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YHUTAPHAA I'PYIIIIA U,

B ra. 10 u 11 Mp BecbMa mnojpoGHO HCCAENOBAIH CIle-
fHanbHble yHUTapHble rpynnel SU, u SU,. Mx nenpusoiu-
Mbl€ TIPEACTAaBJCHHA CTPOUJHUCH B BUAE JHarpaMM U3 OJHO-
MepHBIX H JBYMepHHIX NpejcTaBjeHuli, Kak I0Ka3dHO HA
puc. 1.1 u 11.5 (r. I, ra. 11, § 6). dror MeTox TPYAHO
NPUMeHATh npu GoJsbllux yucaax N, B yeM Mbl yGelHJuCh
NpH Kpatkov paccMorpennu rpynn SU, u SUg B ra. 12.
B paHHO! rjaBe MBI M3JIOXKHM [IPOCTOH METOJ, ONMCAHHA
HENPUBOAUMBIX MPeACTaBjieHHud rpynnsl U, OpH NpPOH3BOJb-
#blX N. OH ocHOBaH Ha HEKOTOPBIX CBOHCTBAX Ipynmbl Ie-
pecTaHoBOK ¢ ,, H3yueHHOH B MNpefblAyileil ri1ase., B cavox
Iese, KaKk Mbl IOKaXeM B JAaHHOH IJaBe, 5TH JiB€ COBEp-
[IeHHO DAa3HbE TPYnNbLl TECHO CBA3AHBI MexAy coboit. Han-
foJsiee ACHO MX CBSI3b BH/JHA B CaMOH HHTEPECHOH PuU3HUECKOH
CHTyalUH, a UMEHHO NPH KjaacCHPHKAUH BOJHOBLIX GYHKLHH
CHCTEMBL 1 YacTHL, IS KaxKAOH U3 KOTOPBIX BO3SMOXKHBI N
PasHBIX COCTOAHHH. 3JileCb MOXHO paccMaTpuBaTh Kak lepe-
CTAHOBKHM 4YacTull, TaK H yHUTapHble mnpeobpasoBaHus B N-
MEDHOM BEKTOPHOM IPOCTPAHCTBE COCTOSIHHH KaXKA0# OTHAe/ b~
HOH yacTHuwl. Mel OyfeM HccJiefoBaTh CBOHCTBA rpynnbl Uy
B camofl ofme#i cuTyaunuu, XoTa W OyJeM FOBOPUTb O UACTH-
Lax H COCTOSIHHSIX.

B ra. 10—12 mur Bupenu, uto rpynust SU,, SU,, SU,
u SU, npepcrasasioT HHTepec B H3UKe KaK IPYMNObl IpHU-
ONU3HTEJNBHBIX CHMMETPHI TaMUJBTOHHAHOB 3JEMEHTAPHBIX
gactull U fjgep. AHanus rpynnbl Uy OpH NPOU3BOJNBHBEIX N
[OMOXET HaM B3rJAAHYTb € €AMHOH TOUYKH 3peHHst Ha 3TH
GoJjiee paHHHME pe3yJbTaThl. Mol yBHIUM TaKXKe, UTO pPYINIIbL
Ugre1 M Ugpyy MOXKHO HCHOJIB30BAaTh IJISi KJAcCHUKAHH
CJIOXKHBIX MHOTO3JIEKTPOHHBIX BOJHOBBIX (YHKUHH, KOTOpBIE
MOXKHO NOCTPOHTh W3 # 3JIEKTPOHOB, HaXOJSAMIMXCH HA BaJIEHT-
HBIX OpOHTax ¢ YIrJIOBHM MoMmeHTOM [ uau j. Ilpumenenue
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YVHHTapHBIX TPYNN B 3TOfl 3ajade sIBJISieTCH CKOpee Marema-
THYECKHM NPHEMOM, 4eM HCIO0JIb30BAaHHEM I'PYIbl CHMMETDHH
raMHJIbTOHHAHA.

