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monmaraa  of(x, y)=a(z)p(y). Ha rpamume &(D'X D))= S+~
orobpamenue of umEAyuupyer aneMeHT [a, b]E ey (M) mo ompe-
peieHumio mocienmero. Ilostomy [a, b] =0. YTsepmpgenme poxasaso.

§ 23. Ceegenmsa o romMoTonmueCKNnx rpynmnax cdep.
Ocnamennsie MiuorooGpasusa. Musapuant Xonda

1. Ocnamennble MHOrooGpasna N roMoTommuecKue rpynnbt cdep.
Nayuenme o0co0bix TOYeK BEKTOPHBIX Hojell M CBA3AHHBIX C HAMH
HHBAPMAHTOR TPHBOMHNI0 HAC K HCIONB30BAHMIO CTEIeHH OTOoOpaiie-
ang S™— S, 1. e. rpymme m,(S"). Bee rpymnmet mi(S") ¢ i<nm,
Kag JOKa3hBaJ0Ch, TPHBAANLHBL. PaccMoTpuM Temeph 3aady O TOMO-
TomuyecKoit KiaccupuKauu uHe oOpAIAINAXCA B HYIbh BEKTOPUBIX
moimeit 7 B eBRAMAOBOM mpocTpancTe K, YHOBIETBOPAOIINX YCJIO-
puio n(z)—n, mpm |zl-- . IlorpeGoBas pomomEmTENBHO, WTOOLI
Inl=1, MB moxywaem HenpepsIBHOe OTOOpamieHne

R™ U co—>S™7,

npmuenm (00) = ny e S"71 Ogmaro R™ | (o0) = S™ TlosToMy M
NPHXOAMM K 83Ja4e O BBIYHCICHHH TIPYLIBI fat1(S™). Boxee ofmo:
ecim pole n(z) mpeAcraBasfer coOOH NPOM3BOIBLHYI0 BEKTOPHO3HAU-
wyo ¢yxmqumo n(z) = (§'(z), ..., §"(z))*0, m+*n, 10, cunu-
rag, 9ro |Inl=1, momyumw oroGpamenne S"-—-S"~', Tem cambim
3ajada CBOAMTCA K BHIYACICHHIO Ipymm g, (S™').

Jlo cux TOp M3 rOMOTONUYECKHX Ipynm cdep MBI HAILIH TOJBKO
rpynoe 1 (SY)=0, i>1; n.(S")=7Z u n(S")=0, i<n. Mut yra-
seM 37eCh FeOMeTPHIECKHH MeTo[ H3ydYeHHS FOMOTOHMYECKHX IPYyHII,
OCHOBAHHBII Ha HM3YTeHHH NOJHBIX IPo0OpPA30B PETYNAPHOE TOUKH.

Paccmorpum otobpamenme f: S™**— S"; mbl Gyfgem cadrath ero

raagkuM. IlyeTe Touka S, = S™ sABiIsgercA NPABEIBHOH TOUKOH 0TO-
Gpasxennsa f. Beifepem ma chepe S* JoKamLHYIO cCHCTEMY KoOpampaT
B OKDECTHOCTH TOYKH S,, T. €. 3aJaAHM B TOH OKPECTHOCTH 7 (pynK-
umit @, ..., @, Takux, yro ypasmen;ma ¢, =0, ..., ¢,=0 Boige-
JAAOT TONBKO TOYKY S, M rpajMenTsl grad ¢; JHHEHHO HE3aBHCHMBI
B touke. VI3 mpasuabHoCTH oToOpaskennsa f B TOUKe S, CiIefyer, 9To
nonukli mpoobpas f~'(S,) ABAACTCA MIBIKEM K-MeDHBIM BaMKHYTHIM

MHOrooopasneM
I (s0) = W S,

Bonee Touno, mpoobpassr Qynrnuii ¢ — GyHKOun @i (z) = P*qi(z) =
=@, (f(z)), ompemeieunsie B oxpecruoctn W* sagmaor W* ypas-
HEeHUAMHA

$1=0, ooy 5n=0

W3 npaBunnHocTH TOYKH §, A f ciegyeT, 4TO BO BCEX TOTKAX
ma f~'(s,)=W" rpajuentsr grad ¢ nmumelfHO HE3ABHCEMBI H HAUOpPaB«
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meHpl (KaK BeKTOPH) HopMmanbHo K W* B eBramaoBoil MeTpmke
Su-}—h\oo - R?H—k

Takam o6pasov, otobpamenuo f: S"** — S™ mocrasiema B coor-
sercrene napa (W* 1*), rme W*=/"'(s,) m 1" — peneproe mnone

" h
B R"" = Sn+h\ oo, sajammoe B Toukax W* m mopmambmoe ®k W*

B eBKIMIOBOH Mertpure, 1t =(gradq,, ..., grad@.), @:=/[*¢gi=
=@i(f(z)).

