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§ 4. TPAHCJISUHK W TPYIHIA NIYAHKAPE P

B § 2 u 3 Mbl umesn jesno ¢ OAHOPOAHBIMH Npeo6paso-
BaHUAMH JIOpeHNa, OCTaB/AAIOMIMMH HAa MeCTe Hadasjdo Koop-
quHar. Temepb MBI paccMOTpuUM oOOBefAHHEHHe NPOCTPAHCT-
BEHHO-BpPeMEHHBIX Tpadeasauvit ¢ rpymnoll Jlopenna —rpyniy
Ilyankape %, ugd, Kak ee HHOTJAA 11a3bIBAIOT, HEOQHOPOJHYIO
rpynny Jlopenua. Ilpexae ueM mepexomutb x rpymne Ilyau-
Kape, Mbl KpaTKO OCT3aHOBHUMCH Ha OJHHX TpPaHCAANUAX.
BxJ/1rouennio HeCOGCTBEHHLIX NMPOCTPAHCTBEHHBIX HHBEPCHH H
OTPaXKEHHsl BpPEMeHH, TaK XK€ KaK ¥ BBIACHEHMIO (H3HUECKOTO
cMbIcjia PasfiHYHLIX npejacTaBjesufl rpynnet [lyanxkape, 6yayT
MOCBSIIEHBl CJAEAYIOULNE DPa3essl.

A. Tpancasuuu B npoctTpaHcTBe-BpeMeHH

TpaHcasuuu B TNpOCTpaHCTBe-BpeMEHH Mbl ONpejenasem
NPOCTO TmyTeM oOGoOuleHHs TPEeXMepHBIX TpaHcasuuil (§ 1,
n. A) Ha uyeTBeproe u3Mepenue. Omeparop TpaHcIsAUNH 3a-
MUCBIBAETCS B BUJE P(e), rae §=(3x» &, &, &) —ueTbipex-
MepHbI BEKTOp, onpeaessieMbil paBeHCTBOM

P(e)e=e-e. (15.47)

3aMeTuM, uTO CABHr BO BpeMeHH [06aB/serT BeJHUHMHY &
K ¢f, a 3TO COOTBETCTBYET M3MEHEHHIO ! Ha BeJHUHHY &,/C.
Kak o6bruno, HHQ)HHHTesyMaanme oneparoput P, P, P, P,
onpeaeasiorcss Gopmynof

P(85=1+8xPx+8yPy+8sz‘—atPt=I——a/\' PA (15'48)

IpUH Manblx €. Briop 3Haka MHHYC B ONpejeseHHH Olepa-
Topa P, oO3Hagaer, uTo OH COOTBETCTBYET OTPHLATENbHBIM
CABHTaM BO BDeMeHH, TOTJAa KaK [POCTPAHCTBEHHEIE KOMIIO-
HEHTbI COOTBETCTBYIOT, KaK u B § 1, mojoxurtebHBM INPO-
CTPAHCTBEHHBIM TPaHCJAALUSIM. TaKoe SBHO HECUMMETDHYHOE
ompe/iejieHHe TMPUHATO AJsL TOro, 4Tobel oneparopw Py, P,
P, u P, OGbIM KOMIOHEHTAMH YETHIDEXMEPHOTO BEKTOpa P.
Toraa npu nepexoge oT ogHo#l CUCTeMHl OTcuera K Jpyrofi
OHU TPeobpasyloTCsl KaK KOMIIOHEHTBI J000ro Apyroro yeTsl-
pexMepHOro BeKTopa (3agaua 15.6) m MBl MOXKeM HCIIOJb30-
Bath B ¢opmyse (15.48) cransapHoe npoussenenue. (Eciu
Obl Mbi HE BBEJH 3TOTO 3HAKAa MHUHYC, TO HaM INPHULIOCH Obi
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pasiuyarh KOBAPHAHTHbIE M KOHTPABAPHAHTHHIE BEKTOPHI;
cM. 3aMeuanue B § 2, n. A.) UerbipexmepHas rpynna TpaH-
caslMH sABAsercsa abenepofl Tpynmoi, o0pasoBaHHOH, KaK H
B cJAy4yae TpeX H3MEPEHUH, NpAMbIM INPOH3BEJEHWEM OJHO-
MEpHHIX Tpynn TpaHcasuuii. Orcioga chaegyer, 4To ee He-
NPUBOJAHMLIE NPEACTaBJEHHS OJHOMEPHH H 3ajaloTcsi ue-
THIpbMA 4HCAaMH R, k., k, u k. Onpenesns ueTbipexvep-
Hblll BeKTOp k=(R,, R, K, k;), ™Mbl moxem 0GOBHAYUTH
HeIIpUBOJAUMOe IPEJCTABJEHHe UeThbipeXMepHOH TPy NIl TPaH-
cAUUN yepes T, Ecau yepe3 | k> oGo3HaueH GasuCHBIA
BEKTOp NPOCTPAaHCTBA 3TOrO TpPeACTaBJEHHs, TO OHO 33aeTCs
tdopmynoi

g)| k> =exp (ik-g) | k>. (15.49)

B ciyuae TpexmepHBIX TpaHCASUUM 5Ta GOpMyJia COTNACYercs
c pesysabratamu § 1, n. A u sABAsieTcs oOnpefieieHHEM BeK-

Topa k.
CpaBHUB JiBa NOCHEJHHK PABEHCTBA, MBI BUAMM, 4TO B Ipeji-

cTaBaennn T MH(QUHUTE3UMAJIGHBIE ONEPAaTOPbl MPHUHUMAIOT
sHauenuss P==—ik. Eciu MBI paccMOTpuM aefictBue HHGH-
HUTE3HUMAbHLIX ONepatopoB Ha (QYHKIMIO ) (€), 3aBUCANLYIO
OT KOODJMHAT BEKTOpa €, TO NpPH MaJbiX & MOMKHO HamucaTh

(ca. 7, § 3, n. J)
TE)Y(©=yf—e)=v@) <quae + ta(c,)>tp()

(15.59)
B cuay Qopmyasl (15.48) monyuaem
=2 p =9 p__6 p_ 10 4
Px=—"‘a—x', P?/:—a__/}’ Pz—_"az » Pt——'z“ Ot' (l5.51)

B kauectBe TumuuHoTO NpHMepa QyHKIHH, Npeobpasyiouieiica
no npCacrasaenuo TK)| MOKHO B3Th PYHKIHUIO

¥ (6) =exp (— ik-e) =exp (ik-r—ikect), (15.52)

rage k—rpexmepHasi uactb, a k;—BpeMeHHAss KOMIIOHEHTa
yeTelpeXMepHoTO BekTOopa k.

