcTsa (11.49)
cTpeMaTCs K Hymo npu n-—>—o0o. IlokaweMm 310, Hanpumep, nas

(11.49)

30 b. M. Byaak, C. B. ®omuu

465

(11.46)

sim (4 5) 2

2

2 sin ——
siBnseTca 4e THOH @yHkuyme#h 2z (cM. m. 8 § 1); nostoMy us (11.46)

2l

(11.47)

48)
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sToporo u3 uHrerpanos (11.49). Ilpeactasum oueHuBaeMLilt MHTerpas B BHIE

] fy -4
__1 fx4+2)—f(x4+0 2 . 1\ nz
— > Tz 51n(n+—2)sz+
SIHQ—I'
1/f(x+z) f(x4+0) sm(n+ ) dz=J,+Jn (11.50)

QSm—

B3as 0 << 8 <C /. Ilycts nano & > 0. [Jokaxem, uto 3a cuet BubGopa 6 > 0
nepsuift u3 uHrerpanos (11.50) MoxHO caenars no Moaymo < %

cpasy npu Bcex n=1, 2,... Tak kak

npu z —> 0 -0 *), To npu nocrarouno ManoM O > 0 u Bcex z U3 uHTepBana
0 < 2z<d byzer

et — A0 | e o) 1.

nz
Tax Kakx ->1 npu z->0, TO nMpu noctarouHo wMajaom O > O
sin——
2!
M BceX 2z u3 unTepBata 0 <z < 20
nz
2!
1< . n2 <2
SIHQ—I'

Hakowneu, npu BceX neHcTBHTRJLHLIX 2 # Bcex n=1, 2,...

. 1\ ne
81n(n+7)-——l- <1.
CnenoBartensno, npu Bcex n=1, 2, ...
[\ ne
' 1 — o1
,Jﬂ,<g/’)f(x+z)2f(x+0) QInz Isin(n—f—%)ﬁ iz <
. !
0 Slﬂw

26
< U x40+ 11,
ecau toabko & > 0 moctatTounHo Mano. Bsas 6 > 0 croab MasniM, uTOOL:

%6‘[|f' (x—l—0)|+1]<%, MOMYUHM, UTO

|J;,|<% npu Bcex n=1, 2, ... (11.51)

*) CM. coorHomenns (11.30).
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dukcupyeM BwOpannoe O > 0 u paccMOTPUM BTOPOH MHTErpan ua (11.50)
{

foL [ ren—fet0 oo (n_F%)nl_zdz.

T, n 22
2sin 5]

q)YHKHMﬂw SBASETCA  KYCOUHO-HENPEepPLBHOH M Ky-

nz
2 sm-il/

couno-raanxoit na orpeske 0-<Lz-<{! (mpu 8> 0), Tak Kak TakoBHIM

. ne
SIBJIIETCA UMCJAUTENL, a 3HaAMEHaTe /b 251[1 7 npeacrasJjgeT cobolt He-

npepuBHO muddepeHuUpyeMyi0 QYHKILIO, He oOpaiwalomiyiocs B Hy/b
”

Ha 9TOM oTpeske. Tolka MO OCHOBHOH jgemMe J,->0 mnpu n—— 00

¥, ClelOoBaTe/]LHO, MPU BCeX JNOCTATOUHO OOJBIIMX 3HAUCHHAX n OyneT

FARES (11.52)

Conocrasasa (11.51) u (11.52), moayuum, 8 cuny (11.50), uro
|2 <l <5+ 5 =¢ (11.53)

fpu BCeX nocTaTouno Ooibllux n, T. e. J,—>0 npu n-—> - oo.

AHanoru4no [OKa3biBaeTCHd, 4YTO M nNepBhif U3 MHTErpasoB B npasoi
gactd (11.49) crpeMuTcd K HYQI0 NpH n—>-} co. CiaeloBaTenLHo,

lim Sy(x)=2EXNE/E=0 (11.54)

5> 0

HanoMnuM, uto f(Xx) NEPHONMYECKH NPONOMKEHA 3a Npelenhl OTPe3Ka
[— ! 1] ¢ nepuonom 2. Cnenosarensio,

fA+0)=f(—1I+0) u f(—I—0)=f(1—0). (11.55)

Moncrasaas B (11.54) cHavana x=—/[, a 3ateM x=1[ ¥ ucnoabays
cootHowenusa (11.45), noayuum

lim S,(—p= lim S,()=LELEOLTC=0 - 4y 56

n> 40 n->+co

OTUM [OKa3aTeJbCTBO TEOPEMH 3aBeplIeHo.
5. Mpumepsr, 1. PasnowuM f(X)==x B TpuroHoMeTpuueckuit pai
dypve Ha otpeske [—/, /] B cuay HewerHoCTH dyHKuMH [ (X)

dx.