CHauasla MBI OCTAHOBHMCSI Ha HEeNPHBOJAHMBIX NPEACTaB-
JeHusx rpynanl Up. 3aTeM ¢ NOMOINBIO LENOYKH MOArPYI
Uy—Upy_y— ... U; Ml ipoHYMEpYyeM Oa3ucHBIE BEKTOPHI
3TUX npeficTaBieHui. B § 7 obmue pesyabTaThl NpHAEralorcs
K OpocTeM caywaaMm rpynn SU,, SU, u SU,, xoTopee pac-
CMAaTPHBAJHKCh B NpeAbiymux riaasax. MH¢uHuTe3UManbHbe
oneparopsl rpynnel {/, paccMortpensl B § 8. B § 10 obeyxx-
Jlal0TC HEKOTOPHE NPHIOKEHHS TIpynnel U, K H3YYEHHIO
MHOTOYACTHYHBIX BOJIHOBHIX (yHkuui. Ilaparpager 11 u 12
MOCBALIEHB!  XapakTepaM HENPHBOJAMMBIX  NpejACTaBIEHUH
rpynnel Up. B § 13 obeyzkpaercss cBfisb MexkJy IpyNmaMu
SU, n &,;.

§ 1. HENPHBOAHMBIE NMPEACTABJIEHH A TPYNNbI Uy

B ra. 7 npu NOCTpOGHHH HENPUBOJHMEIX IpeAcTaBJeHH-
rpynnsl R; Mbl UCNOJIb30BAJMH MNEPECTAHOBOUHBIE COOTHOWIEH
HUA JUId HHGUHUTEe3MMAJIBHBIX OnepaTopoB. ToT Ke METOx
Mbl mpuMeHHAH B ri. 1l xk rpynne SU,. B nanHoM mnapa-
rpage Mbl Ajas rpynnel U, YHHTapHBIX IIpeofpasoBaHub
N-MmepHOro npocrpaHcrBa uz0epeM ppyroft noaxox. C mo-
Mompbio N 0a3uCHBIX BEKTOPOB HCXOJHOTO NPOCTPAHCTBA.
rie peficrByer rpynma Uy, MBI NIOCTPOMM A-KpaTHOE HPO-
u3BelleHHe IIpocTPaHcTB. TakMM o06pa3oM, HOBbIE IPENCTaB-
JIEHUA CTPOSATCS H3 HCXOJHOrO TIPeJCTaBJeHHs YHHTapPHBIX
N X N-Marpuu. ¥YcTpauBas MNOAXOAAIIYI0 CHMMETPH3ALHIO
MPOM3BEAEHHA MNPOCTPAHCTB, MBI IIOJYYHM IOJNHBIH Habop
HeNpUBOAHUMBIX IIPeACTABJEHHH rpynnsl Uy.

O6o3HauuM uepes @;, ®,, ..., ) MHONKECTBO OGA3HCHBIX
BEKTODOB HCXOJHOro N-MepHOro npoctpaHctsa. Torja rpyn-
na Uy onpellensieTcsi YHUTApHBIMH I[IpeoGpasoBaHHIMH

N
(P;=U(Pl=i=21 Uij(Pl’ (181)

rpe U;;—npousBosbHas yHuTapuas N X N-marpuua. Ilpo-
H3BeJleHHE [POCTPAHCTB MbI TOCTPOHM C NOMOIILIO MHOXKe-
ctBa u3. N® npousBefieHHH THNA

O=¢; ()9, (2 P (3) - ¢y (n)- (18.2)



