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JVMHENHAA AJITEBPA
11 BERTOPHBIE IPOCTPAHCTBA

B mpwaoskenusax teopmn rpynn K MCCAEJOBAHUIIO CHAMMET-
pUE WHTEpeC UpeAcTaBisger He CTPYKTypa cammx mo cebe
TPpynI, a UpeBpameHAA U H3MEHEeHHd, KOTOpPHe HHIYIIH-
pyorcss B TeX WM HHHX «00BEKTAX» dJIeMeHTaMH T'pyIil.
OGpexramn B obmeM caydae 6yayr auG0 KOOPEHHATH COCTAB-
Hnpx gacteit Hexotopoin dusmuecKo@l cHeTeMBI, nmbo, Kak
B KBaHTOBOH MexaHmKe, HeKme (YHKIUE JTHX KOOPAWHAT.
B rtoM m ppyrom caydae Hammn OGBEKTH MOYKHO pacCMaTpH-
BATh KAK BEKTOPH B HEKOTOPDOM IPOCTPAHCTBe. 3ajadeit
JaHHOM TIJaBH ®M ABJAETCH 00Iiee, a HOTOMY JOBOJILHO ab-
CTPAKTHOE H3JIOJKeHWe CBOHCTB BEKTOPOB W HX 1mpeolpaso-
paumi. Co MHOrmMm u3 pasbmpaeMbiX 37ech HOJOKEHHH H-
Tareabh HaBEePHAKA YiKe CTAIKMBAJICA, KOTAa pedb 3aXxofmia
0 BEKTOpax B OOBYHOM TPEeXMEPHOM LPOCTPAaHCTBE, W emle,
OBITH MOJKET, B HAaUaJbhHOM Kypce NHHEWHON aireGpel m Teo-
pum Martpmn. IlosroMy jaasa MHOTMX JagHas TaaBa OyHer
HOCHTE XApPaKTep MNOBTOpeHms, HO HE CJefyeT OTHOCHTHCH
K Heil cammroM OecliegHo, mGo Ha ee OCHOBE, HMleAX W TePMH-
HOJIOTHH IEIMKOM IOCTpOeHa clenylomas TIJaaBa, B KOTOpoOi
MH PACCMOTPEM BCE BayRHEMIIME MOMEHTH T€0pPHE . TPy,
B namsoii rnaBe Teopma rpymn He mcnoiabsyercs. Vayuenme
mpeobpasoBaHnil, MHTYMAPYEMEX B BEKTOPHOM IIPOCTPAHCTBE
sJeMeHTaMHi TPYOIN,— 3afada Ia. 4.

§ 1. JUHENMIIBIE BEKTOPHBIE MPOCTPAHCTBA

Bextop — 210 BecbMa ofbmee monATnme. ME Moskem mpeq-
CTaBETL cefe IPOCTO BEKTOP B TPEXMEPHOM IpPOCTPAHCTBE,
3aMajomu IOJOKEHUE ONHOW YACTHIH OTHOCHTEJBHO Ha-
gana kooppmuar. ms N wactmnm morpebyercs 3N Koopim-
HAT, W HX MOKHO PACCMATPHBATE" KaK); KOODIHHATH HEKO-
TOPOTO BEKTOpa B 3N-wepnom mnpocTpanctee. B arom 3N-
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MEPHOM BEKTOPHOM  IPOCTPAHCTRE j YCIIIHO DelalnTcad 3a-
Jaud RJIACCHYEcKO#d MeXammkd. B kBaHTOBOH jKe MeXxaHHKe
06aacTh HANIAX HHTEPECOB PACIIAPSeTcS 40 HEKOTOPOH COBO-
KYOHOCTH QYHEDEA koopamuar (BomHOBHX ¢ymkmmit). Ho
MOHATHE BERTOPHOTO HPOCTPAHCTBA MOYKHO PACHPOCTPAHHATH
H Ha TAKyI0 COBOKYHHOCTH QYHKIHil, XOTsi 9T0 03HAIAET, YTO
PasMepHOCTh IPOCTPAHCTBA CTAHOBHTCA paBHOH OeckKoHed-
HOCTH (Ha LpaKTEKE 9aCTO PACCMATPUBAT JHIIEL IOXTPOCT-
PAHCTBA TAKOr0 GECKOHEYHOMEDHOTO NPOCTPAHCTBA (YUIKIAL,
06J1ajal0Ine KOHOYHHIM THACJIOM W3MEPEHHIL).