Oupenenenue 1. ITapa (W?* 1"), cocroamas m3 3aMKEYTOTO
muoroobpasus W* = R™* ¢ meBBpossieHEBIM HOpPMAXLHEIM n-penep-
IBIM TIOMEM T", HasblBAETCH OCHAUjeHHblM MHO2000pasuexm (Gea Kpas).
Camo mone 1" UpH 3TOM HA3LIBAGTCA OCHAU CHUEM.

. Hocromexy B R"" umeerca wamomuweckas opmeHTamds, mTole
1" onpepenser opmentanmio WE ,

Paccmorpiim raagkywo romorommio F: S™*X [T — S" ppasmanmyio
B ToUKe §,=S" m cBaspBalomylo ortoOpamenus f,, fi: S™H—> 8™,
PaccmorpmyM mpoobpas

VHH = F(s,);

aTor npooGpas sexur B S"** X1 m samaerca ypasmemmamm O, =
=0, ..., P.=0, rne @O;,=F*p,. I'papumenrsr grad V; auneitno
nesasacuMet Ha V' Mut noaysaem mapy (V**'< S***X 1, 1), rne
"={(grad @,, ..., grad ®,) — mopmansvnoe & V**' pemepmoe momne.
Ha xpasax t=0, 1 noaysaem maorooGpasus Wi=V""n@ =0)u
Wh=v"( (t = 1) ¢ rEAYOEPOBAHABIMA «OCHALEHAAMEA» — pelep-
HEIMH DOJAMH, TOJYYeHHBIMH OLpanmdenyeM mons 1" ma Kpail. Camo
muoroobpasue V**' npm =0, 1 me KacaeTca Kpaes; HOITOMY MOK-
no (es orpanuwIeHHA oﬁmnocm cYmTaTh, 4TO MHOrooGpasme V*+!
Hopmam,no nogxoautr K Kpasm t=0 n t=1. C nofo0HON cHTya-
mueil MBI crank@Banmces B § 13, rme k panmmocx, HyJII0, MHOT000pa-
3me W* Goumto malopoM TOueK (x,, vevy Tm} = f"(s,), & ocmamene
T" 3a71aBaN0 (OPHEHTANUIO» MM SHAKH TOUEK npooﬁpaaa. MHao0r006-
pasne V**! 6bi10 ofHOMEPHBIM, M OCHAIEHHE T HA HETO MPOJOIIKA-
JI0CL € Kpaes.

Onpeaenernne 2. IMapy (V' < S"* X1, "), cocrosmyo n3
Muorcobpasust V**' ¢ KpaeM, BIOMEHHOTO TaK, YTO OHO HOPMAJLHO
(o yraom 90°) moaxogmr K kpasm mpm £=0, 1, @ m3 HOpMaIL-
110X0 HEeBBIPOKIEHHOTO N-PelepHOro IO T", HA30BeM OCHAWEHHbLM
MHO2000pasuesn’ ¢ Kpaen.

Tak xak B cepe S™ nomoamenme K Majoil OKPECTHOCTH TOUKH S,
¢ KOODAUHATAMA 1, ..., @n CTATHBAETCA K TOTKe, MBIl MO’KEM BCEe
9TO JONOJEEHHEe CUYHTATh OAHOU ToUKoil. Ilpm MaIoM e >0 umeewm:
g-okpectoocts W, Mnorooﬁpaann W< S*+* peupy  manmwus mosst
" naddeomopdrua W* X D%, tne Dy — nmex pammyca € B Hop-
MaJgpnoit mwiockocT® k¥ W* B Touke z € W*, moposknennoil BeKTOpaMu
penepa 1"(z). AHAJNOTHUIHO €-OKpecTHOCTH V, MHOrooOpasus
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VEH < VX T nagdeoropdma V' x D} mpm mammix & >0. Pac-
CMOTDEM JiBa BAMKHYTHIX OCHAMEHHEIX MHorooGpasma (W3, 17) =
(Wi, ) B S =R"™* |J co.

Onpegenesne 3. Ocmamennnie MHOroo0pasusa (W?, 1}) Ha-
SHIBAIOTCA JKBUSAACHTHbLML, €CIH HANNeTCA OCHAIMEHHOE MHOro0G-
pasme (V**', 1) = S"**X I, Koropoe Ha KpadX BHICEKAET HCXOJHbIS
ocHal[eHHBIe MHOT00Gpasua

k R+1 n n .
VVI =V [g::o,. T =T ‘izg,

3 k+1 n n
W=V |t=11 Ty =T |¢=1-

Tlo-apyroMy 9Ty SKBHBAJEHTHOCTL MOJKHO omHcaTh Tar, Ocmamen-
mple Mporoobpasms (W3, 17) oxBmBamenTHBI, ecim MHOrooGpasme
(W*, "), roe W* = Wi |J Wi, a t cosuagaer ¢ v; Ha Wh, a Ha
W% ornmuaerca OT T; TONBKO HAIpPABIeHHEM IEPBOTO BEKTOPA, BK-
BHBANEHTHO B HpELIAYINEeM CMbICAe HYJH© (T. e, IyCTOMY MHOrO-
ofpasmio).

