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BHOCHT B TEOPHIO TIOJIST PacXOJMMOCTH, Ha NepBHI B3rJsjA He-
yeTpanuMele. B ciyuae KBaHTOB HOJIA C HY1eBOH Maccol NOKOf
TaKHe TPYIHOCTH HE BO3HHUKAIOT U YAAeTCsl TOCTPOHTh OGBEAH-
HEHHBIH JarpaHKuaH, HHBAPHAHTHLIA OTHOCHTe/IbHO Habopa Ka-
anbpoBouHslX npeobpasopanui (ra. 16, § 3, n. 1) u no3soas-
oM HafeqgTbesd Ha TO, UTO MOXKHO Oy/IeT YCTaHOBHTb COOTHO-
[IEHHE MEXNy KOHCTaHTAMH CBA3M cJjaboro W 3jeKTpoMmar-
HHUTHOTO B3auMojelcTBui. Peluaroluuit mar BBeJeHHs] KOHEU-
HOH MacChl MNOKOsl NI BEKTODHBIX ME30HOB JieJlaeTcs Ha
OCHOBE NPENIOJOXKEHHS O HapymenHoli cummerpuu. Ilpen-
NOJIAraeTcs, 4To BaKyyM He SBJISACTCS HHBAPHAHTOM NOJHOH
rpyMHnbEl KaJuOpOBOYHON CHMMETPHM (M Ja)ke He TNpHHAJJe-
JKUT HHKAKOMY HENPUBOAUMOMY MpPEACTaBJEHUIO 3TOH rpyn-
Ibl), HO HHBADHAHTEH OTHOCHTEJ/ILHO HEKOTOPOH €€ MOoArpyIb.
TeM caMbIM B JiarpaHKuaH BBOJATCS UJIEHB!, SKBHBAJICHTHBIE
HAJIMYHI0 KOHEYHOH MacCChl Y HEKOTODLIX BEKTODHBIX ME30HOB.
ITpn nozxopsimem BrGope KanmuOPOBOUHOH FPYHIBI H €e NMOJ-
TPYINIBI, OTHOCHTEJBHO KOTOPOH BaKyyM oOCTaeTcs WHBapH-
aHTHBIM, MOXHO J0OHTHLCA, YTOOBI (OTOH COXpaHHJ CBOIO
HYJEBYI0O MacCy TIIOKOsi, a BEKTOPHLIE ME30HBI npHoOpess
Mmaccy, OTJIHYHYO OT HyJfl. Tako# crmoco® BBeJCHHMS MacChl
no3BoJseT H3beXKaTb pacxoJMMOCTeH, O KOTOPHIX yIIOMHHA-
Joch BhIlEe. Mexanusm, KoTopeIM 00yCJIOBJIEHA HapylI€HHAs
CHMMETDHSI BaKyyMa, He BIIOJIHE FCE€H, HO, NO-BHAHMOMY, OH
TpeGyeT BBECJCHHSA JIOTIOJHUTENBHOIO TI0JS CKaJsIPHBIX Yac-
THL, «KOHCIHDPAUHUA» KOTOPHIX U [aeT TPETbI0 KOMIOHEHTY,
HeoOXOHMYIO Me30HaM AJjs npuobperenuss maccel. (Hamom-
HHM, 4TO, Kaxk rosopusoct B ra. 16, § 3, n. JK, doror
UMeeT JIMUIL ABa COCTOSIHMSA ¢ m= -1, TOraa Kak uactuua
C XKOHeuHOH Macco#l W cnHHOM S$= 1 J0JI?KHa HMETb COCTOSTHUS
cm=41um=0)