Ilpu uccnepoBanuu GU3UYECKOTO CMBICJIA NMPOCTPAHCTBEH-
HO-BDEMEHHEIX TPaHCJAANHA MBl MOXeM OrPAaHUYHTLCS JIMIlb
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BpEMEHHEIMY TDPAHCASALMAMY, IOCKOJBKY B § 1, m. A Mbl yxe
noKasajny, KakuM o6pa3oM HHBAPHAHTHOCTb OTHOCHTE/JIbHO
NPOCTPAaHCTBEHHBIX TPAHC/AALUUHA IPUBOJUT K COXPAHEHHIO HM-
nynbca. MHBApHAHTHOCTb MO OTHOLIEHHIO K CABHUIaM BO Bpe-
MEHH 03HauaeT, uTo HHMUHUTe3UMaJ/JbHBLIH omepaTop P, Takxke
COOTBETCTBYET COXpaHsIolIelica BejHuuHe, KOTOPYIO Mbl Ha-
3oBeM suepruedl. ONSITb-TAKH 3TOT ONEPaTOP AHTUZPMHUTOB H
HMeeT HeNpaBUJAbHYH pasMepHocTb. Hactoamui oneparop
sHepruu uMeer Buf H=ihcP,. UnBapHaHTHOCTb raMH/IbTOHHAHA
BO OTHOINEHHIO K BPEMEHHEIM TPAHC/AALUAM O3HAYaeT, 4TO OH
HE COMEPKHUT SBHOH 3aBHCUMOCTH OT BpeMeHH. Ecan Xe ra-
MMJIbTOHHAH HHBAPHAHTEH TaKKe U OTHOCHTENBLHO MpPOCTPaH-
CTBEHHBbIX TPAaHCJAALUH, TO MBI AOJKHBI 06Hapxx<m"b cober-
BEHHbIE COCTOSIHHSI, HHIUIHDYeMble BEKTOPOM K, KOTOpoMYy
COOTBETCTBYIOT umny.be Ak (§ 1, . A) u sueprus ific (— ik;) =
= fick;, oboanauaemas oGbaHO uepes E. JIasl cHCTeMB, 06-
Jajamouied JAuilb HHBAPUAHTHOCTBIO OTHOCHTEJABHO CABHIOB
BO BPEMeHH, Mbl COXpaHsieM TOJbKO HHAeKC k; uau E. Ha
caMoM Jiefie B OObIuHOM BbipaxeHuu (5.3) A BOJHOBOH
(PYHKLMU CTALHOHAPHOTO COCTOSIHMSA HAXOAUT OTPayKeHHe TO
06CTOATE/ILCTBO, YTO DPH BPEMEHHEIX TPAHCJAALMAX 3TO CO-
CTOsiHHE TpeoOpasyeTcs MO IIPejCTaBJECHUIO, XaPaKTePH3YIO-
memycs BequuuHoli k,= E/hc. OtMeruM, uTO ypaBHEHue
Hlpegunrepa (5.2) nosyuaercsi nyTeM NpUPABHUBAHHS SIBHOTO
BhIpasKenust iﬁa/at Ui olepaTopa 3HEpPruu, IOJYUYEHHOTO
H3 HHOHHHTE3MMAJbHOTO onepartopa Py, onepaTopy aHepruu H
HEKOTODOTO KOHKDPETHOro Buja—Hanpumep TV, onuchisa-
IOLIEro, COTJIACHO HAIUMM NPENoJIOKeHHsIM, NOBeieHne Hece-
AyeMoil CHCTeMbl. 3aMeTHM TakKe, YTO, HOCKOJBbKY OIepa-

Top P siBJIfleTCs yeTblpeXMepHBIM BEKTOPOM, ONEPATOPHl 3HED-
THH H HMIYJbca 00pasyloT 4eThlpeXMepHBbIH BeKTop (Py, P,
p,, H/c) ¢ cobcrBennbMu 3Hauennsmu fi (&, k,, k,, k). Or-
CYTCTBHE sIBHOH 3aBHCUMOCTH raMHJbTOHHAHA OT BpeMEHH U
B KJacCHYecKofi MeXaHHUKe NPHBOAUT K 3aKOHY COXpaHEHHs
sHepruu (ra1. 16, § 1, no. B).

B npunnune BenuynHa k; MOXKeT NPUHEMATb Kaxk IOJO-
JKATENbHbIE, TAK M OTPUIATeNbHbIE 3HaYeHus. MHTepnperamus
COCTOAHHH € OTpUUATeJbHOW 32HepTHedl HaralKuBaeTcs Ha
TPYAHOCTH; KakK, Hamnpumep, oObACHUTb, UTO COCTOSHUS C IIO-
JIOKHUTEJTbHOH 3HeprHefl He pacmajaloTcsl Ha COCTOSIHHUA C OT-
pullaTeJbHEIMH 3HeprusaMu? Panee mnpegnarancs nocrysar
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0 TOM, YTO BC€ COCTOIHHSl C OTPHUATENbHBIMH 3HEPTUAMU
3aMOJIHEHBI, HO OH HE 6bl YAOoBJIeTBOpHTeNeH. B HacTosulee
BpeMs MOCTYJHPYETCS, YTO SHEPTHH BceX (PU3MUECKUX YaACTHIL
MOJIOXKHUTEABHBI, H 3TO COIIACYETCH C JaHHBIMH 3KCIEPHMEHTa.
TeM ne Menee npejcTaBJeHHS, COOTBETCTBYIOUIHE OTPHILATENb-
HBIM 3HAueHUAM k;, HI'PAIOT HEKOTOPYIO POJb NPH MOCTPOEHUH
KBAaHTOBaHHBIX MNosefi. Mpl KpaTKo OCTaHOBHUMCS HA 3TOM BO-
npoce B ra. 16,

b. I'pynna Myankape ¥ ee npeacraBjieHMs

I'pynna Ilyankape P coctour u3 mpeobpasoBanufl Jlo-
penna L, TpaHcasiui P(g) n ux mpousBegenuit. XoTa TpaH-
caanuyu u npeobpasosanus Jlopenlla He KOMMYTHPYIOT, HX
32KOH YMHOMKeHHs HMeeT npoctyio ¢opmy. Urobel nmokasaTb
3T0, paccMOTpUM aBa mnpousBefenna: P(g)le=Le-te u
LP(g)e=L (e-}-&)=Le-Le. M3 3THX paBeHCTB cJefyer, uTo

LP (g)=P(Le) L. (15.53)

Taxkum ofOpasoM, obmee mnpeobpasobanune Ilyankape MoxHO
NpeJCTaBUTb B BHJE

e’ =P (g)Le=Le +¢, (15.54)

T. €. CHayaJa BbINOJHAETCs IpeobpasoBanue Jlopenua, a
3areM TpaHcaAuusa. I'pynma & BecbMa NGX0XKa HA €BKJHJOBY
rpynny (§ 1) ¢ Tofi Jvlup pasHHUEHN, YTO UYUCAO U3MepeHUH
pPaBHO UeTbIpEM, a POJib BpaLleHMH HIpaloT npeofpasoBaHUsd
Jloperna. Uucno napamMeTpoB Telepb PaBHO [ECATH: LIECTh
rapaMeTpoB oOINpeaeaslorT InpeofpasoBande L #H ueTbipe —
P (g). Jnsa npeoGpasoBanus, WHAYLHUPOBAHHOTO B MPOCTPaH-
CTBe IpejcTaBJieHus saeMeHToM rpynnel Ilyankape P (g) L, Mbl
npumeM ofosHauenne T (g, L). Kak o6bmumno, onepatopsi T (g, L)
HNOAYHHAIOTCA TEM Ke 3aKOHaM YMHOMEHHS, YTO H COOTBer-
CTBYIOUIME ONEpPaToOpbl TPYIIbL.

Tenepb, NOBTOPAS TY Ke N0OCAEAOBATEIbHOCTb IIATOB, UTO
1 B cjydae eBkaAMA0BOH rpynmel (§ 1, m. B), mbr nocrpoum
HeNnpHBOJMMblE pPEACTABJAEHHS Ipynnel P.

lllge 1. Brlibepem 6asucHble BeKTOpPH | k> Tak, utcOwl OHM
NpUHajIeXand HeNpHUBOAHMBIM NPEJCTaBJIEHHSAM NOATPYIIbLI
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TPaHCASALHUA H, CJefOBATebHO, YAOBJIETBOPSJIH PABEHCTBY
(15.49).
gz 2. Tlorkaxem, 4YTO INPOCTPAHCTBO HEMPHBOAMMOrO

npefcTaBleHHs], COAepiKalllee BerToD |k>. HoJMKHO TaKKe co-
Aep:KaThb Bce GasHCHble BEKTOPHI BH1a |k’>,tne k' =Lk npn
Bcex L. JIpyruMu cjioBaMH, BeKTop k*® umeer Ty XKe CJHHY», YTO

nk, ¥ pacmosoxeH B TOH e 06jyacTH IPOCTPAHCTBA-BPEMEHHU
(§ 2, n. A u B). JleficTBuTentno, paceMoTpEM CREAVIOWLYIO
LENOYKY DaBeHCTB, NOJYYEHHYIO ¢ yueToM (GOPMYJ (15.53),
(15.49) u (15.22):