UMeer MecTo HeECHOKHAR

Teopema 1. Kaaccel ak6UBANEHTHOCTU 3AMKHYTHLL OCHAUEHHBLT
mnozoobpasuii (W, ") = R"™ nazodarca. e ecrecreennom esaummno
O0HO3HAUHOM COOTBETCTEUL C INEMEHTAMU 2PYNNLL Tnyy(S™).

HokasareabcrBo. Orobpassenue f: S"**— S", mpasmnsuoe
B TOUKe S,, ONpefelser, KAK MB BANHM, 3aMKHYTOE OCHAIIEHHOE
muoroo6pasme (W*, 1), a romoronma F: S"** X1 — S™ mexuy asyms
TAKUMH OTOOpa’KeHHAMH MOPOKAAeT SKBHBAJEHTHOCTh OCHAMEHIIBIX
muorooGpasmit., OOpatHO, SaMKHYTO® OCHAINEHHOE MHOrooOpasme

h n n+k n+h n o
(W s T )c:[R ompepensier orobpaxennme S"** — S™: nefictamrens-
Ho, g-oKpectHocTs W, MmuorooGpasma W* mpm pocraTowno MamoM
€ >0, KaK YKa3eBaJ0CL BHINIE, HMEET BHUJ NPAMOI0 NPOM3BERGUUST

W, = W" x D"

h n

Npoexnua W* X Dy — D; ectecTBeHHO MPOROJIKAETCA 1O 0ToGpa-
wenna St — S", ecam Mpl Bech Kpail mapa D B ofpase f Gymem
cunTaTh ofHON Toukoii: S’ = Dg (omma Touwa). Bce momonmenme
K okpectrocta W, B chepe S™** mepeiiner B ommy a1y TOUKY.

ARazorngso crpomrea orobpasenme F: S*** X[ — S, ecaw Ba-
NaHo ocHallennoe MHOrooGpasme ¢ kpaem (VA 1")c 8"+ XTI, Teu
CaMBIM leMMa JIOKasaHa.

o cymectsy, B § 13 mpm serarciaenmm rpynnst T (S") =7 mm
TIONIBBOBANMCH HACTHBIM  CIAYYaeM  OCHAILEHHEIX  MHOroo(pasmit
(k=0).

3amevanme. Crokenme B roMoTommuecKoR rpymie . {S")
HHTepnpeTHpyeTcA KaKk o0befuHeHHe ABYX Hemepecexapwuxca (&
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YHATeHHHIX ADYr oT Jpyra) oCHAIIEHABIX MHOrooGpasmii s R"**

(nposepsre!).

YcramoBuM Temepsr ofjHo 00IMee CBOHCTBO KIACCOB OKBHBAJIEHT-
HOCTA 3aMKHYTHIX OCHAIIEHHBIX MHOrooGpasmi.

Teopema 2. Jan wobuix n=1, k=1 ¢ ranwdom kaacce skeéu-
BANEHTHOCTY, UMEETCA C6A3HOE 3AMKHYTOE OCHAWEHHOEe MHO02006pa3u
(npu k=0 a70 Hegepro). :

Howrasareanctso. IIycTh 3a7ano HeCBA3HOE OCHAINEHHOE MHO-

k k ? h n n+k n+k
rootpasue (W1, o) U(Ws, w)=(W", ") R"*" < S"**. Moxasmen,
YTO 3TO OCHAIEHHOEe MHOToo0pa3me SKBHBAJEHTHO CBA3noMy. Pae-
CMOTPUM TIAfKEA HecaMmoIepeceKaoI[uiics OyTh (OfHOMepHOe HOM-
. k
muoroobpasme) Y(t), 0<t<1, coenmumomuit TouKE ¥, & Wi n
r e Wi Mu TpsﬁyeM, 9ToGBl IyTH Y MONXOMEN HOpMamsHO K W'
mpu t=0 n x Wy npn t=1 BRoik HATpaBIeHHsA TEPBOr0 BEKTOpA
n .
m, u3 pemepuoro mong T; = (M, ..., My), j=1, 2. BagagaM B
KajROOi Touwe myTH Y(T) HOPMAABHYI® K Y Kk-MepHYI0 IIOCKOCTH
R"(r), xoropas ma kpasx T=0, 1 cosmagaer ¢ k-MepHoil Kaca-
o ) K
TenpHolt miaockocTbio X Wi(t =0y 1 Wy(v = 1) (pme. 131). Pemep-
noe moire 1t"~'=(m,, ..., m,) upogomrmM c¢ kpaes T=0, 1 na
kpuByo Y(f) Tak, urobn oHOo OHIO HOPMANLHO K HANPABICHHAM
k.
sTux k-Mepmeix miomamoxk R°(t). Paccmorpmm Manoe «k-mepuoe
w . - R
yronmenne» Us''  kpusoit y(t) Bmoms wmanpasiemmit R (7)
(cm. pume, 131). Ha kpaax 1=0, 1 aro yTonmenme NIPOM3BOAUTCH

