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BT0 paBeHCTBO, HasbiBaEMOR p a3 L0 en e M d-P YR K U uu d(xy X)
guumezpasr Pypoe, TakKKe ClelyeT IOHUMATL B CMbicae CaaboMH
CXOAMMOCTH. YMHOMasi 00e ero yact Ha jmoOyio abCOMOTHO MHTErpu-
pyemylo Ha BceHl oCM X QYHKWMIO f(X), KYCOMHO-TXALKYH0 H3 KamKiOM
KOHEYHOM WHTEpBajie, W MHTErpUpys Mo X oT — 00 M0 —- 00 (C usMe-
HeHMeM MOPAAKA MHTErPUPOBAHMA YO X M A B NpaBOd 4acT), NOJyuus
V3BeCTHOE PABEHCTBO

~+co

f = f an f f @ cos . (xy— B 2. ©

Wrak, npu pasaoxenun O-dynxuud Od(x; x) B pan dypbe (6) u
B unterpan dypoe (8) ¢ O-pyHkuveit MOkKHO ofpamaThcs TaK ke, Kak
¢ OObYHOM KycouHO-raanko# ¢yHkuued (a6COMOTHO MHTETpuUPYeMOd Ha
BCel ocCW B cayyae uHrerpana ®ypoe), a ¢ pasnaoxeHusmu (6) u (8),
NOHUMAEMBIMH B CMBICJIE C1a00# CXOAMMOCTH, MOXKHO, B U3BECTHOM CMBICJe,
o6pantarbcd, Kak € OOBIYHBIMH DPABEHCTBAMH.

Mo nosoay laibHeHIIMX CBeReHUH O O-(PYHKLUHMU MBl OTChbIAEM K Bbir, 4
HACTOAEr0 Kypca, a Taxkxe k [5] u [6].

BOTMQJHEHUE 6 K TJI, 11
PABHOMEPHAS ANIPOKCHUMAUMS ®YHKUHMA MHOIOYJEHAMU

IMpuseneM 10kasaTeabCTBO TeopeMbl Bellepwtpacca o paBHOMepHOM
anmIpoOKCUMauui HenpepblBHOH (yHkuuM f aare0paniyecKMMH MHOroOuJe-
HaMH, Jerko pacrnpocCTpaHsionieecs Ha (QYHKUMM MHOTMX HE3aBHCHMBIX
nepeMeHHblX. JTO 10KA3aTeNbCTBO B Cayyae N-KPaTHO HenpephiBHO Aud-
depeHuMpyeMolt (yHKUMM f MO3BOJSAET IOCTPOMTH PaBHOMEPHO anypo-
KeumMupyloniit ¢ynxuuio f anreGpaHuecKH MHOTOWIEH, YIPOM3BOIHBIE
KOTOPOro 10 /N-ro nopsaika BKJIOYATEIbHO PaBHOMEPHO anmnpoKCHMHUPYIOT
COOTBETCTBYIOIME MPOU3BOJAHBE (QYHKUUH f.

Teopema 1 (Bedepumpacca). Jo6yo gﬁymcz;uro f(x), nenpe-
PUIBHYIO HG 3G MKHYMOM 02ZPDAHULEHHOM OmpesKe a < X < b, moxcro
POABHOMEPHO QNAPOKCUMLPOBAML GA2E0 PAUHECKUM MHOZOYACHOM
€O CKOAb Y200HO BbLCOKOU MOUHOCHBIO.

IOoxazareabcrBo. [lpeanonoxum, uro 0 << a < b <1 (8 npo-
TUBHOM Clydae ClejaeM HajJeXallylo 3aMeHy He3aBUCUMOM repeMeH-
Hoi x). DBosbmMem 4uncia o ¥ B, YROBIETBOpAIONIME HEPABEHCTBAM
0<ao<<a<<bhb<<p<l, u nporomkum f (X) HenpepuiBHO Ha BECh OTpe-
3ok 0<{x <l rak, urobu Omao f(x)=0 npu 0Lx<<a
pLx L
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HokawxeM, 4T0 asreOpauueckuii MHOTOYJEH CTeNeHH 27 (OTHOCHUTEb-
HO X)
£
[r@i—@—xau
a
Py(xy= T )
f (1 — u?)" du
-1

NpH A0CTaTO4YHO GOJBIIOM 72 PAaBHOMEPHO annpoKcuMupyet QyHkiuio f (x)
Ha oTpe3ke [a, b] c moOoH Hamepeld 3a1aHHON CTeNeHbIO TOWHOCTH. Jlas
9TOrQ 3aMeTHM, 4TO