TETLo=TLTL %) | kb=
=T (L) exp (k L7%8) | k>=
=exp (iLk-e) T(L)| k>. (15.55)

TaKHl\f 06pa30M, ecJu lk>—683HCHbIH BEKTOp, TO BEKTOP
T(L) k>, koropbifl Takke jo/KeH TpuUHALTIEXKaTh NPOCTPAH-
CTBY JA3HHOTO NPEACTaB/]eHHs, NpeobpasyeTcd N0 NpPeiCTaB-
JIEHUIO [OArPYNIbl  TPaHC/IAUMHA, 33aJaHHOMY BeJHYHHOH
k” =Lk, ueM u JOoKashiBaeTCs HamE yTBepKJEHHE
CregoBaTenbHo, HENPUBOIUMBIE IPEACTABJAEHUS TPYNH P
MOoXHo cHauasta Kaaccu(UUHpOBaTb B COOTBETCTBUU C 00.a-
CTBIO TIPOCTPAHCTBA-BPeMEHH, B KOTOPOH JeKUT BekTop K.
Kax wmbl Bugenu B § 2, n. B, Takux obnacrefl umeercs I1ecTb.
HenpuBoguMble InpejcTaBeHUs, COOTBETCTBYION[HE DAa3HEIM
06./1acTIM, UMeIOT COBepIUEHHO PasHYIO CTPYKTYPy, H OCTaB-
1IHecs ABalllara Mbl IPOJIeniaeM OTASAbHO AJ151 KK aoH 06/1acTH .

OGaacts 6, Kk =0

ITOT cayuall He NpeACTaBJ]seT 3aTPyJAHeHHH, Tak KaK npu
k=0 Bce GasucHble BEKTOPHl HNBAPUAHTHHI OTHOCHTEJBHO
TpaHcAsuui U rpynna $ apdeKTHBHO CBOAUTCS K rpynne &,
HenpusoguMble npeacTaBjIeHHs B 5TOM Cjydae eCTb NPOCTO
npeacrasjenus LY./ paccmorpennmie B § 2, m. [I.

OGnacru 2 u 3, BpeMeHunogo6HbHE BEKTOPH K (npeacraBaeHust plk: s))

llae 8. Anst mocTpoeHHs HENMPHUBOAMMBIX MpPEACTABJIEHHH
B 3TOM cCJiyuae BblOepeM NPOCTOH BPEMEHHNOAOOGHBIH BEKTOP
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k,=(0, 0, 0, k) pmuHo# k. [ng onpeaeqeHHOCTH TNOJOKHUM
k > 0—>3T10 cay4ail NOI0XKUTENbHOTC BpeMeHHNOA0GHOTO BEK -
TOpa, 06/acTh 2. Pe3ysbTars! AJs1 OTPHIATEIbHOTO BPEMEHI-
nooGHOro BeKTOpa 6YAYyT B TOYHOCTH TAaKHMH €. Tak Kak
BEKTOD K, MHBApPHAHT2H, OTHOCHTEJBHO BpaueHud A (a), u3
¢opmyudbi (15.55) caenyer, uto Bextop T (R (a)) |k,> npu Tpai-
caamuAX IpeoOpasyercs Tak ke, Kak |k,>. Taxum oOpason,
MHOZKECTBO 6a3uCHBIX BEKTOPCB MPOCTPAHCTBA MPeACTaB/ICHN!,
npeo6pasyomuxcs MO OTHOIIEHUIO K TPAHCASUHAM KaK Bek-
top |ky>, ofpasyer WHBapHaHTHOE IO OTHOIMIEHHIO K IOJ-
tpynne &; NOOANPOCTPAHCTBO M 3THM BEKTOpaM Hapaiy
¢ ky MOXKHO MpUIHCATh MHJEKC, COOTBETCTBYIOWHA HENPABO-
AUMOMY [IPEACTABJEHHIO NOArpy bl R;. Mel 6y neM 3a1aBaTb
NpeACTaBJaeHHe TPYNIbl R, ungekcom s (= 0, Y,, 1, %/s, .. ).
Hupexke my=s, s—1, ..., —s6ygeM HCHOMb30BATh IS TOTO,
yTOObl pasianuarh 0asuCHBIE BEKTOPH NIPOCTPAHCTBA HEINPHBO-
JAUMOTO NpPeACTaBJIEHHs Tpynmbl A. (ra. 7, § 4, n. B), tax
u4TO B JajabHefilleM BMeCTO [T(0> bl Gysem nncarh [Kosm o).
B ofosnauenusx ra. 7, § 4, n. b Mmul noayunm HaGop (2s - 1)
6azliCHBIX BeKTOPOB, 00Jafaomux cBOHCTBOM

T(R(a)) [kesmy> =2 DL (a)|kysm> (15.56)
ms

¥ YJAOBJETBOPSAWINKX yCJaoBHIO (15.49).

lllaz 4. Vicxonst U3 2TUX (25 -} 1) 6a3HCHBIX BEKTOPOB, Mbi
NOKaXeM Telepb, UTO NPOCTPAHCTBO HENPHBOAUMOTO TIPEX-
CTaBJIEHHS MOPONKIACTCA BCEMH BEKTOpaMH BHJA

| ks> =T(Q[b (K)]) | Kesm,>, (15.57)

rze K—Impou3BoJbHbI YeTbIpeXMepHbI BeKTOp, MpHHAAJE-
Kamui Tolt Ke 0671aCTH W UMEIONIHH TaKyIO XKe «LIHHY», 4TO

u ueTbipexmepublil BekTop K,, a b (k) coorBercrsyer TOMYy
OJIHO3HAYHO OlipeleieHHOMY npeoCGpasoBanuio JlopeHila, Ko-

Topoe nepesoauT k, B k, T. e.
Qb (k)] k,=k. (15.58)

Hs dopmyant (15.26) BHAHO, YTO AJIMHA TPEXMEPHOTO BEK-
Topa b (k) paBma Arch(ky/k), a ero HanpaBieHue 331a€TCs
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BekTopoM — k, npudem 3pech k— nmpocTpancTBerHasi 4acTh,
a k,—uersepTas KOMIIOHeHTa BeKTopa K.

UTo6BI 10Ka3aTh, 4To MHOXKeCTBO (15.57) ¢ 3agannbMu k, u
s oGpasyeT 0asuC MpOCTpPaHCTBA MPEJACTABJIEHHS, PACCMOTPHM
pesyJbTaT HPHMEHEHUS K 3TUM BeKTOpaM IIPOH3BOJBLHOTO
onmeparopa npeacrtasiaenud. IIpu srom mam monanoburcs co-
otHowenne (15.27), Bupaxkawomee TO 06CTOATEAbCTBO, YTO
moboe npeobpasosanue JlopeHna MoKeT ObITH MpPEICTABAEHO
B BHjie IPOU3BEJCHHS] YHCTO JIOPEHIEBCKOTO 11peo0pazoBanua
(6ycta) ma Bpamerue. B pesymbrare mosyuaem

T(g, L) | ksm>=T(e) T (L) T(Q[b (K)]) | kosms>= Benay15.57)

-~ ’ -~ 3 ’=
= T@E) TLY|kysm> = 2ot oy,

( )T(Q’ T(R,)lﬁosms>= Beuny (15.27).
=T(e)T(Q ZD(S) NGY | kosm)> = B cuny (15.56)
s ’ ’ B cuny (15. 57)

- r_<5>:%0;gms R sy = A

§
=exp (ik’-8)X Dy, (R")] k'smo>. B cuay (15.49).
’ 5
M

(15.59)

3aMeTHM, 4TO BEKTOP k'’ pasen npocTo Lk, Tak kak k'—
= Q'k,=L"'(R")"k,=L (Q[b (k)] k,=Lk. ITor pesy.brar
MOXKHO OBLIO mpeABuAETb, yuuTbiBasg opmyay (15.55). Ila-
pavMeTphl, ONpeAesONIKe BpallienHe R’, MpH Mo6bIX AaHHbIX k
u L MoxHo BBUHCHUTL, ACXOAs U3 GopMys, ONpefeasOUHX
3TO BpauleHue:

L'=Q'R’, (15.60)

L'=LQ[b (k)] (15.61)

HO Mbl He Oy/ieM BJaBarbCs B JeTaid 3THUX BBIYUCJEHHH.
®opmyna (15.59) noxkassiBaeT, YT0O MHOXKeCTBO OasHCHBIX
BekTOPOB (15.57) HHBapUAHTHO OTHOCUTE/IbHO IPeobpasoBaHnit
rpynnst Ilyankape u, cregoBaTesibHo, ofpasyer 6asuc mpo-
CTPaHCTBa Hpe,ILCTaBJIEHHﬂ KOTOpO€E Mbl MOTJIH Obl 0603HaUHTh
yepes P(ko 9), Kak u B ciyuae eskanjoso#t rpynnsr (§ 1, 1. B),
MO2KHO TM0Ka3aTh, 4TO IIPEJACTaBJEHHUS, MOCTPOEHHble MPH
[IOMOUIH JIIOGOTO TOJIOXKUTEJLHOTO BPeMeHHNOA0OHOTO BeK-
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Topa k ¢ To# ke «asuno#», 4uTo U y BekTOpa K,, 5KBHUBa-
JEHTHBl TpeacTaBjenuio PKes), TlostoMy He3KBHBaJIEHTHbIE
IpeACTaBAeHHA 0603HayaloTCsd NPOCTO uepe3 P4 & rne kb —
«lJIMHa» YeTbIpEXMepHBIX BeKTOpOoB k, onpepensmomux 6asuc-

Hble BeKTOPHI | ksm>. JIoKa3aTebcTBO HENPHBOAUMOCTH TpPEJ-
craBienuit P $ mpopoautcsi Tak Ke, Kak 4 B § 1, n. B

B ciayuae rpynndl &s. llockoabky mveercst GecKOHEUHOE MHO-

JKECTBO BEKTOPOB K 3a7aHHON AJIMHBI, TIOJAyUeHHbIC HAMH IIpej -
CTaBJieHHs] GeCKOHEUHOMEpHEI.

OGaacru 4 u 5, usoTponusie kK (npeacTaBieHus PO, m))

Llaz 8. Odna ypobcTBa MblL onATh BbIGEpeM MPOCTOH BeK-
Top ko, Ha 3TOT pa3s Jexamuil B 06JaCTH MOJIOKHTENbHBIX
H30TPOIHBIX BEKTOPOB, a uMenHo k,= (0, 0, 1, 1). (O6.1acts ot-
pHLATEJbHBIX BEKTOPOB MOKeT OBITb PACCMOTPEHA TOUHO TaK
:ke.) Jlis TOCTPOeHHUS! HeNPUBOAUMBIX MPENCTaBJeHHH MBI
OyneM NMpuiepXKHUBaTbCcsl HameyeHHOH Bblllie obmelt cxemsl. Ho
Tenepb NOArpylna npeoOpasoBaHuil, CCTAB/AIOLINX Ha MeCTe
BexTop k,, He ecTb rpymna A,. Hama nepsas sagaya —sbl-
SICHUTB, UTO 3T0 3a rpymna. s 3Ttoro paceMoTpuM HHGU-
HUTe3MMaJIbHbIE OnepaTopel. Eciu noTpeboBaTh HHBApPUAHT-

HOCTH BeKTOpa Ky, To Aky=0 [q)opvxyna (15.30)]. Hoacras-

Jssl B 3TO COOTHOIEHHE BEXTOP K, =(0,0, 1, 1) u mMarpuus
(15.31), nonyuaem a,=—>b,, q, -bx, b, = 0. B xauecrse Tpex
He3aBUCHMbBIX HHcpHHmeusaanblx onepaTopOB VAOBJIETBO-
PSIOIIUX STHM YCJAOBHUSIM, MOKHO B3fITb ONEPaTOPHL

Xz Xo— Y, X, +Y,. (15.62)

W3 dopmyapt (15.32) caenyer, 4T0 MEPeCTaHOBOUHBIE COOTHO-
IIeHHs JJI 3THX ONEepaToPOB MMEXT BUJ
[X., X,—Y,]=X,+Y,,
X X, Y ]=—X.4+Y, (15.63)
[X,—Y,, X,+Y,]=0
Onepatop X, nopoxjaer MOArpyniny R, BpamleHHd BOKPyr
ocH z. Mbl mokaxeMm Tenepb, 4TO IEePeCTaHOBOYHBIE COOTHO-

mwenus (15.63) coBmagaloT € NepecTaHOBOUHBIME COOTHOILE-
HUAMH JAJs €BKJUAOBOH Tpymnmel &y, B KOTOPYIO BXOAAT
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BpalllenHsl U TPaHCJALUH B MIOCKOCTH. M3 ¢opmyast (15.15),
VUHTBIBasA, UTO TPAHCJSAIMH KOMMYTHPYIOT MeXAY COO0H, Mb
nojiyyaeM CJefyioliHe TepeCTaHOBOUHblE COOTHOLIEHHS AJIsT
HHOHHUTE3UMAbHBIX onepatopos P, P, u X, rpymimel &

[X,, P ]=P,, [X,, P,]J=—P,, [P,,P,]=0. (I5.64)

Ecnu MBI yCTaHOBUM cootBercTBHe X, — X,, X, —Y, —P. 1

X,+Y,-—P,, 10311 GOpMy bl COBHaJIYTC q)op\{yJIavm (15. 63)
Takum ofpasom, ecAn paccMarpuBath HHPHHHUTE3UMAaJIbHbIE
OTepaTopbl, TO WCKOMAst NOATPYINa HHBAPHAHTHOCTH BEKTO-

pa kK, usomopdua rpynmne &, H, Cl1eOBaTe/IbHO, HMEET Te Xe,
4TO H Yy TPYNNH &g, HerHBO}II/IMbIe HpeJCcTaBJIeH . Dy
YeCKM 3TH JB€ ['DYINBI COBEPINEHHO PA3JIMUHBI, XOTS U HMEIOT
ofmHi nrbuHRTE3HMaMbHHE oniepaTop X,.

B § 1, n. I' 6blio mokasado, 4TO HENPUBOJHUMBIE TPEi-
CTABJIEHHS IPYNILI &, ObBAIOT ABYX Tumos: ECIKI) y E0- @)
Mbl He GyAem 3/1eCb aHaJW3SHPOBATh CJEACTBHUsI, TpPOHCTEKA-
jomue U3 Bhibopa npeacraBienns E(VkD)) mockosbky cooTBer-
CTBYHOUIHe INpeAcTaBjaeHus rpynmel [lyaHkape moka He HAaXo-
AT ¢usnueckux npusoxenuit (§ 8, n. B). D1y npeacrasaenus
NPUrOAUMUChL OBl NMPH OMHCAHHH YACTHI[ C HENpephlBHBEIM ')
CIIMHOM, HO TakHe dacTullpl elle HE Habmwonanuch. [losromy
Mbl cpasy mepeifeM X npexcraBjgeHusM E¢ ™, To obcros-
TEJIbCTBO, UTO BEKTOP K, MHBapHAHTEH OTHOCHTEJbHO TpyIl-
nbl &, 03raudeT, UTO MHOXKECTBG GA3HCHHIX BEKTOPOB, lIpe-

00pasyIHXCS NPH TPAHCAAUASX 10 NPEACTABICHHIO T'%), 10-
e MHBADHAHTHO M0 OTHOIICHHIO K JEHCTBHIO 3TOH TIPYIIIHL.
CiiefoBaTesbHO, TaKue GasiCHbIE BEeKTOPbI MOXKHO XapakTepu-

30BaTh 'BekTOpOM K, M mpeictaBienueM E = rpynnel &,.