Puec. 131

pllONB KAcATEAbHBIX IiockocTeli k W1, W% Kpome roro, npomsse-
MeM Maible yTOdIeHH:A VEEL VAL cammx WY u W3 Bpoas na-
UpABACHHIA M, TePBOTO BEKTOpA pemepos T B Ty (cM. pme. 131).
O6venuuenme VT = VAT | ULy Vi geamerca (k+ 1)-mepusin
muoroobpasueM V**' ¢ Kpaem

vt = W Wh U W,

rie W! cmaamo. Vrommenme MO3RHO mpOM3BeCTH TaK, ITOGHI MHOTO-
obpasne V**' Gwuro Tnajkmm (#e Gbwto yrios), T. e. 4ToOB Gt

kK
raankuM  MHOrooopasme W,.



q. 1I] § 23. CBEAEHHS O TOMOTOIIMYECKUX I'PYIIIIAX COEP 583

Penepnoe mone 1"~'=(m,, ..., m,) npomommaerca ma V**! gar

&
HOpMAJTbHOE ToJe K VA+t g R™**, Mu OpExXognM, TakaM oGpasom,
K clefypnie# ofmel caryanmm: 8ajaEo MAoroofpasme ¢ Kpaem

n—1

h+1 n+h
VA1 =R B penepubiM DoieM 1T"~', HOpMajbumM K V'
n+k -
R™*"*. Ha wpae umeerca pemep t"= (my, T°~'), IJe BeKTOp m, fAB-
aseTcA BUYTpeHHell mopmaibio K Kpawo OV**', racaremsmoit x V*+,
Tarkem obpaszom, kpait (dV**', 1") apagercs

ocHamennbM MuorooGpasmem B R ™TE. ke
Jdevmma 1. Ipu sruzx ycaveusax ocnawer- —

Hoe MHOzoobGpasue (OV**:, 1) sKeUBAANEHTHO ,Q’\T/}\,?;,

HYyaI0. M~ -
Horaszateanscrso. Paccmorpmm wmemo- | y ket T

Byl $ynrmuo f(r) ma V', me t(z) =0

ma kpae OV**' u 1> t(z) >0 sayrpm V**. Pac. 132

91y QYHKHUIO MBI DOCTPOMM TaKAM 00pasom,

urobul rpadur (r,f(r)) dyuxnmm f(xr) B mpomssefenmm V**'X]c
< §*** X1 Gun rranknM muorooGpasmem V!« S*+* X I, mopmansmo
HOAXOAAMAM K Kpao V™' mpu ¢ =0 (pme. 132). Hocrpomm pemep-

Hoe moie T", mopmainsuoe K V**' p S"** X I, Penepuoe mome 1"~! =
=(my, ..., m,) mpl mogHmMaeMm ua V**' rpupmanbmo: mapamnensuo
TIePeHOCHM BCe BEKTOPHl My (j = 2) H3 ToukE T & VMR % 0
B COOTBETCTBYIOILYIO TOYRY Z & VA R™* % I, rre % =(z,t(x)).
Ionygaem moie "' ={fis, ..., i.) na V**' Iloctpomm, manee, sex-
TopHOe mose i, na rpaduxe V< VA X7, Tlapa (V**, 7**!) cos-
MecTHO orpammunsaet obmacts U < V**!' X I, CrpomM emmmEmIHOE mO-
ne fii, mopmansro K V**' 5 V™' X puyrps obmactu U Tak, wTo6it
opr ¢t =0 B Touxax OV**' =AdV**' sr0 mone commamano ¢ eXHHAIHON
HopmMaxbo m, BEyTps V**' Broas rpammmer 9V**'. Urax, momyuaem
(07, T =0V, 1")<R"™*.  Tem cammiv xpait (9V**, ") ok-
BUBAJEHTOH HYII0 KAK OCHANEHHO® MHOroo0pasme, INOCKONBKY BCC
ocnamennoe MHorooOpasme ¢ kpaem (V**') 1*) B npomapegemmii
R**™* % I me nepecekaerca ¢ ocoosanmeM ! =1, JleMmMa moraszama.
Ws nemmsr 1 BoiTekaer TeopeMa, mockoabky OVt == Wh () WEy

W! ¢ coorsetcreyomumn ocmamenuamm, upmaem W: mmeer ua
* =
OJlHY CBA3HYI0 KoMOOHeNTy Meubme, TeopeMa JoKasaHA.

2. Hagcrpoiika. B panbHelilieM TeKcTe HCOOAB3yeM CleAyIOINAS
CReICHAA 0 TOMOTONHYECKAX TIPYNNax OPTOTOHANLHBIX TPYIN:

1) n,(SO(2))=Z, uockonuky SO(2)=S';

2) n,(SO(3))=72Z,, uockomery SO(3)=RP%

3) n,(SO(n))=12Z; n=3 (em. . 6).