1

1
f: n =1
J,= f(l—vE)"dv> [ —vtdy=—"L=2" " __1
0

. AT lyeg  AFT’
3}

1
Jy = f(l_z;2)”dz;<(1—62)” npu moboM 8, 0 <6< 1.
1]

CraenoBarTelibHO,

*

J
0<7%<(1—62)”(n—{—1)—>0 npu  n—> - 0o, @)

ecan 0=const, 0 < &< 1. CrenaB 3aMeHy u — x — v, nepenuuieM

uHrterpanx (1) B BUze
B—-x

[ rot+na—vya
Py (x) =2 ®
f(l—vz)ﬂdv
~1

¥ OueHWM Ha oTpeske @ < x < b pasHOCTb

B-x +1

[ re+na—vra— [ reoa—ovyraw
Py(x) — f () ===% o )

Mycrs nano &> 0. Bmbepem 6, 0 << 06 <1, Tak, uroOn BHNOMHAIOCH
HEPaBeHCTBO

|f(x—}—v)—f(x)|<% mpu a<x<b n |v|<S6 (5)
% urobnl 66110 0 < x4 v <1 npu a < x <{b u |v|<d [lpencrasum

357
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unciauteap Apobu (4) B BuUze
-6 -

ff<v+x><1—v2> dv+f f@—+x)(1 —v)" dv+

a—-x

+ f[f(x—'rv)—f(x)l(l—v?)"dv—{—
-8

+- f ) (1 — v dv+ ff(x)(l—v?) dv.  (6)

B cuay (5) umeem

5 ‘
[+ —reia—vra|<etlh—il  ©
-6
MMonaraa M= max |f(x)|, noxyuaeMm OueHKH
as<x<b
-8
ff(ru—{—x)(l—v?) dv| < MJy
b ®)
ff(v—J;—x)(l—v?)”dv < MJ,
8

TaK xax—l<a—x<0u0<ﬁ—x<l npu a < x < b, v olleHkn

ff(x)(l_z;?) do| < MJy u ff(x)(l_z;?) dv| < MJy  (9)
IMosromy uuciaurenp zpobu (4) He MPEBOCXOMMT BEJMUUHEL
2 &t 4MT (10)
3aMeTHB 3TO, NOJY4aeM CAeAYIOILYI0 OueHKy aas (4):
e *
20,4 4MI, 7
|Py)—f ()| < —5——=7 (an

anas Beex x €la, bl

Ho, B cuay (2), Bropoe caaraemoe B npaBofi wactu uepaseHcTsa (11)
OyzeT MeHblle &/2 mpH BCeX n0CTaTouHO Oospwnx #. Clenopareisho,
IIPH BCeX JAOCTATOUHO OOJbLIUX A

|P,(x)— f(x)| <e naa Bcex x€la, bl (12)
TeopemMa BOKaszaHa.

COBEpPIICHHO aHAaJNOrUYHO AJs (YHKUAM MHOIMX JIEPEMEHHBIX MOXeT
6biTh J0OKasaHa
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Teopema 2 (Beitepumpacca). [Tycms f(xy, :}:2, “v., X)) HEnpe-

pusna 8 o6aacmu I a, < x; b, (=1, 2, ..., m, npuuen
0<a;,<b, <. IIpodorscun f nenpepssno na sect edunutitsil
m-mepuntli ky6 E0 0 x, <1, i=1, 2, ..., m, mar, umo6ua f

Ooaa  moxcOecmBeRHo PaBHA HYyrlo BHe napassesenuneda II*:
a; L x, KBy 20e 0 << ;< a; < b, <<B; << 1. Tozda anrzebpaunecruli
MHOZOUNCH CIMENEHU RN OMHOCUMERBHO X1, Xgy « oy X
P,(xy, X9 o0y Xp)=

By Brn

f ff(uu---»um)[l—(ul—-"1)2}”---[1"‘(um—-"m)2}”dul---dum
9 m

+1 m
[ f a— uz)"(du)]
- (13)

npu 0ocmamoino GOoAbOM B DABHOMEPHO GRAPOKCUMUDYEM (hyHK-
yuo f(xq, ..., X,) 8 I ¢ 20608 naneped sadannod mounocmer.