CooTBeTCTBEHHO 3TOMY Mbl BBOAUM 0Go3Hauenue | kym>. K3 on-
peneneusa E@ ™ (§ 1, n. T) crmenyer, uro 3T GasuCHbIE
BEKTODPBI 00/1a/la10T CBOHCTBAMHU

TR, (ap| kym> =exp (— ima) | kom>,
X, —Y,) | kym> =0, (15.65)
X, +Y) k

1y Tounee, GeckoneuHoMepHuIM. — [T pusm. ped.
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a Takxe CBOHCTBOM (15.49). B aByX mocjepHuX paBeHCTBax
(15.65) Bblpaskaercst «TPaHC/SILHOHHASA HHBAPHAHTHOCTB® BEK-
TOPOB NPOCTpaHCTBAa mpeacTaBjeHdust E# orHocuTenbro
«TPAHCJAUNEY TPYINOB &,.

st moCTpoeHus npejcraBJenyss HaM IOHAZOOATCS ele
JBa c3oicTBa rpynnst Jlopenna. IlepBoe — 3T0 TO, UYTO Cyuie-
CTBYET €JUHCTBEHHOE EpeoépaBOBaHne Jlopenna Buga R, Q,,
nepepojsniee BekTop k, B moGol Haneped 3alaHHBI NOJO-
JKUTEJIbHBI M30TPONHLII BekTop K. IlpeoGpasosanue Q, Me-
HAET BEJIMYHHBI NPOCTPAHCTBEHHBIX M BPEMEHHOH KOMIIOHEHT
BeKTOpa Ky, OCTaB/fil HEH3MEHHBIM €ro HalpaBJ/eHHe B NPG-
crpaHcTBe. Bpamenne ke R, OTHOCHTE/NbHO OCH, JieXalied
B IJIOCKOCTH Xy, M3MeHsleT 3TO Hanpassenue. HerpyaHo su-
AeTb, 4TO npu paHHoM k npeobpasoamms R, u Q, ompefe-
JSIIOTCS OJHO3HAYHO, BTOpoe HyxHOE HaM CBOHCTBO COCTOMT
B TOM, UTO NpOM3BOJbHOE NpeobpasoBaHue JIopeHna MOXKHO
NPEACTaBUTb B BHJE

L=R,Q,[L, (15.66)

XYy

rae L npuHaiexuT MOATpyNNe &;, OCTABASIOmMEH HAa MecTe
BEKTOD 120=(O, 0, 1, 1). YUro6H noKasarb 3T0 paBEHCTBO, aHa-
JornuHoe pasjokenuo (15.27), moJoxum k=Lk, u ompe-
menuM mpeobpasosanne R, Q, ¢ NOMOmBIO yC/ioBH k=
:nyQzﬁo. Torna '(nyQz)‘lLﬁoz(nyQz)‘lﬁ =k,, OTKY A2
sICHO, yTO mpoussesenue (R, Q,)7!L octasaser Bektop k, Ha

MecTe M, CJeAoBaTeabHo, mpeobpasoBaHHe L B Qopmyse
(15.66) npHHAAMIEKUT MOATPYNNE &,.

Hlae 4. Tloctpoum Temepb NpeACTaBJieHUe rpynn &, or-
Beuaioliee H30TPONHBLIM BeKTopaM k, 06pasoBaB MHOXKECTBO
GasHCHBIX BEKTODOB BHJA

lkm> =TR,,Q,) | kom>, (15.67)

rje k — npOM3BOJIBHLI TOOXKUTEbHEIH H30TPOHBIH BEKTOD.
Jns jJoxkasatenbCTBa TOro, YTO 3TO MHOMKECTBO BEKTODOB
NOPOXKJAeT TPOCTPAHCTBO NPEJACTABJEHHA, DPaCcCMOTPHM pe-
3yJIbTaT JEeHCTBUSI IPOU3BOJIBHOrO npeobpasoBanusa Ilyankape
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Ha BEKTOp U3 3TOro MHOZKeECTBa.

T(e, L) [km>=T(E)T(L) T(R,,Q,)| kyn> = B cuny (15.67).

=T(e)T(L) |i<0m> = Tre L'=LRyyQy.
=T (8) T (nyQ l kom> = B cuay (15.65).
=T(e) T (R, Q7) exp (‘“ ima) | kyny = B cuny (15.66).
=T (&) exp (—ima) | k'm)>= 2 ey (15-67) e
~ -~ -~ xy 2z 0
=exp (ik’-e—ima) [k'm>. B cuay (15.49).
(15.68)

Jlerko mokasartb, uto k' = LKk, Ho yroJl NOBOpOTa @ AOJXKEH
ObiThb HalJeH u3 ompejensiomux ero gopmya. [Ipeobpasosa-
Hue L' ompegensierca no mpeobpasosanuio L u Bektopy Kk,
a ¢dakropusanua (15.66) pis npeoGpasopanus L’ sanaer mpe-
obpasoBanue L', mnpuHaijiexamee nogrpynne &,. Ho sJe-
MEHTBI I'PYIIbl &, ABJSIOTCS MPOU3BELeHHSIMH «TPAHCIALAT»
H IOBOPOTOB H3 MNOATPYNIH R,. «TpaHciasluH» B JAHHOM
c/yyae HECYHIECTBEHHBI, TaK Kak BEKTOp |Kymd> «TpaHcis-
LLHOHHO»-HHBapHaHTeH [dopmyna (15.65)].

@opmyana (15.68) mokasbiBaer, YTO MHOXKECTBO BEKTODOB
(15.67) nopoxkjaer NPOCTPAHCTBO HEKOero NpeACTaBJeHH:;
0603HauuM ero yepes P 7 Kak H B npeAbAYIIHX CAydasx,
MOKHO I10Ka3aTb, 4YTO 3TO MPeJCTaBJeHHE HENPHBOAUMO
M 4TO HpeACTaBJIEHHs!, MOJYUeHHblE HCXOAA U3 NPOHU3BOJb-
HOTO TOJIOKUTEJIBHOIO H30TPOIIHOTO BEKTOPA, S3KBHBANEHTHLI
IIOCTPOEHHOMY BBbIlLe NpeAcTaBaennio P » nis ky=(0, 0, 1, 1).
HanoMuuM, 4TO HHAEKC m, 00s13aHHBIA CBOMM MPOUCXOMKIe-
HueM moArpymnne #,, MOXeT NPHHMMATb CBOW OOBIUHHE 3HA-
yenuss m=0, £+, =l u 1. A

Odaacts 1, npocTpaHcTBeHHONOA00HBIE k

[IpencraBieHuss 3TOTO THIIA MOXKHO TOCTPOHTH TEM Ke
METOJIOM, HO Mbl He OyJeM 3aHHMAarbCsi MMM, TaK Kak (pusH-
yecKHe IIPUJIOXKEHHsI TAKHX TpeJCTaBJIeHUH OTHOCATCS JIHIlb
K uactunaMm ¢ Maumofi maccoit (§ 8, m. A).
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B. Onepatopsr Kasumupa

Ha npumepe Apyrnx HempephiBHBIX TPYII Mbl BHJEJH,
HACKOJIbKO I[EHHLIMH OKasbiBalorcst onepaTtopbl Kasumupa,
BBeJleHHble B ra., 7, § 5. Ouu crposrcs U3 HH(PHHHTE3H-
MaJbHLIX ONepaTOPOB H KOMMYTHPYIOT ¢ HHMH. [losToMy
onepatopsl Kasumupa B /M1060M HENPUBOAMMOM IIpe/CTaBJie-
HMM KpaTHBl €AMHHYHOMY oneparopy. [IBa oneparopa Kasu-
MHpa anas rpynnel JlopeHua paworca Bblpaxenusamu (15.35).
Temepp MBI MOCTpOMM olleparopbl Kasumupa Jjgs TDPYINIb
Ilyanxkape. B nameM pacnopsixKeHHM HMEIOTCS 1eCTb Ollepa-
TopoB X, u Y, Ipynnel &, a TakKe YeTbipe HH(anme.xw
MAJIBHBIX onepaTopa Tpchmunn P, u Py, Tlle g=x, y, 2
a P; cooTBercTByer BpeMeHHEIM TpaHCJIHL[I/IHM HepeCTaHo-
BOYHpIE COOTHOLICHHS JJst omepaTtopoB X, # Y, JAalorcs
¢opmynamu (15.32). TpaHcasiuu KOMMyTI/IpleT upyr ¢ Apy-
TOM, a NepecTaHOBOUHBIE COOTHOILLEHUS MEXAY HHUMU ¥ HH}H-
HHTE3UMAJbHBIMH ONEpaTopaMu Tpynnsl JlopeHnma MOXKHO
BbIBeCTH M3 paBeHcTBa (15.53) (3apmaua 15.7). B pesyabrare
B LONOJHeHue K cooTHomleHusiM (15.15) uMeeM

