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Toacrasasst (7) 8 (6) u (6) 8 (5), noayumm
+1
1Pl = [ 1Py (R de=g ®)
t

Cilen0BaTe/bHO, HOpPMa n-TO moAuHOMa Jlexxannpa pasHa

. T

1P ()= ]/ P ®
3ameruM, 4YTO creneds n-ro noauHoMa Jiewanzpa P, (x) paBHa n mpn
n==0, 1, 2, ... Tak kak noauHoMwet Jlexauapa Py(x), Py(x), ...

..., P,(x) oproroHamsHpt Ha oTpeske [—I1, 1], T0 omm JuHe#uno ne-
34BHCHMBL, 4 CAefoBaTe/]bHO, 00pa3yloT 0asuc MNPOCTPAHCTBA BceX aJre-
OpayyeCKHX MHOTOY/IEHOB CTeNeHH < 7; OTCIOJA BbITeKaeT, 4TO JIOGOH
MHOTOUJ/IEH CTefleHH </ MOxer ObiTe IpencTasjieH B Bujie JMHECUHOM
KoMOuHaluy Muoroyiedos Jlewannpa Py (x), Py(x), ..., P,(x) #, B yact-
HOCTH,

X" = a()npﬂ (x) + alnpl (x) + K aﬂﬂp” (x)

{cMm. Jlomoanenue 2 k ra. 11),

JOUOJHEHHUE 2 K TJL 11
OPTOrOHAJIbHOCTb C BECOM U OPTOI'OHAJIU3AUUA
OGo06uleHneM BBeIEHHOrO paHee MOHATHA OPTOTOHAJALHOCTH (QYHKUHMHA
ARASIETCA MOHATME OPTOTOHaABHOCTH QVHKUUK C BeCcouM.
Ifycte  p(x)— ueorpunaressHan Pyukuus, #He paBiag TOKISCTEEHHO

HY/AH0 H  HenpepbiBhasgs Ha OTKprTOM HHTEpBaJ/ie ((l, b), npHieM #HTe-
rpaa

b
[ px)ax (1)

34 B. M, Byaak, C. B, domuu
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cyufecTByeT (KaK COGCTBENHRIH MM KaK HeCOOCTBEHHBIR) 1 0J0KUTeNeH #).
ByneMm HasbiBaTh QPYHKUMIO p (X) 8econ.
Mycts aas ¢yukuuu f(x), 3anaHuo#t Ha [a, O], uHTerpaibl

b b
[rofwae n [piforads 2

(coGcTBeHHble W.IM HeCOOCTBeHHble) CYWleCTBYIOT; TOrja (PYHKUKS HasbIBa-
eTCH UHmepupyeMol ¢ ksadpamor ¢ secom p(x) Ha [a, b]. B uact-
HOCTH, eciau p(x)==1, TO Mbl NpPUXOAUM K CPOPMY/JIHDOBAHHOMY paHee
(ctp. 479, cootHoweHue (11.93)) onpeleneHHIO HHTETPHPYEMOCTH C KBai-
paToM.

[TycTs @yHKumu cHcTeMsl

Pr(X)s 2(X)s vvvs Pp(X) ey 3

3anaHHoO# Ha [a, b], Takxe HHTerpupyeMbl C KBaipaTOM C BeCOM p (X)
Ha [a, b], T. e. MHTerpasl

b b
[r@enax u [ple,oPde.  n=12 ... &

(co6cTBeHHble WM HeCOOCTBeHHble), CYLLeCTBYIOT. EcaIM uHTepBaa [a, b]
KOHedeH, TO M3 CYLLeCTBOBaHMS MHTerpatoB (2) u (4) M 3/eMeHTapHHX
HepaBeHCTB

1f (%) 0, ()] < 5 [0+ 02 (2],

5
10, (59, ()] <& [02 (¥) + 2, ()] ®)
cJleayeT CYUIECTBOBaHHE I/lHT&I‘paJIOB
b b
[rf@ade n [ px)9,(x) @, (%) dx. (6)

Ecau ke wuHTepBad [a, b] OeckOHedeH, TO CYUIECTBOBaHWe HHTErpa-
108 (6) GyneM npeamonaraTe AOMOJHHTEIbHO.