Ilpocroit mpumep mpocrpaHcTsa QYEKUHME faeT HaM DAX
@ypoe. Pasiomenne npomns3soasHOR GyHEnEE B pAx Dypee

o
@)= 2> ¢, sinnx
n=1

MOJKHO pPaccMaTpHBaTh Kak pasiokeHUe «BeKtopay f(x) mo
GeckoHeTHOMY Ha0OPY ¢OPTOTOHAJBHEIXY (GAa3HCHHX BEKTOPOB
sin nz. HKosdpduomenTt ¢, MOKHO CIATATHP KOMIOHOHTAME
BeKTopa f(x), a npa moAXogAIeM BHOOPe CKAJIAPHOTO MPOHM3-
BeJleHHA TEPMHUHY «OPTOTOHAJIBHOCTEY YHAaeTCsd LpPHAATh Ma-
TeMATHIeCKYI0 CTPOTOCTE. Takoe pacupocTpaHeHWe IPOCTOTO
IOHATAA BEKTOPA BHAYAJe HA KOHETHOe TMCJI0 H3MepeHmi,
Goapinee TpeX, a 3aTeM Ha 0eCKOHEIHOE THUCIIO0 H3SMEpPeHHiA —
RJaccudecKuii upumep aGCTpaKnnn B MareMarmke. OKassl-
BAETCHA, MOKHO TOBOPHTH O CBOMCTBAX HEK0ero aGCTPAKTHOTO
BEKTOPHOI'0 IPOCTPAHCTBA, OTBIEKAACH OT €T0 PA3MEPHOCTA —
O6yap t0o 3, 3N mam Geckomednocth. JlaguM jKe mOcae 3THX
BBOJAHBIX 3aMedaHu# (HOPMATbHOE OIPEejeJeHHe JMHEHAHOTO
"BOKTOPHOr0 HPOCTPAHCTRA.

HaGop ry, ry, . . . 06paayer «IHHEHHOE BEKTOPHOE IPOCT-
pascTEO L», eciim cyMMa JIQ0BIX JBYX €r0 BJIEMEHTOB TOMKE
ABIAETCA JIEMEHTOM Ha00pa M eCHN PesyabTat yMIOZKEHH
BIIEMEHTA Ha KOMIJEKCLOe YMCJIO ¢ TAKMKe BXONAT B JaHHKI
Habop. Ecam orpaEmumsaiorTcs [efCTBHTENHLHBEIMEA ¢, TO H
OPOCTPAHCTBO HA3HBAKT JieWCcTBUTEALHEM. IloHATHO, 9TO
a060e TaKkoe IPOCTPAHCTBO COAGPIKHT OECKOIETIHOE MHO-
JKECTBO 9JIEMEHTOB; 9TH BJIEMEHTH ¥ HA3BIBAIOTCH BEKTOPAMIL.

Ha6op BekTOopoOB 1|, Iy, . . ., I, HASHBAWT JHHEHNO Hesa-
BHCHMBIM, €CJIH HTH BEKTOPHl 116 CBABAHHI MEAY coGod co-
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OTHOIICHeM
o .
2 ckrk = 0 (3. 1)
k=1

¢ OTAUYHHMEA OT BEYAA KosddummeHTAMEA Cf'

PasmeprocTe mpocTpamcrBa L ompefensercs Kak Ham-
GoablIee 9WCNO BEKTOPOB B mpocTpaHcTBe L, ofpasyomumx
JHHeHHO HesapucumMbii HaGop. Mur Oymem oGoszmadath pas-
MEpPHOCTH CHMBOJOM § (OfvYepKHEM, YTO PasMepHOCTh — 3TO
He 4HCJIO BeKTOPOB B mpocrpacTBe L). Ecim pado meroto-
poe s-MepHOe BeKTOpPHOe mpocTpaHcTBO L, To aioboii Habop
U3 S JHMHEHHO HE3aBHCEMEIX BEKTOPOB o6pasyer ero Gasmc.
OGosHaumM opuH #3 TakEX HaGOpOB CHMBOJIOM €;, THe i=
=1, 2, . . ., s. Basuc xopom TeM, 910 KIA MOGOTO BEKTOpA I
MOKHO HANHMCATH

r= ) re;. (3.2)
i=1

B camoMm fresie, ecid CymecTBYeT BEKTOP I, M KOTOPOTO
pasesctso (3.2) He BnmonHsercs, To Habop m3 (s+1) Bexro-
pos r, e; Oyner amBeiino HezaBEcEMEIM. Ho aro meB03MOKHO
uGo Torga pasMepHOCTh mpocTpascTsa L momkea OHITE paBHA
s+1, 9TO UPOTHBOpPEUAT ONpENeNeHHIO, IO Koropomy L
EMeeT pPasMepHOCTE § (BOT mpHMep HOKA3aTeIBCTBA «OT IIPO-
THBHOIO» — TAaKHEM cHocoGoM JOKasaTenbcTBa MBL OyHeM
OOJIbBOBATHCA 9aCTo).