[P+, X,1=0, [Py, Yo]=—8, Py [Py, Y J=—P, (15.69)

[MockoabKy oneparop P — ueThIpeXMepHBIil BEKTOP, ONEPaTop
P-P=—P;—P,—P;+P} nopeHu-UHBapHaHTEH, a TaK KaK
OH OUYeBHAHBIM 00pasoM KOMMYTHpPYET C TPAHCAAUMAMH, TO

SICHO, uyTo omepatop P-P myankape-HHBapHaHTeH. UTo6bl
BLIUHCJAHTDL €r0 3HaueHHE B HEKOTOPOM HellpHBOAHMOM Ipef-

craBienuu rpynnsl ITyankape %, samerum, uto ecau |k> —
NPOU3BOJBHBIA GasicHB BEKTOp, NUpeobpasyomuiica npu

TpaHcAsnusax no npeicrabaennio T, to (§ 4, n. A)

~

Plky=—ik|k, (15.70)
OTKYJAa NpSAMO CJelyer, 4To
PPl o=+ +R—E)k>=—F k>, (15.71)

rae k= (k-k)/:—«pmna» ektopa k.Cienosaresnuo, B He-
MPUBOJAUMOM TnpefcraBjenun P ) rpynmel P onepartop

Kasumupa P-P ectb HpOH3BeJeHHE €IAMHHYHOTO olleparopa
Ha BeauuuHy —k2. B mnpeacraBnenun PO ™ Bce GasHCHEIE
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BEKTOPbl NpeoGpasyiorcsi NpH TPAHCIAUMAX [O TpeACTaBIIe-
HUIO T(k) C H30TPONMHBIM BeKTOpoM K, Tak uro k=0 u ome-
patop PP paBeH HYJMIO, XOTs, KOHeuHo, ks£0.

[MocTpouts BTOpOJi onepatop Kasumupa, HCIoJb3y s TOMbKO
KBajipaTHYHble (QYHKIHH HHQHHATE3UMAJbHBIX OIepaTopoB,
OKasbiBaeTCcsl HeBO3MOXKHbIM. B 3ToM Herpyaxo yGeauTbed,
3aMeTHB, 4TO onepaTop P mpu mnpeo6pasoBanusx JiopeHna
npeofpasyerca no npexacrasienuio L{/x /2, roraa xaxk orme-
patopsr (X == iY) mpeoGpasyworcs Mo npejactapjeHuam L@ ©
u LY (§ 2, nm. ). Ilpasusao pasjioxkeHHs1 NPOH3BEJEHHUS
npeAcTaBleHull Ha HempuBoguMble [dopmyna (15.37)] ykass-
BaeT HA TO, YTO EJHHCTBEHHLIE KBaJpaTHUHLlEe JODEeHI-UHBa-
pHAHTHbIE KOMOMHALHH MOTYT OBITh NOJYYEHbLl JIHIIbL ITyTEM
YMHOMEHHS YIOMAHYTHIX Bbille TpPeJCTaBJAeHHH caMHX Ha
cebsa. Tax mosydaworcst onepaTrophbl P-PuX—Y?L2iX-V.
[MepBHIii M3 HUX yKe W3BECTEH HaM, a HHUKakas KOMOMHALHA
OCTaAbHBIX HE MOXKeT OBITb C/ie/1aHa TPaHCJAHOHHO-NHBA-
puantho#i. HoBwift oneparop Kasumupa MOXKHO NOJYUHTb,
TOCTPOHB  TPAHCJASIHOHHO-UHBAPHAHTHBIL UeThipeXMepHBIH
BekTop W H 06pa3oBaB 3aTeM JIOPEHL-HHBAPHAHTHOE CKaJsIP-
Hoe mpoussefenne W-W. Mul Bugean (§ 1, n. JI), uto ome-
patop P-X HHBapHAHTeH OTHOCHTEJNBHO TPaHCJAAUHH U Bpa-
IEHHH, ¥, CJAeflOBATENbHO, €r0 MOMHO B3SITb B KauecTBe
f-xoMmoHeHThl onepatopa W. Ilns onpeaeneHus ApyTHX KOM-
MOHEHT 3aMeTHM, 4TO omepatop W JOMXKeH ObITh YeTbpex-
MEPHBIM BeKTopoM. [losToMy mepecraHOBOYHBIE COOTHOUIEHHS
3TOro oneparopa C HH(QUHUTE3UMAJIBHBIMH oneparopamu X
H Y JOJ/IKHBI MMETb Takoil :ke BHJ, KaK U JNsi omeparopa P.
Taxum obpasom, mosaras W,=P-X, Ha ocHoBaHuH (opMy-
Jet (15.69) (sapaua 15.8) nosnyuaem

Wo=—[W,, Y, ]=PXY),+PX,. (15.72)

SlBHBIZ BUJ oneparopa W MOXHO Takxe HAHlTH, UCTIONR3Y S
KO3((HUIHEHTbl BEKTOPHOTO CJOKEHUS TPYINBI R} 15 3TOro
HYKHO BbIJENMTb H3 INpousBefeHHs LU/=» /2 QL0 npes-
crapienue LC/=» "2, Ha mnepsblil B3rasij, omeparop W.P
sIBISeTCsl TPeTbUM onepartopoM Kasumupa, HO u3 ompeje-
nerns (15.72) caenyer, uTo OH TOXKIECTBEHHO paBEH HYJIO:

W.P =0. (15.73)
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[Tockosbky oneparopsl Kasumupa B NPOH3BOJNBHOM He-
OPHBOIUMOM NPEACTABAEHUH KPATHLI EAMHHYHOMY ONEPATOpY,
s onpejenieHusl 3HaueHHs omeparopa W-W B KaXK/JOM U3
HEMPUBOAUMEIX MpencraBjenuil rpynnel Ilyankape pocra-
TOYHO PacCMOTpPeTb NPOH3BOJbHBIH GasucHblit BekTop. Tak,
B cJay4ae npejacTaBleHus P S mpi MoxkeM BHIOpaTh 6asuc-
HBIH  BEKTOp | ks>, COOTBETCTBYIOUMH YeTLIPEXMEPHOMY
Bextopy k,=(0, 0, 0, &). Torpa P lksms>—0 IpH g=
=x, U, 2, a P4] Kk, sms>_———tk]k srns> 0. CrenoBatesbHO,
B <uay paseHcTBa (15.72) umeem

Wf , Rosms> =0,
W, | kysm>=— ikX, (k,sm>,

Tak ato WeW |kosm,>=FkX?| ks> =
= — k25 (s 1) | kosm,p. (15.74)

Mgzl Bocnogb30oBaMUCh 348Ch TeM OGCTOSITENBLCTBOM, YTO OMe-
patop X*® aBJjsiercd omneparopoM Kasumupa noirpynmnsl Rg,
HENpHBOAUMOE MpEACTaB/AeHMe KOTOpPOH OlNpeliesleHo 3Ha-
uyeHHeM napaMerpa s. BenanunHa s(s-f1) oneparopa Kasu-
MUpa AJAS TPYyIme A, Oblia noayueHa B ra. 7, § 4, a 3Hax
MHHYC TOABHJACA OJarofaps MHOMKUTENO [, BBEIEHHOMY TaM
>Ke, KOTJA 3SPMHTOBbl OMepatopbl J, Ompeletsiinch Kak
J,=iX,. ®opmyaa (15.74) cnpaBeanusa pjsi BCEX BEKTOPOB
HpOCTpaHCTBa npejcraB/jeHus P 9,

B cayuae HenpuBOAMMBIX npeJICTaBJIeHHfd P ™ oba ome-
patopa Kasumupa P-P u W-W pasin Hymo. JlefcTBH~
TeJ1bHO, paccMoTpuM GasucHbifi BekTOop ¢ ko=(0, O, 1, 1).
Torpa ¢ yuercm dopmyasl (15.65) moayuum

W, [ kgmy = — 1 (X, —Y,) [ kyn> =0,
W, [ kgm> =—i(X,+Y,) | kyny=0,
W, | kym> = —iIX, | kom> = — m | kgn>,
W, | kgm> = — iX, | kgnd = —m | kom>,

(15.75)

u, crenoBatenbio, W-W |kom>=0.