Mpb1 OyzeM npexnoJaraTh, najee, 4TO Ka)Jas H3 pacCMaTpHBaeMblX
¢dbyuxuuft HenmpepbiBHa Ha [a, O] BclOLY, KpOMe, MOXET ObiTb, KOHEYHOTO
yicAa TOYeK, KOTOphle MOTyT OblTb, B 4YaCTHOCTH, OCOOBIMH TOYKaMu
yHKUuR,

*) MWiHterpasr mpa chopMyJAHPOBAHHBIX YCJAOBHAX MOMKET OKa3aTbCA Heco6-
CTBEHHBIM, ecan (YHKLHMS p (x) HE OrpaHHYeHa mpH x —>a 40 uwm x - b6 —0.
Takoro Ttuma OCOGEHHOCTY Y p (X) BCTPEYAlOTCA B Cydyae HEKOTOPHIX BAaMHBIX
KJIAaCCOB CmenMatbHbiXx @YHKuuH (CM., HampuMep, fNoJHHoMB YeGpieBa mepeoro
pora B xoHue storo [onoxHenus).
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Pyuxuny @, (X) ¥ ¢, (X) Ha3bIBAIOTCA O PMOZOHANHY MIL ¢ 62L0M P (X)
Ha OTpeske [a, b], ecau

b
[P 0u()n(x)dx=0 npn m+n. (7

Cucmena Pyuxuguil ), unmezpupyemux ¢ K8adpamom ¢ 8ecoM
p(X) na la, bl, naswsaemcs o pmo20HarbHOE ¢ Becom p(X)
Ha la, b), ecau

b
fp(x)tp,,(x)@m(x)dx=0 npu n+m ®)

b
fp(x)q;i(x)a’x>0 npu n=1, 2, ... 9

OO6rIYHAS OPTOTOHA/LHOCTG PYHKIUMHA ABASETCH YAaCTHLIM CRY4aeM OpTO-
TOHA/JLHOCTH C BecOM, Koria Bec p(x)=1.

Mycte ¢yHrums f(x) wuHTerpupyemMa c KBaaipaTOM C BecoM p(x)
#a [a, b], a cuctema (3) oproroHa/isHa ¢ Becom p (x) Ha [a, b).

Ecau xosghdunuenmu paoa

F (%) ~ @y (X) == Co@o (X) 4=+ o« G-, Py (%), + .o A)

onpedesstiomcs no PopmyLam

b
[rea s enmar
Cp="" , n=1,2,..., (B)
[rer e nax

Mmo on HazusaemcA paoor Pypse O Pyuxyuu f(x) no cu-
cmene (3).

Mbr ckaweMm, 4ro psrd (A) cxodumcs K f(x) 8 cpednen c ge-
con p(x) na [a, b), ecau

m

b 2
"ETOO afp(x) [f (%) — 2 Crp (x)] dx=0. B)

k=1

Ecau pan (A) cXoautcs paBHOMEPHO HJM B CPeiHEM C BecOM p (x)
x Qynkint f(x) na [a, b), TO ero KOIDPUUHEHTb OIHO3HAYHO OMNpe-
aeasiorcst 1m0 dopmyaam (B). Heficrsutenbno, npu chopMyanpoBaHHbIX

34*
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ycnosusX, B cuiy Hepasencrsa Komrn-— ByHskoBckoro, umeem

m

b
[P @) £ (0 — Y ca0s (0) | dx| <

k=1
b \‘th s b @ 2 Y
< fp(x)w?,(x)dx) Jr@|fe—Y e ]| dx) >0
a a k=1

npH m —> —- 00 ¥ M060M PuKCupOBaHHOM 7. C APYTO#t CTOPOHEL, B CHAY Op-
TOTOUANLHOCTH C BeCOM p (X) dynxuuit @; (x) ua[a, b] npu m > n, umeem

m “

b
[P0 ()| 70— Y sy ()| dx =

k=1
b b
= [P0 f ()@, (x)dx—c, [ p(£)q2(x)dx=const
npu ¢duxcuposannom #. Chenosarenbuo,
b b
[o@fe,t0dc—c, [p(x)@(x)dx=0,

orkyaa u ciaeayer (b).