B ¢usmgeckoM upocrpancTBe TPEX H3MEpEHU B KadecTBe
Gasrca 06H9HO BHIGHDAIT TPH B3AWMHO HOPHEHAAKYJIAPHBEIX
Bektopa. Takoil BHGOpP B3aEMHO NepPHeHAUKYIADPHHX (HIH
OPTOTOHAJBHLX) BeKTOPOB, €CTECTBERHO, MHOTOe YIDOIIaeT
B TPeX H3MePeHEAX, a HOTOMY CIeLyeT MONBITATHCA PAcIpPoCT-
PaHETE HOHATHE OPTOTOHAILHEOCTH Ha a0CTpaKTHOE BEKTODHOE
mpoctpascTBo. U ato serko chenars, mcmoandysa obmee mo-
HATHE (CHAJAPHOTO HpOoU3BeAéHAA» (HA3HBAEMOT0 HHOTAA
«BHYTpEHHEM mpouasefeHmeM»). OUpefeaarTs CKaaApHOe Ipo-
u3BefIeHNe MO)KHO HO-pasHOMY, HO OHO 00A3aTeNbHO AOJKHO
06IafaTh CHEeYIOMAME CBONCTBAMHE!

1. CraxgpHoe Opom3BefeHHE €CTh KOMINICKCHOE YHCIO,
mocTaBleHHOe B COOTBETCTBHE KAMKAOH ymopsamodeHHOH mape
BEKTOPOB Iy, Iy [0HO oGosmauaercs uepes (ry, ry)l;

2. (ry, 1) =(r,, 1,)*, (3.3a)
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Irae 3HaK * COOTBETCTBYET KOMIJIEKCHOMY CONPAH{EHHIO,

3. (rlv 61'2)=C(1'1,l‘2); (336)
4. (v, 41y, Ty)=(ry, T5)+(rz, T3); A (3.3m)

5. (r, r)>>0 B paBeHCTBO BHIIOJHJETCA TONHKC AJIA Hy-
aesoro sextopa r=0.

Iloso:xATepHOe 3HAYEHHME KBAJPATHOTO KopHsa (r, r)'/s
Ha3HBAKT HOPMOH (Wiau muEHON, MomyieMm) Bekropa r. Ecam
JIS BEKTOPA r BHUIOAHAETCA pasencTso (r, r)/:=1, 10 Bek-
TOP HA3HWBAT (HOpPMMpOBAaHHBIMY. JlBa BeKTopa r; W Iy
B3AUMHO OPTOTOHANLHH, €CJH UX CKAJAAPHOE HPOHM3BefleHne
paBEO Hyxio, T.e. (r;, r;)=0. HaGop HOpMmpOBaEHHX H
B3aUMHO OPTOTOHAALHHX BEKTOPOB HA3HEBAT OPTOHOPMH-
poBaHHLIM. B BEKTOPHOM TpPOCTpPAHCTBE BCETAA MOMKHO BHIO-
paTh OPTOHOPMUWpOBaHHEA Hafop B Kauectse 0asnca; No-
BTOMY Haliee MBI Bcerja OyfeM CUHTaTh, 4To 6asuc e; BOpan
HMEeHHO TakuM oOpasom, T. e.

(ei’ ej)zaijv (34)

rae §;; — Tak Haawpaemsiii camBoa Hpouekepa; mo ompejte-
JICHUIO,
[ 0 mpu 4§,
T\ mpm =],

MosxeT HOKa3aThCA HEOUEBHIHBIM, YTO MLl BCEr/la BOJBHE!
BHOpATE OPTOHOPMUPOBAHHLIA (a3mc, HO DT0 JErKO JIOKa-
3arh. Ilycts Mul BMeeM Gasmc e;, KOTOPSIA He ABJIACTCA QPTO-
HOPMHpPOBAEHLIM. TOrIa, UCXOMA U3 €;, Mbl MOKeM MOCTPOUTE
fasmc e; B3aUMHO OPTOrOHAJIBHBIX BEKTOPOB IO CJIEMYIONIOMY
anropuIMy.

