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y cyMM paga $yphe MOTYT NOABUTHCA Pa3pbiBhi B ToukaX x =0 u x = %/,
HEeCMOTpsi Ha HENpepLIBHOCTbL M I'aafkocTh f (x) Ha orpeske 0 L x L
Ha puc. 11.9 usobpamen rpadux cymMbl pasa Pypne HeueTHo mponos-
OKeHHOH ¢yHKuuu f(x)=x—+ 1, szamannoft npu 0 < x<C/l Taxk kax

¥

A A
42 -..?Z/Z -2 / . /z /

Puc. 11.9.

Sl z

‘npu  HeuetiioM apopomkeHuun f(—O0)=— f(+0) u f(—I-+0)=
= — f({—0), To pasencrsa f(—O)=f(-+0)u f(—I+0)=f(—0).
HeoOXoMMMbie NIs HEenpepLIBHOCTH CyMMbl pala ®Pypue B Toukax x =0
m x= [, 6yLyT UMeTb MECTO TOJLKO B c/yuae, Koria

f(H+0)=0 u f—0)=0. (11.67)

§ 3. Paam ®ypbe N0 OpTOrOHAJILHBIM CHCTEMAM.
Hepasenctso becceasn

Pasnoxenue ¢ynkuuu f(x) B TpuUroHoMeTpHueckuH pan Pypoe
ABJSIGTCA 4ACTHLIM CayuaeM pa3soweHud f(X) B pall MO OPTOroHa/JbHOH
cucteMe Qyuxuui.
' 1. OproronanpHbie cucreMbl GYHKuHA, Pyuiyuu @(x) & P(x),
unmezpupyemsie®) na [a, b], Ha3bH8AIOMCA OPMOLOH AALHE MU
na [a, bl. ecau
b
f(p(x)lp(x) dx=0. (11.68)

a

Cucmena gynxyui
P Po(X)s vuvs P () ouns (11.69)

unmeepupyemex ua [a, b}, wHa3w8aemcs o0pmOLOHAALHOU
na la, bl, ecau

0 npu ik,

b
. de—] 11.70
afcpt(x)cpk(x) =120 upw ik (11.70)

*) Beopy, ecnu He OroBOpeHO NPOTHBHOE, HMHIETPHPYEMOCTb INOHHMaeTcfl
B CMHICAE COBCTBEHHONO uHTErpana, a GyHKUHK NPEANOJaraloTcs BelmeCcTBEHHbIMHU,
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IlpuseneM npiuMepbl OpPTOrOHANBLHBIX CHCTEM.
1) OcHoBHas TpuroHoMeTpuueckas CHCTEMa

%, coS il)i st ilx— ... COS k?x, sin k:;x’ oo (1171
oprorouannbHa Ha otpeske [—/, [].
2) CucreMbl ¢yHKuuH
a) 1 (:ositi cosﬂ, <+ 4y COS il y e s
2 L ! ’ ‘ (11.72y
6) sinf{f—, sin 25;)( , e.., Sin ky;x - e

opTOroHasbHLl (Kaxnaas) Ha orpeske [0, [].
3) Cucrema nosaunomos Jlexaunpa

1 n n .
Py ()=-gr i (22— 1", n=1 2 ... Py(=1 (I1.78)

oproronannHa Ha otpeake [—I1, 1] (cM. onoanenue 1 x ra. 11).
Ecan dynryus @(x) unmezpupyema na [a, b}, mo ee nop Mol
Ha [a, D) Ha3o8eM neompuyamesbroe HUCA0

b s
ol =<fcp2(x)dx> : (11.74y

HopMbl Bcex ¢yHKuui OpTOroHalbLHOH CUCTEMBl MOJOMXUTEADbHBI,
B cusy coortHomlenuit (11.70), KoTOpHIMU onpenensieTcs OPTONOHAMLHOCT.
CHCTEMBbI.

Hcnoansys CuMBOJ HOPMBl, 9TH COOTHOLIGHHS MOXHO NEpPEenHCaTh TakK:

0 npu i+ R,

- (11.75).
[ @el> npu i=rk.

b N
[owawar=

MpuseneM HOPMb GYHKUMH HEKOTOPHX OPTOTOHAABLHBLIX CHCTEM.

1) HopMbl ¢yHKkuu#t ocHOBHO# TpuroHoMerpuueckoi cucreMs (11.71).
Ha ortpe3ke [—/, I} paBub, B cuay onpepesnenus (11.74) u coorHoue-
mt (11.13,):

"%“=1/§_ ””Sk—?ﬁ”=V7, Hsinkil"hl:}/?, (11.76).
k=1, 2, ...

2) HopMbl ¢yuxuut cucrem (11.72) na orpeske [0, [}, Kak HeTpyIHO.
BHYUC/IUTB, PABHbI

o |H1="F st |=y T,

6) usin knTxU=]/_

(11.77).