4) Tomomopdmsm miaowennsa m,; (SO(n))—=> n;(SO(n+1)) san-

asiereA wsomopduamom upwm i <<n — 1. Bonee rtoro, ecnm M — moboe
Muoroobpasme (KoMmnekc) pasmepsoctd i, To npm i <<n — 1 orodpa-
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menme [M, SO(n)]—[M, SO(n-+1)], maaynuposanmoe BIO:KemmeM
SO(n)—~ SO(n+1), apnderca B3aMMHO OJIHO3HAYHLIM COOTBCTCTBI~
eM. Ilpm i=n—1 romomopdmam Biaowenma m(SO(n))—
-+ n,(SO(n+1)) m orobpamenne [M, SO(r)]—[M, SO(n+1)]
ABNAIOTCA SuEMOPPHIMAMHA (0T06pa;ﬁennmm «Ha»), mpEIeM HAAPO
Ker(i,) sBuserca numramdeckolt Tpynnoit GeckoHEYHOro nopAgKa
OpHA 9MeTHHIX n. JTO OYEBHAHO JJiA n=2 u OyjeT joka3aHo B I 6
B o0mieM cayuae.

Ms1 yxe sumaeM, 9T0 BIOKEHHS TJAJIKCTO KOMHAKTROTO k-MepHO-
ro Muoroobpasma M 8 R™'%, e ¢ =2, «mesaysmemsn. D10 3ma-
YT, 9TO JAA ABYX TAANKEX Baowmempil f: M —R¥*1 g0 M R¥H
¢ = 2, Haiilerca ceMelicTeo BIoennil («usorommar) fii M— R+
B KoTOopoM fo=f wm f;=g. CemeiicTBOo BIOMKeHHH MOM<HO paccMaTpi-
BATH KaK rajkoe Bromenwe nuammupa F: M x I —R**? x I («upo-
Hecc ®30TONUHY»); NoclenHce onpefenderca dopmyroir F(x; {)=

=(f,(z), t). Tax xak M XI crarmBaetcn k M X0, nonyuaem, uTo
mo6oe ocHalleH@e, T. e. penepmoe moxe t'*?, mopmambmoe K M B
R***9, pacnpocrpassiercs Mo pemepHOro moas <9, HOPMAJBHOLO
¥ MXI s R¥* % 1. Moaromy npm ¢=2 HeBAKHO, KaKoe HMEeHHO
pnomenne M = R**? paccmarpmeaercsa: Bce miaoxenma NePeBoRAT-
€A JApPYr B JApYyra ¢ UOOMOLIbIO H30TONHUH,

CKOMBKO MMeeTesA OCHAIERHIl mpy 3afanHoM sioskenma McR™H?
Ecnm nMmeercas ommo nopMaibHOe penepuoe node t", To Aioboe apy-
roe ¢ TOi jKe OpMeHTANHel NOAy4aeTCs U3 Hero BpPAIIeHWEM B Kajk-
noit rouxe. Tarkmm oO6pa3oM, MHOKECTBO OCHAINEHH ONECHIBAETCA
orobpamermsama M — SO(n). TomoromEniM oTo0paenmam M —
- S0O(n), oueBmIHO, COOTBETCTBYIOT JKBHBAJCHTHEIE OCHAINECHMAS.

Bce sTo mosBonser cxasarth, 9To OpE =k -+ 2 mm caMm Baoxe-
una M cR*™",  mu romorommueckme knacch ocmamemmi M —-
— 8O (n) me sapmesar or n. Urto06H NPEIATH STOMY BHICKAa3BIBARHIO
TOYHBIH CMBICT, ONpeNeNdM TaK RaselBaeMblit zomoxmopduam Had-
erpoliky E: ayn(S™) = Magnes (S™'). Homcrpykums  mamgerpoitxum
rakona. Ilpemmono:KuM, 4To 3ajaHo k-MepHOe OCHAUIEHHOE MHOro00-
pasme (M, v*) B R“*", u pacemorpam Bmomemme M cR"‘Mhc
R NPUCOEIMHEM K PelepHOMY IOJI0 T elde OfIMIl BEKTOD
m,, mopmampmsiii k R'T* B R n ponowam  E(M, t")=
=(M, (m,, t)). ABazormudo onpenenserca E [ ocHaMeHHBIX MHO-
roobpasmit ¢ xpaeM. M3 cKasapEOro BHINe BHTEKaer, 9YT0 OpH
n=k-+2 stor roMmomopdusM apaserca m30MOpHUIMOM:

E: tin (") nugngs ("), nk+ 2.

Iipm n=k+1 nmeem:
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a) moGoe k-vepmoe mmoroobpasme M moxmo Baoxmts B R

6) KOJAMYeCTBO TOMOTONUIECKAX KJIACCOB OCHAINCHHH BIOIKEHHAA
M R*™?' pe Menbime, ueM KOIEIECTBO KIACCOB OCHAINEHHH BIO-
smemna M < R¥*1'H ¢>0 (moramure!).

Orcona cienyer, 410 roMOMOPHHA3M HANCTPOUKH

E: sionp (SkH) = Tlopye (Sk”)'

ABIAeTcA 3nuMopPHU3IMOM.