§ 3. HOPMAJIbHBIE NOArPYNMbI, NOJYNPSAMBIE
MPOU3BEJEHH A1 U MAJIBIE T'PYIIbI

B HauaJie KHUTW Mbl OTPAHHYUJIHCDh B M3JIOXKEHHU TEODHH
rpyINI T€MM CBOHCTBAMH, KOTODbiE HEOOXOAMMBI JJIsi TOHH-
Manus (usnuecKux mnpuioxenui. Ho umeercsa psjp ouens
MHTEDECHBIX CBOHCTB (faXke KOHEUHBIX TPYMI), O KOTOPBIX
MBI COBCEM He yNOMHHaJH. Mpl BBEJEM 3]€Ch MOHATHE HOP-
MaJIbHOH NOATPYIIBI M MOKaXeM, KaKk HM MOJb30BaThCs /14
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HaXOXKIEHHA IpeicTaBiennii. 3to 6yjeT obwedl ocHOBOA And
BBEJIEHNA NOHATHS Masoil rpymmbl, KOTOPOe MBI MCIOJb30-
BaqM KaK HEKHH HCKYCCTBEHHbIH NpHEM MPH OTHICKAHHH
npejcTaBJeHHH NMPOCTPaHCTBEHHBIX rpynn B ra. 14, a rakxe
rpynn EBkauza u Ilyankape B ru. 15.

Jlns npsAvoro nMpow3BejeHusl TPYIHI, ONpejeNeHne KOTo-
poro 6plno jaHo B ri1. 2, § 5, xapakrepnl M IPeACTABJEHHA
BE&CbMa NPOCTO BLIUMC/UTE, 3HAs COOTBETCTBYIOIIHE BEIHUHHEL
oI Kaxpao#r w3 rpynn (ra. 4, § 21). HanomuuM, urto B
NPSMOM [IPOH3BEJEHHH §=FZ X K 3JIeMEHTbI IPYIIbl 57 1OKHbL
KOMMYTHpOBAaTh C 3jeMeHTaMH rpynmel % . BBegem Tenepb
TaK HasbiBaeMoe INOJYOPsAMOe MNpousBeieHHe ¥=FZAK.
B 3ToM cJyyae 3j1€MEHTAaMH TIPYINBL § CAyZXKar IPOH3BENEHNA
G;,=H;K,, rie H;—anemenr noarpynnsl 7, a K,—snement
NOArPYNNbLl %°, mpuueM sjemedToi H; He 06543aTENbHO N0MKHBL
KOMMYTHDPOBaTh C 3neMeHTaMH K,, HO ROJIKHO BLIOJHATHCS
COOTHOLICHUE

KHKt=H,, (20.18)

rae H;—apyrofi 3jeMeHT rpynbl F.

MoxHo aarb eie Gosee obuaiee onpefesene HOPMaJbHOR TOAL PYIINB ¢
G ectb mpocTo MOATpYNNA $, U ee 3JeMEHTH YLOBJETBOPSIIOT COOTHO-
IIEHHIO G,lH,-Gglej‘fmﬂ BCcexX 371eMeHTOB G,, BXogsaumux B §. Pakro-
pusanusi G=HK 3/IeMeHTOB TPYIbl § NPH 5TOM He 0653aTeJNbHO IIPOHC-
XOJHT, H, XOTSl B STOM CJydae ellle MOXKHO ONpeleJuTh (aKTOp-rpynmy,
OHa yXKe He Oyger 06s3aresIbHO MOATPYNNOH T'DYNNHL 4.

Takoe onpejeJieHne 03HAuaeT, UTO BCE 3JIEMEHTH, COIpS-
XKeHHble JIo6oMy H; oTHOcHTENBHO JI06OTL 3JEMEHTa TpyI-
Opl §, NpHHAAIENKAT rpynne 7. 3aMeTHM, YTO OIIPEIeJEHHE
(20.18) HecHMMETPHYHO OTHOCHMTEJNBHO JAByX NoArpyun F7
u %. I'pynna J¢ HaspiBaercsi HOpMasibHOH (MJIM HHBAapHAHT-
HOM, WJIH CaMOCONPsIKeHHOH) moarpynnoi rpynnel §. I'pyn-
na % HasbiBaeTcsi GakTop-rpynnoll rpynusl § 10 OTHOILEHHIO
K rpynne F£, M 5Ty CBs3b 4acTo BhIpaxaior (opMysaoH
¥ =9/9¢. Ecim o6o3HaunTb uepes g, h W k HOPs0K (YHCI0
3JMEMEHTOB) Tpynn $, % u %, T0 oueBHjgHO, uTO g=hk,
npuyeM k Ha3bIBAIOT MHAEKCOM HOPMaJbLHOH TpyHIel FZ B
rpynne 9.