Ionstwe nmo/anOTHl M 3aMHyTOCTH (M. § 6 ra. 11), a Takxe ocHOB-
Hble CBf3aHHBIE C HMMH TeopeMul (Teopemsl 11.4—11.7 § 5, 6 ra. 11)
JAerxo 0600uialoTcst Ha ciydall cucTeM, OPTOTOHAaJbLHBIX C BECOM.

Pasijioxenne QyHkuufl B PSAL 1O CHCTEMaM, OPTOrOIAJbHBIM C BECOM,
HAaXOAHT IIMPOKOE IMpHMMEHEHHE B MareMaTudeckolt ¢usmke. M3 cucrem,
OPTOrOHA/bHLIX C BECOM, HA30BeM Mpexie BCero pasJudHbIE CHCTEMBI
crenHaabHbIX  MOJAHHOMOB, O KOTOPBIX pedb OyAeT HATH HHKE, a TaKKe
cucTeMbl COOCTBEHHbIX (GYHKUMA KpyT/aO# u koOJbUEBOH MeMOpaH, iiapa
i 11apOBOro c/aos (CM. Bblm. 4).

Pasio:xenne QyHkuM# B pfA MO CHCTeMaM, OPTOTOHadbHBLIM C BECOM
(B uyactHoCcTH, ¢ BecoM p(x)==1), BecbMa ymO6HO B CHJAY APOCTOTH
onpese/ienus KOIQPHuMeHTOB pasioxennsd. OproroHabHble € BECOM CH-
CTeMbl MOMXHO CTPOHTH, OTHPAB/AACH OT JHMHEHHO HE3aBHCUMBLIX CHCTEM,
nyTeM Tak Ha3blBaeMON opmozonaiu3zauuu.

Dyurbgun *y @ (x), Pa(x)s .., @,(X) Ha3BBAIOM AUHEILHO
aasucume mu Ha [a, b], ecau cywecmsyom marue KOHCMAHMb
Cy Cq ..., C,, He sce pasube HYAID, 4MO AUHEIHAS KOMOUHOBUA

Cipr () + Cotpo () + oo +Cp, () =0 (10)

*) HanomuuM, 9TO KawxAyI10 U3 paccMaTpuBaeMbiX QyHKIMIA MBI CUMTaeM Henpe-
pbIBHOI BCIOAY Ha [a, §], kpoMe, 6BITH MOXET, KOHEUHOro uucia TOUEK.
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moXCOeCmBeenno pasna uyan Ha [a, b] 8cwdy, Kpore, Goms Modcem,
moyex pa3pwvisa Pynryul @ (x), Pa(X), +. s @,(x).

Ecau oice u3 mooicoecmsennoz0 8 YKA3AHHOM CMbiCAe paBeH-
cmsa (10} caedyem, umo sce roagppuyuenms C, suneinofi KomGu-
Hayuy pasus HYAL0, mo PYHKdguu @ (xX), P3(x) «v.r @,(X) HA3BL-
8aOMCA ARNEINHO He3asuncuMmbt vy HA [a, D). )

Erau cucmema Pynctgul @ (x). €3(X), ..., ¢, (x) opmozonassna
na [a, b] ¢ Gecom p(x), mo PYHKUuu cucmeMmp AUHLEHLHO He -
3asuctiel #a [a, b]. HeiAcTBUTeIBHO, NYCTH

¢ () +Copp () + - . +C,9, (x)=0 na [a, b] (11)

BCIOLY, KpoMe, OblTb MOXeT, KOHEYHOrO 4KCJ/a TOYeK. YMHOMHM paBeH-
creo (11) Ha p (x) @, (x) 1 npouuTerpupyeM No x ot @ a0 b, yuuThHIBad
OpTOTOHaAbHOCTh (YHKLUHA ¢ BecoM p (x) Ha [a, b]. [Toayuum, uro

b
c_ fp(x) ¢ (x)dx =0, (12)

a Tak Kak wmurerpan =0, 1o C_ ==0. B cuay npoussoabuoctH 7,
noaydaem, yro C;=Cy=...=C,=0.

Ornpapasach 0T JHHeAHO He3aBUCHMOR cucTeMbl P, (x), P, (x),

» P, (X), JerKo NOCTPOUTL OPTOrOHALHYIO CHCTEMY (C BeCOM p (x))

P () Py (x), - ..y @, (x) TAKYIO, YTO

¢y () =1, (x) ]

Py (X) = Py () +Ag1 Py (%), !