3ameuanue 1. Ecau ¢pyxuwua f(x) (f (X5, ..., X)) UMEET He-
NpepbiBHbIE NPOU3BOAHBIE 40 HEeKOTOPOTC Nopsaika /N BKJIIOYUTEIbHO, TO
npoussoansie P,(x) (P,(x{, ..., X)) 10 N-ro nopsaka BKJIIOYUTEIbHO
paBHOMEpPHO AanMpOKCUMHUPYIOT COOTBETCTBYIOHIME HPOM3BOZHbE f (X)
(f(x4, ...s X,;)) CO CKOJb YTOAHO BBICOKOH TOUHOCTBIO Ha OTpe3ke [a, b]
(8 napanxenennuene II) npu Bcex nocratouHo OGOMbWMX 3HAYeHHAX N1

IlokaxeM CripaBelJUBOCTb ITOTO YTBEPMHIAEHUS B MpOCTelilleM ciyuae.
Mycts f (x) 1 f’ (x) HenpepsiBHE Ha oTpeske @ <L X< h, 0 <Ca << b < 1.
IMpozomxum f (x) Ha Bech orpe3ok 0 x <1 Tak, utobu f(x) U f'(x)
GblTM HEMpPEpHIBHEL HAa BCEM 9TOM OTpPe3Ke M TOXAECTBEHHO pPaBHBl HYJIO
BHe oTpe3ka o< x-<f, rae 0 <a<a<b<<Pp<<C 1. NubdepeHuupys
muoroused (1) mo X WM MHTerpupys no uacTaM, MHOJIYYUM

a

i
L Ty r——

P;z(x): = o, =

B B
[rwfu—w—vra — [re-Ln—@—wraw
e a

Wa 27,

g B-x
ff’(u)[l—(u—x)ﬂ”du / f(v+x)(1—v2)*dou

o0—X

1

!/7 (1—v®)tdu

-1

2,
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ITocie 3TOro pasHocTb

f—x +1
[ re+ona—vyaw— [ fa—uvyda
Py(x)—f'(x) = 2= T p—

OLEHMBAGTCA TAaK Ke, KAk PasHOCTb (4) npuv JOKasaTeabCTBe TEO=-
peMb 1.

3ameuanue 2. IIpoCThIM CHENCTBUEM TEOPEMbl 2 ABasgeTCH

Teopema 3 (Bedepumpacca). Ecau oynryus f(x) Henpepssra
na ompeske — Il x <l u umeem DQBHbE 3HAUEHUS HA €20 KOH-
yax, m. e. f(—H=f(1), mo ona moocem Geims ¢ 210601 Haneped
3G0QHHOL CMEReHsI0 MOYHOCMU DABHOMEPHO QRN POKCUMUPOBAHA
HQ 3MOM OMpe3Ke MpPUZOHOMEMmPULECKUM MHOZO4NEHOM 8U0Q

Ls

kax . knx
320-—{— (akcos ——IIL——{—bksm—l-). (14)

k

I}
—

Hdokasareascrso. I'IOJIO)KMMﬂli
le\ 0

= f|— | = f(x) Gyzer HenpepbiBHOH Ha oTpedke — ;< 0 <, npuuem
p pep p SUs p

=0. Toraa ¢yuxuus F(0)=

F (— )= F (7). BBeneM Ha nI0CKOCTY C ZeKAPTOBBIMH MPAMOYIOJbHBIMH
KOOpAMHATAMH E, 1) no.sApHble Koopauuate 0, p: E=pcosB, n=psin0,
¥ paccMorpuM ¢yHkudio @ (&, n)=0F (0). D1a ¢QyHkuMa HenpepsiBHA
Ha Bce#l maockoctd E, m v npu p—1 cosnamaer ¢ F(0), T. e.
@t m)= F(©) Ha okpyxuoctu E>-}-1?=1. Tlo teopeme 2 dyukuuio
@, m) moxno B ksanpare —1 <51, —1 <1 paBHOMEpHO
annpoOKCUMUPOBATh CO CKOJb YIOJHO BBICOKON TOUHOCTHIO anrebpanueckuMm
mHorouxedom P, (g, m). [lonaras p—1, nojyuuM paBHOMEpHYWO annpo-
kcumaumio F (B) ¢ Toi ke TOYHOCTHIO Ha orpedke — 7t <L 0 <7 TpUroHo-

. 19
MeTpuYeckuM MHorouxesom P, (cos0, sin 0) uan, BosBpaumance x x=—,

PABHOMEpHYIO amnnpokcuMauuio f(x) ¢ TOH ke TOUHOCTBIO HAa OTpeske

AxX WX
— I x <] TpUrOHOMEeTpUYeCKUM MHOTOujIeHOM P, (cosl—, smT).

X
3aMeHsig B MOCJHEIHEM NMPpOU3BEIACHUA W BHICIIHWE CTeNeHu COST H

LoomX
Sin —— JMHefHbIMU  KOMOMHAUMAMH  CHHYCOB M KOCHHYCOB  KpaTHbIX
AYr, 3TOT MHOTOYJIeH MOXHO npuBecTH K Buily (14). Teopema no-
KasaHa.