IIpumepoM mosynpsiMBIX IPOU3BejeHHH cpejd KOHEYHBLIX
TPYyNN MOXKeT CJYXHUTh FpyIna Terpasjapa (ri. 9, § 3), xoro-
pyio MoxHO 3anucatek B Buge T =DAC,, a Takxe O6oJsee
npocrag rpynna D,=C,AC,. YUrobp ylegurscsi B 3TOM,
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HYKHO BHHMMAaTe/JbHO NpPOCMOTPETb 3JjeMeHThl rpymnnst T
(mar D,) u Ttabnuny yMHOMKeHHs1 AAs HHX. [IpocTpaHCTBeH-
HBlE TPYINBI, paccMOTpeHHbe B rJa. 14, § 9, oOpasoBaHHbE
nyTeM oObejMHEeHHs TPYNOBl JAMCKPETHBIX TpaHcaannd & c
TOYEYHOH TPYNNOH §, ABJSAIOTCH NOJYNDPSIMBIMH TMPOH3BEIE-
HUAMH & A\ ¢, NpUuYeM TPaHCIANYH B cuay dopmy.nt (14.72)
06pa3yioT HOpPMaJIbHYI0 NOATPYNNy. AHAJOTHYHBIM 06pasoM
rpynna EBkaupa (ra. 15, § 1) MoxkeT GbITb 3ariucaHa B BHJIE
&s=F 3 \NR,, a rpynna Ilyadkape (ra. 15, § 4)—B Buge
P=T ,N.Z, rae J,—rpynna TPaHCJAAUMH B TPEXMEPHOM
npocTpaHcTee, a & ,—B NIPOCTPAHCTBE-BPEMEHH,
IlocmoTpum Tenepb, KakuM 006pa3oOM 3HaHHE CTPYKTYpHI
TpYyUllpl Kag UOJYNPsSMOTO0 MPOH3BEAEHMS IIOMOraeT HalTH
ee HeNpHMBOJNMBIC TIPEACTaBJCHHS. s IpocToTHl orpaHu-
YyHMCA cJyyaeM, KOrja HopmajdbHas INoarpynma 2 abesepa
(obobienye 6yeT OYEBHAHO); BCE HENIPUBOJUMBIE IIpe/ICTaB-
JIEHHSI TAaKOH TPyImbl O HOMEPHHI H 0603HayaloTeq yepes T,
Hockompky J7 ectb moarpynna Tpynmsl §, ©GasucHbE
BEKTOPHl HENPHBOAMMOIO TPEACTABJNEHHS T TPYNIBl § MOXKHO
BRIOpATh TakK, 4TO OHH OYAyT NPUHALMNEKATb ONpPEeEeeHHBIM
HENPUBOAUMBIM IIpejcTaBienusaM rpynnsl F2. O6o3nauas Ta-
KHE BEKTOPBEI CUMBOJIOM |A>, Ads Joboro saeMentra H rpyn-
nel 7 uMeeM
TH) A =TAH) A, (20.19)

BosbmeM Kkako#i-To ompejesnenHelii HaGop BEKTOPOB |A> H,
HCIIONb3y s 3eMeHTH K, rpynnsl %°, o6pa3yeM U3 HHX HOBBIH
Ha0op BEKTOPOB |Aad:

ha> =T (K,) | 1> (20.20)