Yuumapnas epynna Uy 247

Kaxjplii coMHoxuTenp MMeeT JBa BUJAA HHJEKCOB: HHXHHE
HHIEKCH i, | H T. J., KOTOpDHE MeHSIOTCA B mpejfejax or 1
o N H onucwIBaloT cBoiicTBa BeKTOpa IPH YHUTAPHOM IIpe-
obpasosanun (18.1), u wmmgekcst B ckoOKax I, 2, ..., n,
KOTOPBIMH pas/iHyaloTcsl MexXJy Co00A COMHOXKHTENH, TaK
UTO MOKHO CTPOUTH aHTHCHMMeTpHuHble npoussefenud. (bes
3THX HH/AEKCOB B CKoOKaXx npoussefienus Buia ¢, (1) ¢, (2) —
¢; (1) @; (2) obpamanucy 661 B Hyab.) Ilopsjgok coMHOXKHTe-
JIeHl HeCyIeCTBeH; HanpuMep, mnpousserenue o; (1)@, (2)
o3HauyaeT TO XKe, uTo M NpousBefeHue ¢;(2)@;(l). ObbuHO
Mbl TTHIEM IIPON3BEAEHHA B MNOPs/IKe BO3PACTAHUS HHJEKCOB
B ckobkax: 1, 2, ..., n. OrMeTuM, UTO HHJEKCH B CKOGKax
JOJIKHBI ObITb Da3HBIMM JJIsi BCEX COMHOXKHTE/EH, Torja Kak
HUXKHHE HHJEKCH MOIYT OBIThb OJMHAKOBBIMH I Pa3jHYHbLIX
coMHOXHTeNeA. Mbl OyjieM CUHTaTb MHJAEKC B CKOOKax HoMe-
pOM «4acTHIEl», a HIXKHHH HHJEKC—HOMEPOM «COCTOTHHSY,
(21O COOTBeTCTBYeT (bn3uuecKoH 3ajaue O NOCTPOEHHUH BOJI-
HOBOH GYHKIHH CHCTEMBL /1 9JEKTPOHOB, KaXIblH H3 KOTOPBIX
MOXKET HaXOJHTHCH B OAHOM H3 N BBIDOKJAEHHBIX OJHOUYA-
CTHUHBEIX cocToAnui. Hanpumep, cayua#t N =2 cBsizan c Bos-
MOXKHBIMH CIIMHOBBIMH COCTOSIHUSIMH CHCTEMEI 7 3JEKTPOHOB,
KaxJblil U3 KOTOPHIX HMEeT CIHH S==1/,, a cayuall N =2/ |1
CBSI3aH C BO3MOXHBIMH OPOUTA/NbHBIMH COCTOSIHUAMH CHCTEMBI
f 3J4eKTPOHOB, HaXOJSAIIUXCSA HA BaJIEHTHOH OpOHTE C YrJio-
BbIM MoMeHTOM [ W npoekuusmu m;=I, [—1, ..., —I)

IMycte T (U)—npeo6pazoBanue npocrpadcrsa (18.2), ro-
pokjaeMoe YyHUTapHBIM mpeobpasopanueM (18.1) mas Bcex
yactuy. OHO 3ajaeTcsi ciefyoluM o6pasoM:

TV O=0; (1) 9; (2 ¢:(3) .. ¢p(n)=
= ,,j,kz p,U i UptUrt o oo Upp@e (1) 9 (2) 9 (3) 50« @y ().
(18.3)

CneyoBatesibHo, N™-MepHOE NPOCTPaHCTBO L mpomusBeneHHi
tuna @ UHBAPHAHTHO OTHOCHTEJbHO npeobpasoBanusi T (U).
Ono nopoxpaaer npexcrasienue T rpymnsl Uy, 3ajnanHOe
B_BH/I€ 1-KPATHOTO NpsiMoro npousseferna URQURUR). .. QU
marpuil U pasvepa N XN. Ilpeicrasienne T GPHBOAHMO.
[TokaxeM, Kak ¢ NOMOIBIO IE€PECTaHOBOK HOMEPOB YaCTHIL
NpPOCTPAHCTBO L MOXKHO pa3JIOKHTb HA HECKOJbKO WHBA-
PHaHTHHIX OOANPOCTPAHCTB. SICHO, YTO MPOCTPAHCTBO L Takxke
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HHBAPHAHTHO OTHOCHTEJBHO IpyINnl ¢, BCEX NEPeCTaHOBOK
HOMEpOB YaCTHL. DTH MNEPeCTaHOBKH KOMMYTHPYIOT ¢ yHH-
TapubiME npeofpasoBanuamu T (U). Hanpuwmep,

TUPO=TU) @, (1) 9; (2) 9. (3) - .. ¢, (1) =
= 2 UpiUtiUpr ... Upp9ir(1) 9(2) ¢ 3) ... 9 (1),

vit.p’
rorza Kak P,T(U)@= X UpUpiUsk...Upp®p (1) ¢ (2) X
Lit.p’

X @ (3) ... @pr(n), TaK UTO 5TH BEIPAXKEHHS OLHHAKOBBHI.
3nagur, npeobpasosanue T (U) Gyger KO‘«IMyTI/IpOBaTb C POeK-
HHOHHBIMY onepatopamu P® rpynnnl & ,, rae (o)==[nn,...]—
HHJAEKC HENPUBOIAUMOTO NpencTaBiaeHus rpynnsl . [Tostomy
€CJIH MBI PasJIoXHM NPOCTPaHCTBO L Ha no,unpocrpaHCTBa
L™ cOOTBETCTBYIOLIHE KAXAOMY IPOEKUHOHHOMY ONeparopy:

=2 L@,
(@)

€O Kaw1oe MOANpOCTpaHcTBO L@ GyrieT 1HBapHAHTHO OTHO-
TUTeNbHO fIpeobpasoBapua T (U), tak kak T(U)P*Q =
=POTU)D=P®D’, 1. e., zefictBys Ha mawColt Bekrop
U3 noanpocrpancrsa L!®, npec6pasoBanue T(U) cHOBa naet
BEKTOp W3 nognpocrpadcTBa L. Kpome TOro, BCAKCE NpoO-
cTpancTBO L®) oyeBugHbIM 06pa3oM HHB2PHAHTHO OTHOCH-
TeJbHO TI'pynnsl ¢ ,. 3HauuT, npocTpancTeo L(*) HHBapUaHTHO
OTHOCHTEJIbHO TpousBeleHus rpynn o, X Uy, Tak Kak nepe-
CTAHOBKH KOMMYTHUPYIOT ¢ YHHT2DHBIMH NpPeo0pa3oBaHHSIMM.
TlostoMy MBI Aast Ga3MCHBIX BEKTOPOB IpocTpaHcTBa L%
MoxeM BBecTH obosnauenne O{%’, npuuem AJas YHHTApHOIC
npeobpasoBaHus

TV = UnoR, (18.4)

a jas nepecraHosku P
PcD<a>~—2T<95 DA (18.5)

3aech [f—oObIUHBIH HHIEKC CTPOKH HenpHBOMMOTO Tpes-
craBaeHus T® rpynnu &, (rn. 17), a x —HOBBIH HHJEKC,
BBEJIEHHBIH [Jid HyMepauxm Gasuca noAnpoCTPaHCTBA H3 BCeX
BEKTOPOB MpocTpaHcTBa L*)| KOTOpBIE HMEIOT OfHHAKOBHIH
ungexe f. Tlostomy U®—xak pas 1o npejcraBiieHne Tpyn-
(net Uy, KoTopoe OyneT HHTEpEcoBaTb Hac B jaHHOH TJjase.
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[Mpeacrasaenne T (P) rpymnel &, o6asareqbHO HEMPUBO-
JUMO, TaK KaK OHO CTPOHUTCA C IOMOINbIO NPOSKIHOHHOI'O
oneparopa P*),  YpupurempHo, uTo mpexcTassieHne U®
rpynnsl Uy, NOCTPOGHHO® TAKHM CHNOCOOOM, TOXKE HENMpUBO-
AuMe, HO Mbl He OyjeM JokasbiBaTk 310. HaGop mpejcras-
nenuft U n1a Becex pas6uemuil BCeX LEMbIX yuCesa 71 B Jeh-
CTBHTE/bHOCTH HE sBJIAETCS MOJHLIM HabOpOM MpeACcTaB.JIe-
HUiT, O mocJe HeGoJblIoro nomo/neHus (§ 9) oH CTaHOBHTCS
nosaHbiM. [lpu durcupoBanHOM o O6asucHbie BekTOophl DY
npocrpadcTBa L{* ofBIYHO pacnogaraiTcss B BHAE MPAMO-
yrosabHoro 6JioKa:

O O OF ... O,

o P ... O,

)y : (18.6)

O O, ... oL,
BexTopsl B KaxzaoM croJibiue mpeofpasylorcd no (OAdHAKO-
BOMYy Ui BCEX CTOJIOLOB) HEHNPUBOJHMOMY IIpejcTaB/e-
Hulo T rpynmet ,, a Kaxaas CTPOKA MOPOXKAAeT (0AHHA-
KOBOE 11 BCeX CTPOK) INpeactapjeHue U™ rpymnet U,
Pasvepuocth npeacraieHus T mul 0603HauuM 4epes s,
Kak H B . 17, a pasvepHocTb npejacraBjeHus U —
yepes d,. Pe3sioMupyeM cKa3aHHOe: Da3jiesIbHBIC HHICKCH
NOSIBASIOTCS H3-3a WHBAPHAHTHOCTH npoctpancrea L™ orHo-
CUTebHO Tpoussejenus rpynn &, X Uy, HENpHBOAUMOCTH
npencrasieHust TY spigercs CJEACTBHEM HCIOJIb30BaHHS
COOTBETCTBYIONMIETO NPOEKIHOHHOTO OIePaTopa; yTBepKAeHHEe
0 HENpPHBOAUMOCTH mnpejcTaBiaeHust U™ rpynmst U, Ham elte
npencTOUT AoKasaTb. s npepcrasiaeHus T rpynnel &, X Uy,
JeficTByIOMIEro Ha npocTpaHcTBe L, MBl HMeeM