‘Pa (X) = 1173 (%) + 7v31ll71 (X) +l32%(X) (13)
P (x) ‘pn (x) + Lnlwl (x) + 7\’/121172 (x) + M1 Basy ().

U3 coornowenntt (13) cienyer, yro npu xaxaoM R =1, 2, ..., n pyuxuus
¢y, (x) gpasgerca AnHeAHOR KoMOHHAUMER P, (x), . . ., P, (x) ¢ KOIDPHLHEH-
ToM 1 npu v, (x) u, ciexoBaTenbHO, HE MOXeT OblThb paBHOH TOXIeE-
CTBEHHO HYJIO BCIOAY, KPOME TOUeK DaspbiBa GYHKUMA P, (X), ..., P, (x),
TaK KaK HHaue GYHKUHM P, (X), ..., P, (x) Oblin Obl JHHEH#HO 33EUCHMBIMH

Ha [a, b], uro nporuopeunt yciosuio. CirenoBartenbno, Kawaas ¢yHxuus
¢, (x) OT/IMYHE OT HYJ/IS B HEKOTOPO#H TOUKE CBOEH HENp2pLIBHOCTH, NOITOMY

fp(x)(pg(x)dx>0, k=12 ..., n (14

(13 cootHowenuit (13) CJIeILYéT TaKkke, 410 P, (x) Npad KamaoMm
k=1, 2, ..., n apasercs 1uueittoit koMOunauue#t @ (x), Po(X)s « o o) Pp (X}
¢ xoapduumuentaMu 1 npu ¢, (x).)
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Yucia A;j Bxoasmme B (13), 01HO3HAYHO ONpeRefiOTCH M3 yC/IOBHH

"OPTOTOHAABHOCTH QYHKUURK @) (X), @o(X), .+ ., @,(x). D10 MoxHO H0-
KasaTb N0 HHAYKUHMM. YMHOXas o6Ge vacTH BTOporo M3 paseucts (13)
Ha p (X) P, (X} ¥ HHTEerpHpya No x OT & 10 b, noayuuM

b
f P ) (%) G (¥)dx=
“ b b
= [ 2 0, ()@ (D) dx+1y [ p(x) 92 (x) dx=0.

‘Ciie10Barteslio,

b
[P ew'e (xax

hyy =—

.

4
[reeleax

{Iycte A;j npu i Lk — 1 yxe BoUHCACHB M QYHKUHH @y (X), o ..y Ppoy (%)

[10NapHO OpTOroHaibHbl Ha [a@, b] ¢ BecoM p (x). Toraa us cooruowennt

‘OpTOrOHAJILHOCTH
k-1

0=(9 ¢)=Wp @)+ ié%z(‘?t» O = ¢+ 21r; (®;, @)

npu j=1, 2, ..., k— 1 "axonum, utO

Ay = (Ve 9))

- - 7, =1, 2, ..., R—1,
/ (v @5) J &

Tae

b b
e 9)= [ P b (Do, dx, (@p )= [ p (D (D dx.

ITocne 3tOro yme BCe GYHKUMH @ (X), ..., @, (Xx) onpenejenpl H no-
napHo OpTOroHalbHBl Ha [a, b] ¢ BecoM p (x). DTUM 10Ka3aTe/bCTBO
yTBEepHAEHUA 3aKOHYello.

Onucansblil npoiecC NOCTPOeHHS NO CHCTEMe JMHEHAHO He3aBHCHMBIX
Gynxupit P(x), ..., P, (x) oproronHaabHoM cHCTEMH ®p(X), ..., ¢, (Xx),
CB3aHHOH ¢ He#t coorHowenuamu (13), na3dniBaeTcs opmoeona/zusauueti.'