Kaxpplfi Takofl HOBBIH BEKTOP JMAOJIKEH MPHHAAIeXKaTb OJ-
HOMY U3 NpeJCTaBJeHUll IFpynmel FZ, NOCKOJbKY H3 COOTHO-
wenuft (20.18)—(20.20) caeayer paBeHCTBO
THAa>=TH) TK M =T (K) TH')] 2> =TH (H') | a>,
(20.21)

rge H =K7'HK,. 3averum, o0jHaKo, 4TO [peJCTaBjecHHE
TPYINLL 77, ONpe/ie/IeHHOE ITHM COOTHOLIEHHEM, He 006s3aTe/Ib-
no GyjeT npeacrasienneM T, Tak xak cooTHomenue (20.21)
CBASHBAeT 3J4eMEHT H ¢ MaTpuunbM saeMentom T (H') xpy-
roro anementa H'. [Tostomy MBI 0603HAuMM TaKOe NpeJCTaB-
nenue Tpynnbl F7 cumposioM T®a), PaccMoTpuM npexje scero
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npocreliui cayyail, xorga Bce npejcTaBjeHus Tée), Bos-
HHUKaIOIHe NPH npoberanuu 3memeHToM G, BCeH rpynibl K,
He 5KBHBAJIEHTHLI. B 3TOM c/1yuae BEKTODEL |/a> JIOJZKHEL OBITh
JIMHEHHO-HE3ABUCHMBIMH 1 0Gpasyior Gasic k-mepHoro e-
IPUBOJAMMOTO INPEACTaBJeHHs] I'DYNIbl §. SIBHBIH BHA 1IpeX-
CTaBJICHHSI HETPYyJHO HalTH, JeliCTBYsi Ha BEKTOP |Aa)> o6LHM
3JIEMEHTOM Ipynnbl G=HK:

T(HK) | 70> = T(H)T(K T(K)[A>=THT(K,)|A>=
T(K,) T(H') |x>=T<M(H)Mb>. (20.22)

3xech BBefiennl o0o3naueHns £, = KK, 1 H =K7}HK,. Taknum
o6pasoM, Bce MaTpuysble sjeMentst oneparopa T (HK) pasBubt
HyJI0, KpoMe TeX 3Hauenuil TM(H'), KOTOpEIE CBS3LIBAIOT
CTPOXH @ C COOTBETCTBYIOIHMI! CTONOLAMH U, OTH 3HaueHuUs
HAaXOJATCS IO HENPHBOAHUMBIM npeAcTaBienusaM T¢) noarpyn-
nel J7.

B ToM cayuae, korza kaxme-nu60 npencTaBieHus Tiha)
3KBHBAJEHTHBI NIpeAcTaBcHsM T, Heo6X0 UMbl HEKOTOPHIE
usMenennd. Obosnaunm npu januoM A uyepes K, Habop sne-
MeHTOB K, JUIS KOTOPOrO MMmeeT MECTO yKasaHHasl 3KBHBa-
JAenTHocThb. Tlokaxem Tenepb, yro 3TOT Habop obpasyer HoA-

rpynny rpynnel &, xoropyio M o6osnaunm uepes K. Ee
Ha3bIBAIOT OOBIYHO MaJIof rpyiliioil 10 OTHOWCHUIO K §, 57 1 A.
Mer He Oyjem JIOKA3LIBATL  BBIIOJHEHHE BCEX TpPYMIOBBIX

MOCTY1aTOB JUIsi Haopa K, 3 OTPAHHYMMCS JHUb 3aKOHOM

ymuoxenns. Ilyete K, u K, npunagmexar jaHHoMy Ha6opy,
TaK 4TO

a

T® (K7 'HK,) = ST® (H) S,
T (kb* 1HKb) =RT® (H)R1,

rrze S H R—HekoTopsle (PHKCHPOBAHHLIE 3JIEMEHTHI, HE 34aBH-
camue or H. Torga ana npoussejpeHHs K, K, wumeem

T (Ko 'Ky THK LK ) = T (K7 'H'K,) =

=ST? (H') S~ = SRT® (H)R~1S"1,
rie, kak u pamee, H' =K, 'HK,. Taxum o6pasom, 3aKOH
I'PYIIOBOIO YMHOMeEHHs BhinoJHsdeTcs. ClieloBaTesbHO, Habop

BEKTOPOB | Aa>, npeobpasyiomuxcs IpPH JAHHOM A 3KBHBa-
JIEHTHO, JOJIeH 00pasoBbiBaTh HHBApHAHTHOE MDPOCTPAHCTBO