!
a,=0, a,=0, bn=’%/‘f(x)sj"
0

nnx
{

Ons
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HuTterpupys no uyactaM, OyneM uMeTs

l !
x=l l nnx 21 n+l
+W‘O COS'de -—H(_l) .

2 ( x! nnx )
=—14|— —cos
nn {

x=0

CienoBateibHO, MO OCHOBHOH TEOpEME CXOMMMOCTH
40

21 O (—DFYY L knx
S(x):—.TZ F— Sin——=
k=1

fE=0+f 40 _
: —

npu — I < x <,
(11.57)
=0 npu x= *tl.

fEIE0)+7(E—0) —12+l
2

Tpaduxu f(x)=x u S(x) usobpawxens Ha puc. 11.3.

_jz/zz T é/zz 5741 5'7 Tz

Puc, 11.3.

dyukuua S (x) sBiseTCs nepuoiuveckoft ¢ mepuosoM 2/, npuueMm
S(x¥)==x Ttoabko npu —I < x < l. B roukax Buma x= 2k 1)/,
B=0, &1, £2, ..., S(x) npeTepneBaeT pa3phLiBn, NpUHUMan 3HAUCHHE,
paBHO® HY/I0, TAK KaK MOJYCYyMMa npaBoro  JieBoro npefeibHbiX 3Ha-
uenut S(x) B kamaoft taxkoft Touke pasHa wuymo. Ha puc. 11.4 npu-

B
2L Y (—DFYY o kn
BeleH Ipadux vacTHUHOH CYMMBHb SS(x)—T ( ; sin lx npu

E=1
—IlLx Ll
2. Mycts f(x)=x2 Ha otpeske [— 1/ I]. Tak kak f(x)= x>—
$yHKuUA Ye TH asd, TO
! 1
2, _2/ 9 n
ao_T,/ x“dx, a,,_Tb X°Ccos
0

TEdx,  by=0, n=12 ...
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Buiuncaus xosddulmeHTsl ay 1 @,, NOAYYHM, B CHIy OCHOBHOH Teopembl
CXO0I{MOCTH, 4TO :

1R
S(x)= +‘¥;E( 1) lxzxz mpu — 1< x <l (11.58)

Tpadurn dyukuwmn f(x¥)= x2 u cymmm paga dypve S(x) u3obpameHst
Ha puc. 11.5.

4 7
-1 17 A z
Vd
4
Vd )
Pue. 11.4
v
\ ’I
\‘ . H
»
S
-47 -5 =27 - 0 l PN/ 47 =z
Puc. 11.5.

$ynkuus S (x) saBaseTcs HeNPePLIBHON H B TOUKAX Bula x=(2k—+ 1) 7.
k=0, £1, £2, ..., rak kak f(—!+0)= f( —0)= P2 a3 dynk-
un f (x)= x>

Ecan pasnosenne BeJeTCA Ha uHrepBate [—m, n), 1. e [=an,
70 pasencrso (11.58) npumuMaer Bun

=L 44 2 P cosk. (11.59)
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Ipu x=10 u3 (11.59) nonyvaem nosesHoe paBeHCTBO

2 I I 1 l
S=!—g+5—+ -+ 5+ . (11.60)
3. Ilyctb

¢, nmpu —I<Lx<0,
f(x)_{c npu <<l

“Torna
0
1

I
1
ag=- /f(x)dx— /cldx+ /‘czdx_cl—f—cz.
1 i
1 0 !
T I 1 X
a,,=T!/qf(x)cos——f—dx=Te/‘c1 cos—dx-l— ] /czcosdezo,
-1 -1 0

. nm 1

0
,b,,=-l-e/‘f(x)sm lx dx =— e/jclsm Y dx—+— /c2s1n dx.
=

2 —
‘CrepoBatenbho, b, =0 npu n ueTHOM U b,,—————%‘—)— NpH 12 HEYETHOM.
J¥
D D —— {7 i et ——
, “5%,
. . . . . 7. . . . . 0
, = = = T @
=60 -$1 4l ~F -2 -l OV ! & J 41 SI 61 <

Puc. 11.6.