Tak xak o6a oneparopa Kasumupa B 3TOM Cilyyae paBHBI
HYyJII0, HX HeJb3§ HCIOJb30BaTh AJIA TOTO, YTOOH pas/iiuaTh
npeacraBaeHusi P ™ ¢ pasueiMH 3HaueHHsMH m. OxHako
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B HEKOTOPOM CMBIC/IE OKA3blBAETCS BO3MOXKHBIM HCIOJb30BaTh
JUIsT 3TOrO OTHOLUEHHe onepaTopOB W n P. U3 dopmyasi
(15.75) caepyer, 4TO, Tak Kak |k0m>-—-tk0]k0m>, hikizt
Bektopa |kom>  Bumonmserca  pasencrso W |kym> =
=—imP |kyn>. IIpyruMH CJIOBAMH, MOMKHO HAINCATbH

(W + imP) | k,m> =0. (15.76)

Ilockonbky ke Bce 0asHCHBIE BEKTOPBI NPOCTPAHCTBA HENpPH-
BOAMMOIO IPEACTABJEHNS NOJYYalTCst H3 Bektopa |Kym)
nyTem npeofpasoBanus Jlopenua (15.67), a onepartopst W

u P, OyAyuu ueThipeXMepHBIMH BEKTOpaMH, OJHHAKOBO Mpe-
o6pasyioTcst oA JAeHcTBUEM Ipynnul JlopeHna, paBeHCTBO
(15.76) cmpaBeAHBO He TOJBKO A/ BEKTOpa CHENHAJbHOTO
Buaa |kym>, Ho M NI BceX BEKTODOB MPOCTPaHCTBA Mpex-
craBJeHus (3afaua 15.9). Taxum ofHpasom, uToObl 0XapaxTe-
pH30BaTh npejcTaBienue PO ™ MOXKHO Hapsily C YCJAOBHEM
P-P =0 ucnosnsosarp coortHowenue (15.76). dro cooTHOLIE-
HHWE TOBOPHUT O TOM, YTO UeThlPpeXMepHble BeKTOPHbIE Omnepa-
TOpbl W 1 P HMEIOT OZHO U TO K€ «HallpaBJEHHE», a KO3(-
(HuHeHT NPOMOPLHOHANbHOCTH MKy HUMH, PaBHbIH (— inn),
3aBHCHT OT NpPEACTABJEHHS. 3aMETHM, YTO Mbl IOJYYHJIH
paBeHCTBO (15.76) mas no.aoscumensro20 H30TPOIHOTO BEK-
topa k,=(0, 0, 1, 1) u, cneoBaTeNbHO, OHO HPHMEHHMO
JHMLIL B CJyYae MNPEACTaBJEHHH, TMOJyYeHHBIX HCXOAS H3
TAKHX BeKTOpoB. J[lisi mpeaCTaBAeHHH Ke, OTBEYAIOIIUX
OTPHUATEIbHBIM H30TPOIHBLIM BEKTODAM, MBI JOJKHBL B3ATb

veTeipexmepHHil Bektop (0, 0, 1, —1) Bmecto (0, 0, 1, 1).
B pesyabrate pasenciBo (15.76) 3aMenHTCH paBeHCTBOM
(W —imP) | km>=0, (15.77)

CIpaBeJIMBLIM JI/155 BCeX OTPHIATE/NbHBIX H3OTPOIHBIX BEK-
TopoB k.

B OGHapyKeHHO! HaMH NPONOPUHOHANLHOCTH MEKAY BeK-
TOpaMH W u P ner muuero neoxuzanzoro. Ec/in paccMaTpH-
BaTb W H P Kak oGbluHbIE YETBIPEXMEPHEIE BEKTOPH, a He
KaK OIepaTophl, TO H3 yCJIOBI/II/I W-W=PP=0uW.-P=0
caenyer, urto (W—aP). (W —aP)=0 npn mobbix «. ITosa-
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rass a=W,/P;, nonyuaem (W—aP)-(W—aP)=0, orkyaa
caepyer, uto W=aP u, crano 6bitb, W= aP npusrom 3Ha-
YEeHUH BEJIHUHUHB .

r. Onpene.neﬂne CKaJgpHOTO NPOU3BERAECHHS

CkanspHoe NpPOH3BeJEHHE ABYX BEKTOPOB, MPHUHAAJIENKa-
UMX [POCTPAHCTBY HEHNPHBOAHUMOIO MPEJCTABJICHHS TPYIIIBL
Ilyankape, MOXKHO OIpeAEJHTb, OCOOLIMB METOJ, KOTOPBIM
MBl HoJjbsoBaiuch (§ 1, n. E) B cayuae rpynnel §5. 3aech
MBI CHOBA CTaJKHBaeMcfl C npobseMoH HaJH4YHMs KOHTHHYyMa
Ga3sHCHBIX BEKTOPOB, HO HMEIOTCS J[ABA HEGOJbLIUX YCJAOXKHE-
HHSI 110 CPAaBHEHHIO CO CJy4aeM IMPeACTaBJEHUH TPYNNbl & .
ITo ananoruu ¢ dopmyJaon (15.19) sanumem mpoH3BOALHBIHR
BEKTOp TNpOCTpaHCTBa HpejcraBJjeHus P% S B Buje

%> =2 § bn, (R)| ksm,> bt dk. (15.78)

WuarerprpoBanve ¥ cyMMHpOBaHMe OXBATHIBAKOT BCE MHOKe-
CTBO Ga3sHCHLIX BEKTOPOB [Ksm,> NPOCTPAHCTBA NpeACTaBJIe-
HHs P& & g wms(ﬁ)—-qncna, OTIpEACJISIIONINE BEKTOP | {).
UroBel OXBATHTb BCE YeThbipeXMepHble BEKTOpH K C 3agaHHOil
«VIMHOM» R, HEoOXOAMM TpOHHON HMHTErpa; ecTeCTBEHHO,
4TO B BLIOOpe MepeMeHHbIX HHTErPHPOBAHHS HMEETCs HEKO-
Topas cBo6oja. B KauecTBe 3THX NMepeMeHHBIX YAOGHO BHIOPATD

IIPOCTPAHCTBEHHLIE KoopAMHAaTH BekTopa k. M3 cooTHOweHus:

2=—|k[¥4k U u3 ToOro, uTO BEKTOpP K MOJONKHTE/b-

HBIHl BPEMEHUIIOAO0HBIH, BUAHO, YTO YETEIPEXMEPHEIA BEKTOP k
OJIHO3HAYHO ONpeJe/sieTCs TPeXMepHBIM BeKTOPoM Kk, 06/aCThIO
H3MEHEHMsT KOTOPOTO SBJAETCH BCE TPEXMePHOe NPOCTPaH-
CTBO. MHOxHuTENb k7! BKJW0OUYEH B omnpejenenue (15.78) mo
COOOpaKEHHAM YAOGCTBA: KAK Mbl TOKaXKEM HUIKE, SNEMEHT
obbeMa k;'dk smopenn-uHBapHaHTeH. MoXkHO Gbuio Gbl onpe-
JendTh Bektop (15.78) 6e3 MHOXHTens kf!, BK/IIOUHB IOCAE]-
HHH B oIpejeneHHe Ko3hdUIHEHTOB lpms(l?),