M'N
.
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3) Hopmul noannoMos Jlewanapa wa orpeske [—I1, 1] pasHul

+1 A
12, ()l =( f Py (%) dx) = ‘/-2—,12?1— (11.78)
-1

(Mo nosony Buiuucaenus HopMbl [P, (x)|| cM. Iomoaunenne 1 k ra. 11.)

2, Koadpduunentnt dypoe H psg Pypoe dpyuxuuu f(x) no opro-
ronasbHoil cucreme, Ilyct, dyukuus f(x) uuTerpupyema Ha [a, b]
u nycts Ha [a, D] uMeeT MecTO paBeHCTBO

fx)= 2 ay (%), (11.79)

rle @, — NOCTOAHHBIE uMCa1a, @ ¢, (X) — PYHKUMH OPTOrOHA/ILHOM
Ha [a, b] cucremm (11.69). Ecan psagn, nosnyuamomwuecs nocie yMHOme-
nus pasencrsa (11.79) wa mobyio ¢ynkumio @, (x) cucrems (11.69),
MOXHO HHTErpMpOBATbL NO4YIEHHO *), TO, B CHJIy OpPTOTOHA/JILHOCTH CH-
creMbl (11.69), koadduuientsr @, oveHL NPOCTO BLpaaloTcs yepes f (x)
crenylomuM oOpasoM. YMuoxuM pasedctso (11.79), na ¢, (x) u npo-
MHTETpHPYeM MO X OT & 10 b; Mbl MOJAYYHM

b 400 b
[r@e,wde=Y 0, [ o) @, (x)dx.  (11.80)
a k=1 a

Bce wunterpann B mpasoft uactd pasenctsa (11.80) npu k& +* n obpa-
1aKTcs B HY/ab, B CHAy COOTHOLleHu# oproronannHoctd (11.70). Cie-
J0BaTeNLHO,

b b
[rwe,max=a, [ei)ax=a,]e,[

OTKy na
b
1 ' .
ay =i [ 70,00 ax (11.81)
a

Hucna a,, onpenenseMbie mo ¢opumynam (11.81), nasuiBalotca x03¢h-
guyuenmanmy Pypve dyuryuu f(xX) R0 0pmozoRassHol cucmenme
(11.69), a pan (11.79), xosdduuueHThl @, KOTOPOTO OfpeieAlTCH
no ¢opmyaam (11.81), wnasviraerca psdoxm Pypse Pynrxyuu f(x) no
opmozonassnoll cucmeme (11.69).

Tak kak ans obpasosanus uucen a, no ¢opmynaM (11.81) or dynk-
udu  f (x) TpebyeTcs JMIIL HHTEIPUPYEMOCTb (HamOMHHM, UuTO QYyHK-

*) BoaMOWHOCTb TaKOrQ NOYJEHHOTO MHTErPHPOBAHHA 3aBEIOMO Gy/eT UMETb
Mecto, ecan pan (11.79) cxopures K CBoedl CyMme paBHOMEDHO WA B CpejHeM
Ha orpeske [a, b]. '
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unu @y (X) HHTETpUpYeMbl B CHJIY ONpele/eHusi OPTOrOHAIbHOH CHCTEMBbI),
TO KaKAOH mnHTerpupyeModl Ha [a, O] dyHKuuu f(X) MONKHO NOCTaBUTDL
B cooTBercTBHe ee pall Pypse no cucreme (11.69), oproronanshott na [a, b):

f )~ Z 3494 (%), (11.82)

T. e. pal, KoadduuueHTs @, KOTOpOro Haxonarca no ¢opmyaam (11.81),

Ycnosus, KOTOPHIM 10MKHA YNOBACTBOPATL PyHKWus f (x) Asa TOro,
yToOLl 3HaK cooTsetTcTBUA B cootuoweHuu (11.82) MOxHO GblI0 3aMeHHTH
3HaKOM paBeHCTBA, 3aBUCAT OT CBOHCTB OPTOrOHAALHOH CHCTEMDI
{¢p(x)}. Hna cayyas, KOTZa B KayeCTBe OPTOrOHA/ALHOH CHCTeMBl, MO
KOTOpOH BefetTcd pas/oweHue, B34Ta OCHOBHAfA TPUTOHOMETpHUYECKAs CH-
CTeMa, COOTBETCTBYIOUIME [NOCTATOYHLIE YCAOBMA COLEPXKATCH B JAOKA3aH-
HOM BLIE OCHOBHOH TeopeMe CXOOMMOCTH TPUIOHOMETPHYECKOTo psana
dypse. JlOKa3aTeNLCTBO aHANOTHYHLIX TeOpeM CXOAMMOCTH 1A APYTHX
QpTOrOHA/MLHLIX CHCTeM TpebyeT ClNeuua/bHOTO pacCMOTpPEeHHs.