TlosTOMY, B Cily OCHOBHOH TeopeMbl CXONWMOCTH,
(=t +2(°2;°"{sin ﬂ—lx—i—%sin s%‘—i—%si 5“"+ }

¢ npuy —I < x <0,
— €y npu 0< x <,

—c—'—%_ﬁ npg  x= =1/, 0.

T'padux S(x) usobpawen Ha puc. 11.6.
Ha puc. 11.7 npusejenst rpaduki 4HacTHUHHX CYMM IOJY4eHHOrO
pana dypve S;(x), Sy(x) 1 S3(x) npu yenosuu, wro €= —1, cg= 41,
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S,z)= 3 sin

¥
, /™
/4
-7 I x
~7
N ZontZ
b1 S”l_l
7 / \
// \\
/7 ,%jlsin ‘7’{‘2' \ @1
Vi —\(\ /,—\\
-1 \\,/ I
,/
/
/
-7

q iz, =;zg—/sin-’—ll§+§75i.n

<

Puc. 11.7.




472 PsiObl @YPbE M MHTETPAJ ®YPBE [ 11

Korna psw. NpHHHMaeT BUI
Sx)= {sm +3 i 3nx+5 i 5r;x+.“}=
l—l npt — 1< x <0,

1 npu 0<x <,
t 0 mpu x=0, x= =%

6. Pasjomenne @ynxiuit, 3aganabix Ha orpeske [0, ], Toapko
70 CHHycaM HJAH TOJBKO MO KOCHHycaM. IIycTb KycouHo-Henpepusnan
# Kycouno-riankas ¢ynkuusa f(x) samaHa na ortpeske 0-<Cx <{!/. Ee
MOXMHO 0pPONOINUTL pasiuuHbM oOpa3oM Ha oTpedok — I x <0,
B 4acTHocTu: 1) ueTHO U 2) HeueTHo. B mepBoM ciyuae Ha orpeske [—I, /]
nofyuurcs ue THasa dynkuud. Has nee

2 2 . &
a=2[r@a a=2[rewsEEa p,=0. (161
0 0
a pan Pypbe Ha orpeske [—/, ] npuHuMaeT BuI
400
f)~2 4+ Y a,cos EE, (11.62)
k=1

Bo BTOpOM cayuae nmoayuaercd HeueTHasn GYHKuHS Ha oTpe3ke [—/, [].
Jas nHee

4,—=0, 0, =0, by=2 [f(g)sm AR gg,  (11.63)
a psul dypre Ha orpeske [—I, l] rIpAHAMaeT BiA

f(x)NZbksmk

X

(11.64)

Ha otpeske 0 < x <! kawabift u3 panos (11.62) u (11.64) cxonurcs
K f(x) (B TOuKax HenpepHBHOCTH f(X)).

CienoBsaTesbHO, MB MOMEM CKa3aTh, 4TO KaAyl0 KyCOUYHO-T/1aiKyIo
bynkuuio f (x), 3anannylo Ha otpeske 0 < x </, MOXKHO, N0 XejaHHIO,
pasnokuTh B pal 10 OAHHUM Kocuuycawm (11.62), koadduunenTn
KoToporo Haxogatca no d¢opmynaM (11.61), u B pan no oxuum
cunycam (11.64), kosdduuxentsl KoToporo HaxolaTca N0 dopmy-
AaM (11.63).

Mycry, nanpuMep, f(x) = x Ha oTpe3ke 0 <L x </; npu HeueTHOM
npoao/mKeHun noayuaeM f(x)=x Ha oTpe3ke — ! < x <!/, HO pasno-
#eHue Takod ¢ynkuun B pax Pypre Ouia0 paccMoTpeHo Bhille (CM.
npuMep 1 u puc. 11.3). llpn 4eTHOM nponomkenuu f (x)=x noay-
uaeM f(x)==|x| wna orpeske — /[ <{x <![. Pasparas f(x) B paa
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no kocuHycam Ha oTtpeske 0 <{x <! no dopmyaam (11.61), (11.62),
MOy uuM

! i
2 2 knx
=" [xdx—l, a”=_l-/xcos ——dx= n?n? S (—=D)"'—11=
o o

[ 0 npH 1 4eTHOM,
4

57 0Pd 1 HeueTHOM.