T=310oQu™, (18.7)

[IpupaBHuBasg pa3vepHOCTH OOEHX wacTeHd 3TOro paBeHCTRA,
NoJIy4aeM COOTHOLIEHHE

N""—“Zsada (18.8)
*

MEXly PasMEDHOCTAMHU Sq NpeicTaBieHufi T u pasmepHoc-
TaMu d, npexncTtasaenuii U*, BaxHo ocos3HaTh, 4To pas-
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GueHHs] @ cJyiKaT KaK A1 HyMepalud HempUBOAHMBIX Hped-
CTaBJIEHHH KOHEUHOH Tpynnel & ,, TaK ¥ JJA HYMEpaIHH
HENMPUBOAUMbIX MpeJCTaB/eHd#l HenpepniBHOH rpynmel Uy.
Ilpu ¢uxcupoBanHoM uucie N MOXKHO GpaTb Jio0ble, 10J0-
KUTeJbHbIE LEJbE YHCJAA 71, COOTBETCTBYIOLIHE Da3HBIM UHC-
JaM coMHoxutesnell B npouspejenuax (18.2). Ilostomy, Kak
¥ JOJKHO OBITh B Cjydae HernpepblBHON TpyNIbl, Mbl 10JY-
yaeM OeCKOHEYHOE YHC/I0 HENPHBOAUMBIX IPEACTaBJICHHH,
CymecTnyeT, OJHaKO, OJHO OlPaHHYEHHE Ha BO3MOKHBIE
pasCuenus [n,n,...]. Hamomnum, uto, cormacHo ckasaHHOMY
B ra. 17, pasbuenne Ha p uactell npejgnosaraeT MOJHYIO
AQHTHCHMMETPHIO I/l MHOXECTB H3 p UacTHI, BEIOpAHHBIX U3
nepsonayafbHbIX 7 yactuu. Ho npu p > N 310 HeBo3MOXKHO,
TaK Kak uMeeTca Bcero N pasjuYHBIX OJHOYaCTHUHBIX CO-
CTOSIHHE. 3HAuUT, HENPUBOZHMMBIE NpejcTaBjenus U rpyn-
nel Uy HyMepyloTcs pasbHEHHAMH [7,7,...] M1060r0o I€J10ro
yhgcsa n (Ha He Oosee yeMm N yacteit. Mnaue rosopd, HX
MOXHO 3aHyMepoBarb cxemaMmyu lOHra c¢ me Gojee uyem N
CTPOKAMH.

§ 2. HEKOTGPBIE NMPHUMEPDI

UTo6bl  NMPOHJIIOCTPUPOBATH  AOBOJIBHO  alCTPaKTHBIE
yTBepXKAEHHA npeabayliero naparpada, paCCMOTpHM npH-
Meppl ¢ HebosabmuMy uucaaMu N U 7.

1) N=2, n=2. Beejiem o6osnauenne ¢; (1) 9, (2) ¢, (3). -

. @, (n)=:|ijk ... p>. Torma cymecryior N*=4 npous-
BelIEHI/IH | 113, ]12>, |21>, | 22>. Henpusogumsle mnpencras-
JeHHsi TPyNnel ¢, HyMepyloTca ABYMs BO3MOXKHBLIMH pasbue-
Husamu [2] w [11], a cooTBercTByIOlHE MOANIPOCTPAHCTBA
OIIPEAENAOTCA CASAYIOMHUMH GasHCHBIMH BEKTODAMH:

Lel: |11y, (12> +]2)/V'2, |22,
Ll (125—|213)/1V 2.

Tak, HanmpuMep, pasOueHui0 [2] COOTBETCTBYET, KaK Mb
BHAHM, TDEXMEpDHOe npejicTaBjeHHe TIpynnsl U, H, COr4acHO
CkasaHHoMy B TIa. 17, § 5, ojHOMepHOe MpEACTaBJCHHE

rpymmsl &,.
2) N=3, n=2. Ilonbsysich TeM ke 0GO3HAYEHHUEM, YTO
H BbiLE, pasoXum 3%=9-MepHoe NPOCTPaHCTBO L Ha moji-