Ha ofnanom ssweike oroOpaskemmii mapmcTpoiika E ompegensercs
Tak: nycrs S*** — sksatop B S"***' m S* — sksarop B S"*'; oro6pa-
siteane dxsatopos f: S"**—> S* Mp mpocTeffiinmMm ecTecTBEHHEIM 00-
pasoM mnpofoskaeM fo orobpaskemma Ef: S S qo gyvam
Ha BePXHIO M HIKHIOW modycdepsl; BePXHHA HOMIOC TEPEeXOTAT B
BEPXNUHH © HUWKHUAE — B HIKHAIL

3. Brumenenne rpymn .. (S"). Briumcinm, memoan3ys Teope-
Mol 1 m 2, rpynost .y, (S"). Cornacmo Teopemam 1 m 2 Kamjsrii
IEMEIT 0 € Tl,q4(S™) mIpefcraBiaseTcA CBA3HBIM OCHALEHWEM OUO-
meproro Mmoroobpasma B K", 1. e. oxpymmoctsio S'c R
¢ IEeKOTOPBIM HOPMAJLHEIM PellepusIM JoJeM T".

A. Caygaii n>2. Ilpu n>2 see sromenna S'cR™ m3o-
TONOE], ¥ MBEL MOMKeM CYHTATh, UTO St R"*! haKTHIECKH TTeIRUT
B maockoctn [R? = (z', 2%) m sapaerca ypamemmem (z')*+(z%)*=1.
Ha oxpysmocrn S'cREcR"™™  nmeerca «rpmsmambEOe» ocHa-
menne Ty = (M, €3, €, ..., €ns1),T@ M — BEKTOp BHeNIHe# HOPMa-
mm g S* B ¥ m e, — Gasucuste oprer 8 K™, Ilapa (S, 15) sa-
faeT HYJIEBOH BNXEMEHT TPYUIBL Tnyq(S"). IIpomssoasroe ocmamenwno
TOH JHe OKPYKHOCTH HOJNYTaeTcA BpalleEMeM pemepa T, —> A (z)T,,
rie ze S u A(x) €80(n). Mut uveem oroGpaskenme = — 4 (z),

A: §'— 80(n),

upepcrasnsiomee anemenT [A]€n,(SO(n)). Ipm n>2 mmeem
7,(SO(n))= 7, Orciofga ciegyer, 9ro Ha OKpyKHOCTH S' mMeercH
BCEro MBa TOMOTONMYECKHX Kinacca ocHameHmi. Ilostomy rpymnma
.y, (S™) mpu n> 2 copmep:xaT He Golee ABYX 3IEMEHTOB. -

Bagauza. [okamure, wro mapa (S, T7) ¢ meTpEBEANBmBIM
OCHameHMeM Ty HEIKBHBALENTHA TPHBHANBHO OCHAIIEHHON OKPYIX-
HOCTH.

W3 yreepyiendas s1o#t 3ajaum M DPHBEICHHBIX BBIII@ PACCYIKIe-
HHA clexyeT BHIBOM: Mayy(S™)=7,. ‘

B. Cayuait n=2, 3necs cmoco6 Baomennma S'cR® mor 6m
6hITh a priori CymeCTBeHHBIM, TAK KaK MMEIOTCA y3isl. Pacemorpums
Jump saomemae  S'CR*CR®,  gak ¥ Beime, ¢ TPHBHAJBLBIM
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OCHAMEHAEM T B JeHCTBATENbHOCTH W 3HeCh OKa3BIBAETCH, TTO
BCAKAg OCHAIEHHAA OKPYIKHOCTH DYKBUBAJIENTHA He3ay3JemHo#l ocHa-
UieHHOH oKpy:kHOCTH. MBI He OyjeM 2TOro JOKAa3HIBATE M HPOCTO
OTPAHHYEMCH PacCMOTpenmeM cTanfapTHoro Bioskenma  SCTRF TR,
TpuBuansuoe OCHallleHHe, ONpejeNsAeMoe B TOYHOCTH TaK, Kak BhIIIe,
sajaer HyJeBOH smemenT rpynnsl mis(S?). Jlpyrue ocnamerusa Tl 3a-

2
naoTea spamenueM A penepa T, B Kaykqoll Touke z e S':

A: §'—> SO(2)=S.

Tar rak m,(SO(2))=7Z, nveem GecKomeaHOoe UHCIO KIACCOB OCHA-
o 2.

mennit [A] &7, saAyMepoBamHBIX NeABIMH YHCIAMH Tim). Todmo

TaK jKe, KaK BHIIIe, OKA3BIBAETCA, YTO BCE OCHAUIEHHE® MHOToobGpa-

sus (Sl, T(m)) HE HKBHBAIEHTHEL apyr apyry. Cunomenme B 115 (S%)
CKIQ/IbIBAET 9TH UHCHA:

(Slz T(2m)) + (Sl, T2‘211)) 9KB. (Sl, Tfm+q))'

Taxum ob6pasom, rpymma m;(S?) 6Geckomeuna (B raase 6 6ymer
JIcKasaHo mmade, uto i, (S*) = 7).