CnepoBsaTenLHo,
! 4 X 1 3ne Snx
x=7——ﬂ—2{cosT+§ +52 _l—+'} (1165)
npu O < x <L

CnpasennuBocts pasencrsa (11.65) npu x=0 u x =1 nerko ycra-
HOBUTL, ecau paccMaTpuBaTh (11.65) kak TpuroHoMerpuueckuit psn.

51 -41 -2 -2t 7 0] 1 2l 5 4 =
Puc. 11.8.

dypbe ueTHOH ¢yHKuuu f(x)= |x|, 3ananHo#t Ha otpeske [— 1 [].
Taxoe ucroaxoBanue paga (11.65) nossosnser nerko nocTpouTh Tpaduk
ero CyMMbi npu J0OLIX 3HaueHusX x (puc. 11.8).

Boo6uie, Tak Kak Npd 4YeTHOM NPOAO/KEeHHH /1I060H KyCOuHO-Henpe-
puIBHOH U Kycouno-Taankod dyuxuuu f(x), samaHHoit Ha orpeske [0, I},
MMEIOT MECTO COOTHOUIGHHSA

f(—=0=fH0 u f(—I4+0)=7¢—0), (11.66)

TO CyMMa ee TpuTOHOMeTpuueckoro pssa @dypne B Touxax x =20
M x= £/ Gyner HenpepHBHON U paBHOH cooTseTcTBenHO f(-+ 0)= f(—0)
1 f(—1+4+0)=f({—0). Ecau f(x), KpoMe Toro, HenipepriBHa B KOHLAX
orpeska [0, ], 1. e. f(F0)=f(@©0) u f({—0)=f() TO OTCIOMA
clellyeT, 4TO CyMMa €e psaa No KocuHycaM pasHa f(x) W B KoHuax
3TOr0 OTpe3sKa.

Hanpotus, npu pasaoxenuu f(x), 0 <{x </, B pan no cuHycaum,
T. €. Tpu HeueTHOM TNpolosieHuu f(x) Ha otpesok —I < x <0,
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y cyMM paga $yphe MOTYT NOABUTHCA Pa3pbiBhi B ToukaX x =0 u x = %/,
HEeCMOTpsi Ha HENpepLIBHOCTbL M I'aafkocTh f (x) Ha orpeske 0 L x L
Ha puc. 11.9 usobpamen rpadux cymMbl pasa Pypne HeueTHo mponos-
OKeHHOH ¢yHKuuu f(x)=x—+ 1, szamannoft npu 0 < x<C/l Taxk kax

¥

A A
42 -..?Z/Z -2 / . /z /

Puc. 11.9.

Sl z

‘npu  HeuetiioM apopomkeHuun f(—O0)=— f(+0) u f(—I-+0)=
= — f({—0), To pasencrsa f(—O)=f(-+0)u f(—I+0)=f(—0).
HeoOXoMMMbie NIs HEenpepLIBHOCTH CyMMbl pala ®Pypue B Toukax x =0
m x= [, 6yLyT UMeTb MECTO TOJLKO B c/yuae, Koria

f(H+0)=0 u f—0)=0. (11.67)

§ 3. Paam ®ypbe N0 OpTOrOHAJILHBIM CHCTEMAM.
Hepasenctso becceasn

Pasnoxenue ¢ynkuuu f(x) B TpuUroHoMeTpHueckuH pan Pypoe
ABJSIGTCA 4ACTHLIM CayuaeM pa3soweHud f(X) B pall MO OPTOroHa/JbHOH
cucteMe Qyuxuui.
' 1. OproronanpHbie cucreMbl GYHKuHA, Pyuiyuu @(x) & P(x),
unmezpupyemsie®) na [a, b], Ha3bH8AIOMCA OPMOLOH AALHE MU
na [a, bl. ecau
b
f(p(x)lp(x) dx=0. (11.68)

a

Cucmena gynxyui
P Po(X)s vuvs P () ouns (11.69)

unmeepupyemex ua [a, b}, wHa3w8aemcs o0pmOLOHAALHOU
na la, bl, ecau

0 npu ik,

b
. de—] 11.70
afcpt(x)cpk(x) =120 upw ik (11.70)

*) Beopy, ecnu He OroBOpeHO NPOTHBHOE, HMHIETPHPYEMOCTb INOHHMaeTcfl
B CMHICAE COBCTBEHHONO uHTErpana, a GyHKUHK NPEANOJaraloTcs BelmeCcTBEHHbIMHU,