1O OTHOWIEHHIO K Mano# rpynne % . IlosroMy MBI MOXeM BEI-
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6paTh 5TH BeKTOPBI Tak, 4TOOBl OHHM IpeoGpa3oBLBAJHCH CO-
IJIaCHO omipejiesleHHoMY npejctaBaenHio T rpynnu %. Torja
6a3ucHBIE BEKTOpHl 6YJyT XapaKTepH30BaTbCs OJHOBPEMEHHO
UHJEKCaMH A H o, a Takxke HOMEpPOM CTPOKM i, ecjaM pas-
MepHOCTh npejacTaBaeHus T(* Gouplle efAHHHIH. a1 nocTpoe-
HMf HEeNpHBOAMMBIX TpeJCTaBJICHMH TpynIbl § HauHeM C OJ-
HOTO M3 TaKMX HabOpOB BeKTOPOB |Aai> ¢ (hHUKCHpOBaHHBIMH
sHaueHusIMH A U a. OOumee ceoiicTBo Jo60¥ rpynuel ¥ no-
psjKa k COCTOMT B TOM, 4TO eCJM 3ajaHa noiqrpynna X
nopsjka k, T0 Jx000H 3JeMeHT rpynmsl K MOKHO 3amuCcaTh
B Bue K=M, K, rie M .— OJIHUH H3 k/k 3JIEMEHTOB Fpynnb K
(Teopema JlarpaH;Ka cM. 3ajauy 2.4). B cuay aroro npea-
craBienue T rpynmel § MOxeT OBITh IIOCTPOEHO JeHCTBHEM
Habopa k/k sneMeHTOB M, Ha BeKTODHL | Aati>, T. €. T (M )|Aati>=
=|Aei, ¢>. Tloayuennoe npejcTaBJIeH e 0603HaqaeTc;1 yepes
T?%) y pmeer pa3mepHOCTb sqk/E; ero MaTpHUYHBIE 3JEMEHTHI
MOryT OBITh HaHjeHLl TaK, Kak 3TO Jenaloch IpPH BHBOJE
dopmyanr (20.22):

T(HK) | Aati, c>=T(H)T(K)T E)Mou)—

=TH)T(K) | ai>=T(K)TH)]|rai>=T(K') T® (H')rai> =
=THH)TMHT (K)IMD T‘“(H ZT‘“’ IT(Mg) | hatj>=
=T H) DT (K’ )Ma], d>. (20.23)

1

3necy HoBbie cumBoust K', H', My, K’ u d onpexenenH co-
otHomeHusMH K'=KM,, H =K' HK’, K'=M,K’. Takuu
00pa3oM, NpeicTaBJEeHNE BLIPAXKEHO UYepe3 MaTpHUuHbe 3Je-
MeHTHI npejcraBjeHnit noarpynn 7 u %K.

Bosnukaer Bompoc: 6yjfeM JH Mbl NDH KaXJI0M HOBOM
BHIOOpe A 1OJyuaTb HOBOE HENPHBOAMMOE NPEJCTaBJCHHE
rpynnsl $? Boo6iue roBopsi, HeT, Tak KakK ecJM HeKOTOpble
U3 npescraBieHui Te) HesKBHBAJEHTHBL [IPe ACTaBJEH HsM T,
TO MBl NOJY4HM OJHO H TO e NpPeACTABJEHHE Fpyniel ¥,
ucxonsi u3 mwoboro Te) pmecro T, Habop npejacraBieHuit
T paspBaOT NpMHAAJIERAIEM 0AHOH op6ure. IIpu nocrpoe-
HHM BCEX HENPHBOAMMBIX NpEJCTABJICHUH TPYNILL § caejpyeT
BHIOpATh JHINb OJHO 3HaueHHe A JJIA KaXJO0H OpPOMTHI,

IMonarne op6UTH TeCHO CBA3aHO C MOHATHEM 3Be3[AB BEKTOPOB k
(rn. 14, § 9, n. A), tak Kak BekTop k coorBerctByer BekTOpy A. IIpen-
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craaenus T'%7 Ipynnel TpaHeasnuil, rae k; npuHajJIeRHT 3BE3ME BEKTO-
poB k, 6yayT npusagiexarh onsoll opbure.