OpTtorouanusys cHUcTeMy HEJbBIX HEOTPHUATE/NbHBIX CTeneeid x

L x, 2% ..., X% .. (15)

Ha orpesxe [—1, 1] ¢ BecoM p(x)==1, Mbl NoOJyuHM CHCTeMy OPTOro-
HajlbubIX Ha oTpedke [—1, 1] MuHorouseHoB, KOTOpble JHilb NOCTOSH=-
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HBIMH MHOXHTE/JAMH OTJAHMYAIOTC OT MHOrouwseHos Jlexauapa, onpene-
AsieMbIX NO (popMyne Poapura

P, (x)—~2nn, dxn (22— DY, n=1 2 ...; Pyx)=1.  (I6)

Oproronaansys Ty xe cHcTeMy cTenene#t (15) na orpeske [—1, 1]

y NOJAYUYHM CHCTEMY NOJHHOMOB YeOuliueBa nep-

BecOM p (%) !
C e ¥, = eee—
Yi—x2

BOTO pOZLA3; €CJM Ke BasTbh BeC p(x)=VT1—x% 10 noayuaiorcs no-
aunoMbl Hebrlmera BTOpOro poaa.

OptoroHanusys cucteMy cTenedeit (18) ua nosaynpsamoi [0, -+ co)
c BecoM p(x)=e~*, noayuuMm cucTeMy noauHoMos YeOwimena — Jla-
reppa. Ecam we B3gte p (x)== x%e~¥ rme s> —1, To npu oproro-
Haauzauuy cucremst (15) Ha To#t e noayocu [0, - oo) moayuatcs 06o6-
menHble nosavuHoMst HeGoiwena — Jlareppa.

Haxoseu, oproronainsys cucTeMy cTeneueit (15) na Bcet npsmott
— 00 < x < -} 00 ¢ BeCOM p(x)==e~*, NoAyYHM CHCTEMY NOJHHOMOB
Yeb6rimena — Opmuta. Jus BceX CneuManbHblX NOJHHOMOB CYIUECTBYIOT
yno6ubte obuine Gopmy.asl, nogobusie dpopmyse Poapura (16) (cm. sbin. 4).

TMepeuncneHHsle CHCTEMbl OPTOTOHAIbHBIX NOJHHOMOB HAaXOAST BaXHbIE
npUMeHeHUst B MaTeMaTHyecKoR ¢Hsuke (CM. Bbin. 4).

AONOJHEHHE 3 K TJL. 11

¢YHKUHOHAJIbHOE NMMPOCTPAHCTBO
H FEOMETPUYECKHUE AHAJIOrdH

Muoxectso ¢yuxuuit Q[a, b], onpemenenHoe B § 6, MOKHO pac-
CMaTpHBaTbh KaK PYHKYUUOHAAbHOE NPOCI PAHCMBO, CUNTAs, YTO ABe PyHK-
wan @ (x) ¥ P(x) u3 Q[a, b] npexcTaBAKIOT OLMH M TOT Ke 3JIEMEHT
HJIH «BEKTOpP» NPOCTPAHCTBA, ecAH OHHM MOryT OTJiHMYarthCs camoe 60Jb-
Liee B KOHeWHOM YHcjie Todek Ha [a@, b]. DaeMmentsl npoctpanctsa Q [a, b],
onpeneasieMble GyHKHMAMH @ (x), P (x), N(x), ... 6ynreMm o6oaHauartb,
onyckas aprymeHT x, uepes ¢,¥, M. ...

Onpene/uB CyMMy 2jeMeHTOB ¢— 1y M npoM3BeieHHe A d/IeMeHTa ¢
Ha YHCAO A COOTBETCTBEHHO Yepe3 cYMMY ¢ (x)— 1 (x) u npousserenue
HA YHCAO0 A GYHKUHE @ (X), NpeACTaBJASIOWMX 3TH 271eMEHTHl, NOJNYYHM,
yto Q[a, O] oTHOCHTebHO 3TUX Onepauuit BeleT ce0f TaKk e, Kax
MHOXECTBO BCEX BEKTOPOB TPEXMEPHOIO €BK/IMAOBa NPOCTPAHCTBA OTHO-
CUTE/IbHO ONepaiuif C/A0XMEHHS BEKTOPOB M YMHOXeHMS MX Ha Ydcaa.
Hynesoit 2sement 0 npocTpaucTBa npeicTaasercs mo0oi  dyuxunen
u3 Q[a, bl, xoTopas Moxer oTiHMYaThCH OF Hyas camoe Oo.abiuee B Ko-
HeYHoM uHc/ie Todex Ha [a, b).