3. 3agaua 0 HAMMeHbLIEM KBAaAPATHYHOM YKJOHeHuu. ToxpaecTBo
Becceas. HepasenctBo Beccens. PaccmorTpuM Kaxkoit-1u60 ¢ u K Cu-
pPOBaHHBH OTpe3doOKkK

P (%), Po(X)s +onn @, (%) (11.83)

cucremul  (11.69), oproronamsuoli wHa [a, D}; auHelinas koMOuHanusA
PyHxuut

n
d
> 2P (%) (11.84)
k=1
C MPOM3BONLHLIMM UYHMCJAOBLIMM Ko3bduuuentaMu o, k=1, 2, ..., n,

HA3LIBAETCHA MHOZOUAEGHOM n-20 NOPAOKA rD OPMOLOHAALHON CU-
cmeme (11.69).

Ilycrs ¢yukuna f(x) unrerpupyeMa Ha [a, O] u mycTb TpebyeTtcs
peluTh CAeRYIWYIo 3anauy:

Hatiti, npu KakuxX 3HaueHusaX Kospduuueutos ¢, k=1, 2, ..., n,
MHOTOY/leH n-r0 NOpAiKa NO [IaHHOH OPTOTOHA/MLHNK CHCTEMe HMeeT
HanMeHslllee KBajpaTWuHOe yK/aIOHeHnHe (ra. 8, § 6, n. 1) or ¢yskuuu
f(x) na orpeske [a, b}, T. e. nNpm KaKuX B3HAYEHHAX KO3PdHLeH-
TOB O, Og ..., O, BEJHUUHA

b

n 2 n 2
oS 2 0 Pp | = f f(x)— Z Qe (%) | dx =J{ f— 2 0P
k=1 k=1

a

(11.85)
AOCTHFaeT CBOero abCOMIOTHOTO MHHHMYyMa.
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PackpuiBaa KpaapaTHYIO CKOOKy, MOJy4uM

S

n b b n 2
= [P ax—2 Y oy [ ()0 () dx+f(}]akq>k (x)) dx
a a k=1

I

a k=1
b n n
a |
= [ PPwdr—2 Y aa,l0. P+ Y 0o . (11.86)
a k=1 k=1

TaK Kak ff(x)cp,i,(x)dx=ak|lq>,i,ll2 (cornacho (11.81))
a

b b
i [0 @ (x)ax=0 npu ik a [l (x)dx=|g,

Hlonosnss 00 mosnuoro ksazparta, u#3 (11.86) nmoayuum

b n n
o (f' “k‘Pk) - ff2 () dx — Z ay | P+ X(ak — a2 e[
B=l ‘ e #e (11.87)

Toabko nociesHss cymma B npasoit uactu (11.87) saBucur OT KO3d-
GUUMEHTOB ¢,. Tak KaK 3Ta CyMMa HeOTpUuaTe/bHa, TO OHa JOCTHIaer
TOYHOH HikHeHl Tpanu, obpamasch B Hydb INpu «, = @,; NpH 2ITOM

g | =

n
KBAApaTHYHOE YK/OHeHHe p? (f, Z akq)k> JOCTHIraeT, OYEBMAHO, CBOGIO:
\ k=1

a6CcoMOTION0 MHHUMYMA, PaBHOrO

/ n b n 2
min p kfv 2 “k@k) flf (x)—\ UpPp (x):l dx =
k=1 k 1

— ff? (x)ydx— Y aZ| @ - (11.88)
k=1
MHorousen ¢
n

kz:Jl a, 0 (%), (11.89)
xoaddulenTs @, KOTOpPOro fABaAlOTCA Koadduunentamu Pypbe QYHK-
w4 f(X) no JaHHOH OPTOroHaIbLHOH cucreMe {@,(x)}, nasuBaercs
Mrozowaenom DPypve Gynxyun f(X) no 0aunnoiil 0pmooHaLbHOLE
cucmeme {@,(x)].
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Hrak, cpenu BCeX MHOTOUJGHOB 1n-To mopanka (n uKcupoBaHO)
110 [1aHHOH oOpTOronaibHo# Ha [a&, ] cucreMe {@,(x)} HauMenbmee
KBAaJpaTHUHO® YK/OHeHue OT ¢yHKuuu f(x) Ha or1pe3ke [a, D] umeer
MHorouen ®ypnoe ¢ynkuuu f(x) MO 3TOH OPTOrOHANLHOU CHCTeMe.

Pagencrso (11.88), suipaxaloniee KpaipaTHYHOE YK/IOHeHHe OT f (X)
ee MHorouwiena <¢Pypne Ha orTpeske [a, D], HasbiBaeTCA Moxclecmsom
becceasn.