1. Paspenus BeKTOp €, Ha ero HopMmy, HOJIYYnNM HOPMII-
POBAHEBIA BEKTOD €;=e,/(e;, e;)'z.

2. Ilocrpous e,—(e;, e,)e; U HOPMUPOBAB €ro, I0JYYHM
e;. flcHo, uTo Torma (ey, ej)~(e;, es)—(e;, €,)(e;, e;)=0.

3. Ioctpons es;— (e;, es)e;—(e,, €;)e, M HOPMHUPOBAB,
moayaum e;. Cpasy sxe nmeem (e;, e;)=(e,;, ¢;3)=0.

Ilponomsas Takoi npomecc, MOAYIUM OPTOIOPMAPOBATI-
HEIA Habop e;, rie i=1, 2, . . ., s. Hosmit mabop e; — nuHe-
HO HE3aBUCHMHI, HOCKOJABKY €ro COCTARIAINAEC B3aAMHQ



4 T'rasa 3

OPTOTrOHAJIDbLHEL. TaR, OpPeanoOKUM, YTO BHIOOJTHAETCA CO-
OTHOINEeHUEe

o= (3.5)

Torpma, BHYHCIUB CKAJAPHOS NPOU3BEJIGHAS HEOKOTOPOTO BEK-
TOpa €; ¢ JIeBoil m mpaBoil uacTAMU paBeHCTBA (3.9), HONXYIAM
¢;=0. Taxkmm oGpasom, HerpusmadbHEE cBA3m TrOa (3.9)
He CYImecTByoT m paGop sBasgercd JmHeHno He3aBHCHMEIM.
Jlast 3aBepIenust OKa3aTeNbLCTBA 3AMETHM, YTO HW OJIMH W3
BCKTOPOB €; He MOJKeT TOMJAGCTBEHHO DABHATHCA HyMo, 160
5TO 03HAUAJO OB JEHEHHYIO 3aBHCUMOCTH HCXOAHOTO Habopa

BERTODOB €;, a 110 HaNeMy NPeJI0JO0KeHNI0 OHH 06pasyoT
0a3uc W, CHeoBaTeAbHO, JUHEHHO HE3aBHCHMHL. PaccMOoT-
PEHHETH MeTO][ IOCTPOeHMs OPTOHOPMHUPOBRHHOIO HaGopa
BeKTOPOB HaswBaerca oproromanmsanmeir mo IIlmmpary.

Rosdpummenthr r; B popmyne (3.2) pasa opronopMEpoBaH-
HOTO 0asmea WHOTA HA3HBAKT {-MI (KOMIOHOHTAMA) WA KO-
opaEEaTaM# BeKTopa r. OHA HPOCTO CBASAHEL CO CKATAPHEIM
UPOWBBENEHHUEM, & UMEHHO

—(e;, 7). (3.6)

Jdro cuaexyer u3 pasercTsa (3.2), ecam BHUHCIHHTH CKAJIAPHOE
NPOU3BeIeHNe JIeBOH H HNpaBol 4acTed ¢ HEKOTOPHM (PHRCH-
POBAHHEIM BEKTODOM €; W yuecTh coorHomexme (3.4). Cka-
JAApHOE TPOHBBE/IGRME JBYX NPOUBBOJBHKEX BEKTOPOB, BEHI-
paKeHHOE B HMX KOMIIOHEHTaX, PABHO

s

(ry, 1) = 23 § 10 Ty (e, €)= Z rilags (3.7

JlaA 3agaHEHOTO BEKTOPHOTO WpocTpaHcTBa L ¢ HEKOTOPHM
OPTOEODMEPOBAHHLIM GaszucoMm e;, roe i=1, 2, . . ., §, MOKHO
HOCTPOUTH (IOAIpPOCTPancTBO» Ly, BHIOPAB B KadecTBe HO-
Boro Gasmca MeHpImmit Habop e;, rue, ckameM, i=1, 2, .. .,
$;<<s. Ocrasmmeca Gaspmcunie BEKTODPH ITOPMKAAT Apyroe
HOAIPOCTPAHCTBO L,, Ha3bIBaeMOe «OPTOTOHAJHHBIM MOHOJ-
HeHEeM» mognpocTpanctsa L. Mul gacTo 6yaeM molb30BaTHCA
danucpio L=UL;-+L,. 910 0o3mHadaer He TO, 9TO BCE BEKTOPH
mpocrpancersa L mpmHajiekar anbo Ly, auGo L,, a To, 4T0
mo6oit BexkTOp m3 [ MOMKHO MPEJCTABHTD B BUJE CYMME BeK-
Topa u3 L; ¥ OPTOTOHANHHOIO eMY BeRTOpa m3 L,.