Hueapuanrt Xonga H(f) pns raagroro ortobpawenns f: S° — S?
ompefieNfAeTCA TaK: eclu Yo, Y € S° — npaBuiabnbie TOUKM u M, =
=~ (y.), Mi=f"(y\), r0o H(f) ={M,, M} — nenoe wucio (xoah-
¢unuent saneniacHmsA mpoobpasoB, oupepenennsii B § 15). Ilpo-
sepsre, uro H (81, i) = m. .

Samaun. 1. oxramure, aro JH(f) — romotonnueckuii umpa-
puanr; maipure H (f) mna paccmoenmn [: S®— S% poraskute, utO
H(|a, a]) uerno.

2. Beenwute amadormunblii nmusapnant Xomnda AnA 3TeMEHTOR H3
-1 (S*") W mocTpoiiTe DAEMEHTH, JAA KOTOPHIX OH HeTpABHAJIEH.

3. Ilycts ® — raxasn 2-gopma o6bema na cdepe S?%, uato S o =1,

83
7 oyers f: S°— S — rnaakoe oroGpakenne. Popua [*(w) na ce-
pe S* saBngerca Toumod, T. e. cymecrsyer i-gopMa ®,, I8 KoTO-

poii f*¥(w)=dow, (mposepnre!). Iloxasarp, 1To umCIO j 7* () Aoy
SS
fpnfgeTcAd NEIsIM U coBHajiaer ¢ muBapuaurom Xonda H(f).

4, T'pymnbr ;... (S"). Har Oyner nokasaso B raase 6, m;(S?)=
=1, (S*) = Z, TIpyuny n;(S°) mayuars me Gymem (B JeiicTBATENB-
HoCcTH oHa Takme wmaoMopdpuna Z,). VkarmkeM MeTON BHYHCICHHASM
TPYOOBl Nay2(S") B «cTabunbnonm» caygae n>3. dunement oS
€ 1,42 (S") Moker OHITH IpefCTaBieH CBA3NOU OoCHALIEHHON MoBepx-
socreio (M, v°) =R 2, rne n+ 2= 6. ooromy maomenne M — R™*+?
pesayaneno. Kak H3BeCTHO, ophHenTHpyemada moBepxmocth M — aro
cpepa ¢ g pyuxam: (cM. [9]). IMockombky Bce paBmo, Kakoe BiO-
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menme Gpars, Mer camraem, wro M =R*<= R™ 2. Umeerca rpumsm-
aJpHOe OCHAIMEHHe To = (Mg, €4y « .., €nts), TiE my — HOpMaJIh K
M &R3, n e;— Gasucunle optol 8 R"T2, kooppumatmeix oceir. Ilapa
(M, <) onpenienser nynesoii aaement B rpymmax a2 (S?) mo mes-
me 1, Tak Kax mosie (4, ..., €nys) = To  IPOTOICKAETCH 1A 00IACTH
V B R3, orpanmvennyw nosepxuocteio M — R3.

Pacemorpam rpynoy mi; (M), Ilycrs smement o=, (M) peann-
30BAH [JRJKO BIOKENHON MANpPABICHHON OKpYsKkHOCTBIO (Oe3 caMo-
nepecedennit) S' =M u n,— sopmansnoe noxe k¥ S' B M Taxoe,
4TO0 BEKTOP CKOPOCTH T BMecTe € 7; JaCT OPHEHTHPYIOU[ui pemep
(Tv ni) B M'

IIyern 3ajamo HeTpHBEWaNbIIOE ocHamentue t* mosepxmoctm M <
cR*cR". B 6asumce Ty 9TO ocuHalneHHe HMEET BUJ

T = A (2) 1y,

A: M — SO(n).

HOas mioxennoii oxpymmoctn S'< M, mpenctanisiomel asileMenT
a<mn (M), onpenenum Pynrguio D (x)= Z,, nassiBaemyio Gyrk-
yueii Apgda: orpammamm ocmamenue t* ma S'<M wm pacemoTpum
ocmamernoe Mmoroo6pasme (S!, v"7') <= R"*%, e 1"t'=(n,, "),
noxe n, onpeneaeno puiuie. OcHammenmoe MHOrooGpasme (S*!, ")
npeacrasaser snemMedr ®(a) B rpynne ... (S**')=7Z, Onpenesne-
na ¢ymkupa PO (a)eZ, ana snementos o < m, (M), peamusosan-
HBIX BJIOKEHEBIMH OKpY:KHOCTAMH S'c M.

3amaun 1. Paccmorpmm a u f. IlyeTes mponmssefenme af =
€ m; (M*) peamusosamo orpys;kuoctbio S'< M?, Torga mMeer Mmects
dopmyna

DO(ap)=D(a)+ DP(P)+a-p (mod?2),

e o°p — Hnjexc TNepecedenis OKPYIKIOCTEH, IPeacTaBIMIOLHX
an f.

2. lyets oty ...y Oy By ..., Bg— cHCTEMA OKpyiKHOCTEIT Ha M;
(chepa ¢ g pyuxamm), npemcraBiasiomux o0pasylonine Tpymmbl
nt, (M?2), esasannpie coormomennem o far B, .. Bty Byt = 1.

aMeTKM, UTO MHJEKCHI IlepeceueHHs MMEIOT BUJ o ° P; = O, oo o, =

g
=0, Bi°p;=0. Jloxamnte, uro cymma @ (M, 1) = 3 O (z,) D (B;)
i=1

He saBHCAT OT BHIOOpPA OKpy;KHOCTeHl ay, B: Ha moBepxmoct:m M.