B kauecrBe npocroro npuMepa HaiAeM TNpPeACTaBJEHUS
NOJIyNPAMOro npejcrasaetns — rpynnst D, = C, AC,. Crauaina
3aMETHM, 4YTO IO TeOMeTpHYECKHM coobpameHusIM Ocb C,
Jl0JKHA ObITh TepneHjuKyJsipHa ocu C,, a 5JEMEHTH INpO-
M3BEJICHHS DAcrmajaloTcss Ha naTb KaaccoB rpymmel Dy: Ej
5 Cu. C& G, CIC,; C,C,; C3C,. HMmelorcsi ueThipe HenpH-
BOJAMMBIX npesacrapiaenus T rpynnel C,, ¢ KOTODBIX MOXKHO
HauyMHaTh TNOCTPOEHMe npejacTaBaen i (mpuiaox. 1, taba. I1.1).
Boi6paB B KauecTse MCXOJHOIO eJHHHMYHOE NpeicTaBienue A
rpynnet C,, MBI Mosyyaem, OYEBHAHO, B KauecTBe MaJoi
rpynnsl camy ¢akrop-rpynny C,, Tak Kak 1 eJ[HHHYHOrO
npejcTaB/JeHMsl Bce MarpHunpie asementl T (H)=1 onuna-
KOBHI mis BceX H. Takum ofpaszoM, jssi Kaxkiaoro HeIpuBO-
JAUMOTO mpeacraBienus T rpynnet C,, a HX HMeeTcs JBa
(A 1 B B o6o3Hauenusx Tabu. I1.1), Mbl mOsyyaeMm ogHOMEp=
Hoe npexcraBJeHHe rpynnet D,. M3 dopmyast (20.23) ¢
HCIOJIB30BaHUEM TabuMiel Xapakrtepos A1 C, MOXHO BH-
JIeTh, UTO NIPH 3TOM NOJYYalOTCs NpeJCTaBJCHHs Ipynnbl Dy,
o6osHadeHHple B Tabja. I1.1 uwepes A, u A,. Obparumcd
TeNepb K ciaeayoueMmy npejcraBiaenuo B rpynnwm C,; oue-
BHJIHO, 4TO MaJo# rpynnof 3jech BHOBb siBJsfercs rpynmna C,,
NpHYEM BO3HMKAIOT elue JBa NpEeAcTaBieHus B, u B, rpyn-
nst D,. Haxoneu, ecoy B3siTh nepBoe u3 Naphl l1pe/CTaBJIe:
Huil rpymner C, (o6o3Hauaemoe uepe3 E), TO Manas rpymnna
y2Ke He MOXKeT CojiepKarh anemenT C,, nockosapky C;1C,C,=C}
W Marpuunbie saeMenthl g C, u C§ yxke He coBIafaioT sl
npejcrapaenus E rpynnel C,. TlosTomy Manag rpyrmia cBO-
JUTCS K TPHBHANBLHOH €XMHHUHOM, W MBI HMEeM JBYMEpHOE
npejcrasjaenne (k/k==2) rpynnwm D,, onuchiBaeMoe ¢opMmy-
qaoi (20.22) m o6osnauaemoe uepes E B Tta6a. I1.1. Basp
BTOpOE NpEJCTABJIEHHE H3 Maphl, COOTBETCTBYIOIIEH NpeACTaB-
nenuo E rpynnsl C,, Mbl HOJYYHM TO K€ TMpeJCTaBIeHHe
rpynnet Dy, TOCKOMBbKY yKaszaHHasi Napa [pejcTaBJeHHUH
NpHHAJJEXKHUT OfHOK opbure.

§ 4. KJIACCH®HUKALIU A TPYNN JIH

B ra. 9 Mpl mociefoBaresbHO pPacCMOTPENH KOHEUHHIE
TOYEUHBlE FPYIMbI, HO YTO Kacaercs HenpephBHLIX rpynn Jiu,
BBEJEHHEIX B [J. 7, TO IOKa OBLIH TIPUBEJEHH! JIHIOL HEKO-