Caenya dopmyne (15.20), ompesenuM CKalspHOe HPOH3-
BEJIeHHE KaK

<(Pl¢>=§ § g (k) g (k) 7 dk (15.79)
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C TEM Xe 37eMeHTOM o00BheMa, uTO H Bblille. [[oKazaTe/nbeTBO
VHUTApPHOCTH TMpejcTaBienns P% ) naBaemoro QopmyJoi
(15.59), mpoBoguTCA TaK k€, KaK H COOTBETCTBYIOIIEE JOKa-
sarenncTBo B § 1, 0. E, u Mbl HE IDUBOAMM ero. B Tom goka-
3aTeJbCTBE MBI BOCHOJIB30BAINCH TeM, yTo npu k' =Rk mepy
HHTerpupoBanusa dx MOXKHO OLLIC 3aMEHHTb BEJTHUHHON dC .
Tenepb Bo3HHKAET aHAJOTHYHAA TMpobaeMa: nepeﬁTn OT UHTET-
puposanusi no dk k uarerpuposanuio no dk’, rre k'—npo-
CTPAHCTBEHHAA YACTh YETBIPEXMEDPHOTO BEKTOPa k' =Lk. Mus
3TOTO  HEOOXOAHUMO BBIMHCAUTH sKOCHAH d (Rik k)0 (R.kyk,).
Ho Tax xax Ha ocHoBauuu copvyaer (15. 27) MBI MOIKEM
Hanucath L=QR, a gxofHay BpalleHHsT DaBeH eAUHHLE,
Haul HEOOXOAHMO paccMOTperh JIHIIb OYCT B KaKOM-JHOO
KHanpaB/JgeHuu, ECau Mbl BLIOEpPEM HaNpaBJieHHE OCH Z, TO X-
M Y-KOMIIOHEHTHl OCTAHYTCS HEHU3MEHHBIMH, TaK YTO MCKOMBIH
SKOOHaH paBeH Hpocto 0k,/0k,. W3 Bolpaxeuus (15.25) pns
npeobpasopanns OyCcTa B HaMpaBJAeHHH OCH 2 TOJyYzeM

kg = (fe,—Ph)/ (1 —B%) ", )
ki = (kt_ﬁk:)/(l — B2, (15.80)

it odpazon. Y (1R g .
Taxuy obpason, Okz_U B n ) (1 —B?"+; 1o, nockoabKY

k=k*4- ki 4- k4K, vt mveen 0k./Ok,=1k,/k,. B pesynn-
Tare ¢ yquO\I dopmyaet  (15.80) noayuaem Okyok, =

(1 —Ph/k)/(1 —p*) 2=k k{. DTo 3HAUUT, UYTO IJEMEHT
06be.\43 dk’ MO3KHO 3aMEHHTh BeJUUHHOH £7'k; dk, T. e. ;1 dk’
MOKHO 3aveHuTh BesauunHoil k7'dk. Takoe ke ckansiphoe
[IPOU3BEJIEHHE MOMKHO HCTO/Ab30BATb W JAJS TNPEACTaBJECHHIT
PO # ¢ Toll aMIuL PasHULEH, UTO B 3TOM CJydae CyMMHPO-
BaHHE MO M, OTCYTCTBYET H HMHJAEKC m, 3aMEHAETCS HHieK-
coMm m.

Kax wmbr BuOesu B § 4, m. A, B2Krop k xapaktepusyer
COCTOSIHHE C OIIpEJIeJIeHHbIM HMITYJLCOM H 3HeprHeil. Ciejo-
BaTe/bHO, €CJAH YHcaa  Yn, (K) HODMHPOBAHBI Tak, dTO
<¢lp>=1, TO MBl MOXKEM HHTEPHPETHPOBATb BeJHUHHY
[ Pms (k) |? KaK QYHKLHIO MJIOTHOCTH BEPOATHOCTH, 3aBUCAIILYIO
or k ¥ mg TpH (UKCHPOBAHHOM 3HAYEHHH BEJUYHHBL R.
Huorpa ., (k) HasbiBaoT BOJAHOBOH (YHKIHER B HMIYJbC-
HoM npocrpaHcrBe. CrepyeT HMeTb B BHJY, UTO B HepeJss-
THBHCTCKHMX 3ajJauax BOJHOBble QPYHKIHM B UMIYJBLCHOM IpPO-
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CTpaHCTBe OOBIYHO HOPMHPYIOT TaK, YTO OHH He HMEIOT MHO-
xuteas ki', Kortopwifl BXOAHT B (opmyay (15.79). Dro mpo-
cras yCJAOBHOCT.

OTMernM, uvo a5 BEKTOPOB | Ksm,> W3 BbenpHBE/EH-
HOTO OIpeJEe/IeHHs CKalsPHOTO NIPOH3BELEHMS CJEIYeT COOT-
HOIIIeHHe

<K'sm | Ksmg> = kdmand (k—K), (15.81)

rae 8 (k—k’)—rpexmepuas O-¢pyukuus. Dyuruus w,,is~(ﬁ),
onpejeanIomas caM Oa3HCHBIH BeKTOp, T. €. |[P>=|km>,
naercs [dopvyaa (15.78)] Bhlpaxkennem

Yms (K) = 8,n,7,8 (k —K) &4 (15.82)

§ 5. FPYIIA NIY AHKAPE C MTPOCTPAHCTBEHHOH UHBEPCUER &,

Iobapnenne K rpyrine [lyankape npocTpaHCTBEHHOH HH-
BepcMH | NPHBOJUT JHIIbL K HE3HAYHTEJbHBIM H3MEHEHHSM
CTPYKTYpbL IpeAcTaBjeHHHA. Mbl 3afiMeMcs H3yyeHHeM TaKoro
pacuiupenus Trpynnsl P, TOAb3ysACh NPH 3TOM TEMH Xe MeTo-
Jamu, 4To ¥ B § 3. Panee MBI yiKe YIOMHHA/IU O TOM, 4TQ
#HBepcHsl | KOMMYTHPYeT C BpAallCHHAMH, H BhIBeJH 3aKOH
VMHOXEHUST AJ5 HHBEpcHH H 0yCTOB:

1Q(b)=Q(--b)l. (15.83)

I3 onpepenenust (15.39) 1 (15.47) nnsepcuu | u TpaHcas-
uwit P (g) HENnocpeACTBEHHO CJI€1yeT, 4To

IP (e) =P (Ie)I. (15.84)

HenpusoauMble npeacTaB/ieHHst TPYNObl P, JErkKo Mo-
CTPOMUTh, UCXOJS U3 HENIPHBOAUMBIX IIPEACTABJEHHH PPy bl P,
Mui nokaxeM, 4To BCHKOMY NpeAcTaB/eHuIo P S rpymnn P
MOMKHO TOCTaBHTh B COOTBETCTBHE ABA NIpeACTaBIeHus P4 & £
rpy sl . HanoyuauMm, 1T0 npocTpancTBo npenctaBaedus P& )
CTPOUTCST TIPU MOMOILM COOTHoweHust (15.57) us GasucHoro
BeKTOpa cremyanbHoro Buaa |kysm>, rae k,=(0, 0, 0, 1).
IockonbKy wumBepcust | ocrapaser BekTop K, Ha MecTe u
KOMMYTHPVET C peo6pasoBaHUsIMH IIOArPYIIEL A4, Mbl MOKEM
npunucarh HalieMy 6asHCHOMY BEKTODPY B JOIMOJHEHHE K Mapa-

metpaMm K,, S, /m, Tak:Ke H ONpPEIEJEHHYIO YeTHOCTh. TakuM