2
Jokascare, aro pasencrso @ (M2, v) =0 sapasercs meo6xoaMb
U OCTAaTOYNBIM YCJOBHEM CYIIECTBOBAHUA OKPYIRUOCTeR iy, ..., Qg
Biy ..o Ba MaxA KOTOPHIX D ()= D(t;)=... =D ()= 0.
38 B. A, NyOpoBus M Rp.
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Ecim @(o)=0, To mepecrpoiiroi Mopca Mo:kun0 m3MeHuTH IO-
sepxHocTh M = M, yMeHbmIEB Ha eJMHANY 9HCIO pyder (T. e.
HAHTH 5KBHBAJEHTHYI0 OCHALNEHHYI0O IOBEPXHOCTh MEHLIIEr0 POAa).
IlepecTpoilka mpomsBogmTCA BAOAB OKpYREocTH o & M; ycaosue
@ (a)=0 nHeobxomumMo H ROCTATOYNO AJA CYNIECTBOBAHMA HA Hepe-
crpoennoit mosepxmocrm M, poja g —1 ocmamenua T,, ®KBHBa-
JenTHOTO mexofHOMY. JlelicTBMTENbHO, paccMOTPHM OTOGpaskenno
«roacroity orpy:kmocTm @: S'X(—e, e)=> M, rae ¢(AD*X0)=ac
< M, u obpassl orpesxkoB z X (—e€, €) HABIAIOTCA TIe0e3NYeCKUMNA
mopManamMa K o B M gpumem 2e,

PaccmoTpuM TpexmepHoe riagxoe MmorooGpasme ¢ Kpaem

W = (MXI) U (D*X(—e, ¢)),

rie cKJelika ByX KyCKOB NPOH3BOJHTCA 0 OTOOPAKEHAID 2
¢: 0D* X(—e, &)~ M X 1.

Ouaesugno, OW = (M X0){yM,, m pox mosepxmocta M, pasen
g— 1

Pacnonomam W= R I(0,1) rtar, wrobsr W oproronainmo
nonxoamio k kpaaM R"TIx0 m R4, upawem_W (R"*x0) =
=M ua WN(R"?x1) = M,.

3agaua 3. Ocnamemnme t" K M B R"*? mosmno TIPOTOMHCATE

n+2
na maenky W< R"*x1(0,1) B Tom um TOmBKO B TOM CIyd9ae, ecad
D(a)=0.

daMeTnM, Hakomem, 4To A cdeps 82 = R"? mo6oe ocmampe-
Nlie faer MyJeBOil BJeMeHT B Ipymue f...(S"), Tak Kak n,(S0(n))=
=0, nm noroMy -moboe ocHAIeHHE T" TOMOTOIHO TPHBHAILIOMY
OCHANU[EHTIO To.

Ecsiu pon mopepxHocTH g = 2, T0 QUK &, Aasa KoToporo @ (a)=0,
ofssatenbHo Haliflerca (dTO ciemyer H3 yTBep:RAeHHS 3agaum 1).
IlosToMy B pesyanbrare IepecTpoexk Mu mnpufem 1m0 K cdepo
(82, 1}), naomeii mynesoii smement, anbo K Topy I REcR™T?
¢ HeTPHBHANLHBIM ocHalfenmem 1" (mas OGasHCHHIX BJIOMEHTOB
o, fe n (T =7 + Z 6ynem umers O(a)=D(P)=1, a°pf=1).
Oxa3wiBaercsa, 9T0 TOP € TAKAM OCHAINeHHEM JelCTBHTENBHO Cymie-
CTByeT, HO- KOUCTPYKIOHH MBI HE IPABOJNM.

Taxum 006pasoM, Tnys (S") = Z,. Naneko miyliee pasBATHe Teo-
puu Tpex- U UYeTsIPeXMEPHBIX MHOroo0pasmii J[aeT BO3MOKHOCTD
BBITHCANTD OTHM METOJACM TIPYUIBl fTnys(S™).

VrkakeMm ellle HeK0TOpHe (DaKTH, MONYIEHHBI® CIOMKHBIMA aure-
pamuecKuMH MeTOJaMH.

a) Bce rpynnst i (S") — abesneBst rpynmnst ¢ KOHEWNBIM WHC-
oM o0pasylolx; Bce TPYINBL a.s(S"), Kpome cayduaes k=0 u
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n=2l, k=2l —1, womeuns; rpymna mn,-(S”) usomopdma cymve

rpynosl Z . W KOWEedHo#l TpYILILL

0) «Crabmapmvier rpymnst Iy = 70, (S"), n >k +1, npr k<15
mepenumcansl B Tabuume.

OGN O

10
11
12
13
14
15

7,87,
2,921,917,
Z,

504
0

Zy
2,97,
24592,