3aMeuas, 4To jeBas vyacTb pasencrsa (11.88) weorTpuuarenvna, nony-
4yifM HepaseHCTBO

n

b
Z az| @, |* <ff2(x) dx, (11.90)

CclpaBelluBOe Tpu BCeX n > 1, 10OCKOMLKY mnpasas ero 4YacTh OT 1
ve sasucut. [lpu Bospacramuu n cyMmMa, cTosWwas B JeBOH 4YacTd liepa-
sercrea (11.90), we yOniBaeT; B Cujy OrpaHUYQHHOCTH CBepXy, OHa
CTpeMHUTCA K ONpele/eHHOMY KOHeuHOMY Npegety Npu n—>—oco. Ilepe-
xons k npeneny B nepasencrse (11.90) mpu n—> -} co, noayuum Tak
Ha3blBaGMOR HepPaBCHCmE0 becceas

+

Y alep <[ (11.91)

k=1

B cayuae OCHOBHOH TpPHIOHOMCTpHUECKOH CucTeMbt HepaBencrso (11.91)
TpuHUMaeT, B cuay cootHowenu#t (11.76), Bun

+Z(a~+b /f (x) dx. (11.92)

Hepasenctso Beccens (11.91) mbl ycranosuan nas moGolt dyukuun f (x),
uHTerpupyemMoi B oObiuHOM CmuiC/ie HA OTpe3ke [a, b].

dynxuua f (x) HasbiBaercs unmezpupyesmoli ¢ Kgadpamos Ha [a, bl,
€CJ HHTerpaJbl

14 b
ff(x)dx # ffz(x)dx (11.93)

CYILECTBYIOT KaK COOCTBeHHbIE /M KaK HeCOOCTBeHHbIE.

Hepasencrso becceas (11.91) (a caenosarenbro, u 11.92) coxpa-
HAET CHAY ¥ 114 1000H dyHkuuu f(x), uHTerpupyeMoH ¢ KBaul-
patoM hna [a, D]

boaee Toro, nepasenctso becceas (11.91) coxpanser cuiy u B TOM
ciyyae, KOrna QyHKuun @, (x) OpPTOrOHaLHOH CHCTeMbl TaKXKe ABJAITCH
yHKuuAMH, MHTErpHUpPpYEeML MU C kBaldparoM. JledcrsurenpHo,
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b b
H3 CXONMMOCTH HHTErpajios ffz(x) dx, f cpz (x¥)dx u oOueBHIHHX
a a

HepaBeHCTB

f2 2 12 9 %
|7 )@ ()] <__ﬂ—;—(‘)k—@' [9; () g ()] <M )

BLITEKAET, B CH/y OOILEr0 MpHU3HaKa CpaBHeHHs, aBCOJIOTHAA CXOAUMOCTD
MHTErpaJios

b b
ff (X) P, (x)dx u f‘Pz (%), (x)dx,

a Npu HANMCaHUM ¥ BLIBOJE HepaBeHCTsa Deccess Mbl HMeeM [e/0 JIMIUL
C TAKUMH HHTErpanamu **),

Bsona mouaTHe HHTErpupyeMOCTH C KBaApatoM M OPTOFOHAALHOCTH
C BeCOM MOXXHOQ BLIBECTH 0600ilenHoe HepaBeHCcTBO beccens, chpasenau-
poe nas Oojee WIMPOKOro Kjacca ¢ynkuud (cM. mo atomy nosoay [o-
noaHenue 2 k ra. 11).

M3 wHepasenctsa Deccens ans ciaydas OCHOBHOH TpuroHOMeTpuue-
cKoit cucreMbl (cM. HepaseuctBo (11.92)) BsuiTekaeT CXOIMMOCTL psia

2 +o
a SO
_2°_+ Z (a;e -+ bi) H, C€JefOBaTes]bLHO,
k=1

+1
lim a,=- lim f (xycos B2 g —o,
k> 400 k~> +0 ]
y (11.94)
lim b, =~ fim / f (%) sin £ ax —o.
k> +o0 ko0 i}

Coornowenns (11.94) sapis0Tca yacTHbIM ciyuaeM OoJee oOmWuX COOT-
HOWeHUH
+ +1
lim f(x)cosaxdx=0, lim ff(x)sinax dx=0, (11.95)
1

o~ +00 7 G—)+oo_

ClpaBel/MBLIX, B CuJy 3aMedaHusa | K OCHoBHOM jeMMe (CM. § 2), s
abCoMIOTHO HHTEIPUPYEMBbIX (QYHKIUM.

N 0K (@1 —]0, (0= F2 () —2| £ (1) 0, () |+ 0} (0. oriyna
10,0 <5 [P0+ ek ]

**) [lo nosogy AanbHeilmux o6odmeHuil cM, Jonoanenuwe 2 x ra 11



