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craaenus T'%7 Ipynnel TpaHeasnuil, rae k; npuHajJIeRHT 3BE3ME BEKTO-
poB k, 6yayT npusagiexarh onsoll opbure.

B kauecrBe npocroro npuMepa HaiAeM TNpPeACTaBJEHUS
NOJIyNPAMOro npejcrasaetns — rpynnst D, = C, AC,. Crauaina
3aMETHM, 4YTO IO TeOMeTpHYECKHM coobpameHusIM Ocb C,
Jl0JKHA ObITh TepneHjuKyJsipHa ocu C,, a 5JEMEHTH INpO-
M3BEJICHHS DAcrmajaloTcss Ha naTb KaaccoB rpymmel Dy: Ej
5 Cu. C& G, CIC,; C,C,; C3C,. HMmelorcsi ueThipe HenpH-
BOJAMMBIX npesacrapiaenus T rpynnel C,, ¢ KOTODBIX MOXKHO
HauyMHaTh TNOCTPOEHMe npejacTaBaen i (mpuiaox. 1, taba. I1.1).
Boi6paB B KauecTse MCXOJHOIO eJHHHMYHOE NpeicTaBienue A
rpynnet C,, MBI Mosyyaem, OYEBHAHO, B KauecTBe MaJoi
rpynnsl camy ¢akrop-rpynny C,, Tak Kak 1 eJ[HHHYHOrO
npejcTaB/JeHMsl Bce MarpHunpie asementl T (H)=1 onuna-
KOBHI mis BceX H. Takum ofpaszoM, jssi Kaxkiaoro HeIpuBO-
JAUMOTO mpeacraBienus T rpynnet C,, a HX HMeeTcs JBa
(A 1 B B o6o3Hauenusx Tabu. I1.1), Mbl mOsyyaeMm ogHOMEp=
Hoe npexcraBJeHHe rpynnet D,. M3 dopmyast (20.23) ¢
HCIOJIB30BaHUEM TabuMiel Xapakrtepos A1 C, MOXHO BH-
JIeTh, UTO NIPH 3TOM NOJYYalOTCs NpeJCTaBJCHHs Ipynnbl Dy,
o6osHadeHHple B Tabja. I1.1 uwepes A, u A,. Obparumcd
TeNepb K ciaeayoueMmy npejcraBiaenuo B rpynnwm C,; oue-
BHJIHO, 4TO MaJo# rpynnof 3jech BHOBb siBJsfercs rpynmna C,,
NpHYEM BO3HMKAIOT elue JBa NpEeAcTaBieHus B, u B, rpyn-
nst D,. Haxoneu, ecoy B3siTh nepBoe u3 Naphl l1pe/CTaBJIe:
Huil rpymner C, (o6o3Hauaemoe uepe3 E), TO Manas rpymnna
y2Ke He MOXKeT CojiepKarh anemenT C,, nockosapky C;1C,C,=C}
W Marpuunbie saeMenthl g C, u C§ yxke He coBIafaioT sl
npejcrapaenus E rpynnel C,. TlosTomy Manag rpyrmia cBO-
JUTCS K TPHBHANBLHOH €XMHHUHOM, W MBI HMEeM JBYMEpHOE
npejcrasjaenne (k/k==2) rpynnwm D,, onuchiBaeMoe ¢opMmy-
qaoi (20.22) m o6osnauaemoe uepes E B Tta6a. I1.1. Basp
BTOpOE NpEJCTABJIEHHE H3 Maphl, COOTBETCTBYIOIIEH NpeACTaB-
nenuo E rpynnsl C,, Mbl HOJYYHM TO K€ TMpeJCTaBIeHHe
rpynnet Dy, TOCKOMBbKY yKaszaHHasi Napa [pejcTaBJeHHUH
NpHHAJJEXKHUT OfHOK opbure.

§ 4. KJIACCH®HUKALIU A TPYNN JIH

B ra. 9 Mpl mociefoBaresbHO pPacCMOTPENH KOHEUHHIE
TOYEUHBlE FPYIMbI, HO YTO Kacaercs HenpephBHLIX rpynn Jiu,
BBEJEHHEIX B [J. 7, TO IOKa OBLIH TIPUBEJEHH! JIHIOL HEKO-
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TOPHIE MPHUMEPHI, CYUIECTBEHHLIE A OTAEJbHBIX (HIMYECKHX
npo6aem. B pannom naparpade Mbl Jai¥M Hoc/eJ0BaTeNbHOe
onucanude rpynn JIu, yto6bl unraTeb CMOr pa3oGparhCsl B
rPYNIIOBOM acriekTe J00fi HOBOH HpOGIeMbl CHMMETPHH.

Hauneym ¢ necko/qbKuX HOBBEIX onpepenenuii, Ecaun y rpyn-
1Bl OTCYTCTBYIOT MHBApHMaHTHBIE NOATPYIIE, TO OHA Ha3bi-
Baetrcsl npocToii. Ecau y rpynnel OTCYTCTBYIOT JIUIIb abesieBHl
HHBapHaHTHBIC NOATPYINBL, TO OHA HA3HIBAETCS IOJYIPOCTOH;
TaKkaM 00pasoM, NPOCTHIE TPYIINBLL 06pa3ylOT IO AMHOXKECTBO
nosynpoctelX. MHorga s rpynnel, umeiomeidl abeseBy HH-
BapHANTHYIO [OALPYNNY, MOJB3YIOTCS TEPMHHOM <«HEINOJY-
npocTasi». B CHay CcKasaHHOro B npejnizyuieM naparpadge
HEMoJIYITPOCThle TPYNNbLl MOMKHO paccMaTpuBaTh Kak IIOJy-
npsMBE IPOM3BEJCHHUs, a I0TOMY MOXKHO COCPeNOTOYHTh BHHU-
MaHHe JIMWIb Ha IOJYNPOCTHIX rpymnnax. boJgee Toro, MoxHO
H0Ka3aTb, 4TO eCJH IpynnaJlu ABAgeTcs noJynpocToll, Ho He
IPOCTOfl, TO €e MOXKHO 3arucarb B BHJE NPAMOro NPOH3Be-
JeHus npocteix rpynn. ITosTomy B jajbHelmeM MBI OFpaHH-
uHMCA KJacCH(HUKalMed TOJNbKO NPOCTHIX rpynn JIu.

Hauynem ¢ Toro, uro BBejgeM r HHQUHHTE3MMAJbHHX OIe-
paropoB X,, NEPECTaHOBOYHLE COOTHOWIEHMA AJd KOTOPhIX
(rn. 7, § 2) TakOBHL:

[Xq xp]=§cgpx,. (20.24)

HaGop onepatopoB ¢ TakuM 3aKOHOM YMHOXEHUS 49acTO Ha8sBaoT
aareSpoil JIu. Ecau cocraBUTh MATPULL
p

8gs= 2 L'sp ckr (20.25)
Pt

H3 CTDYKTYPHbIX KOHCTaHT cf,p, TO rpynna OyAeT NOJAYIpOCTOH, e€c.ad
det g ## 0. Dro Tak HasbBaeMblit Kpurepuli Kaprasa, KOTOPeIH HeTPYAHO
BBLIBECTH, €C/IH 3aMeTHTh, YTO U3 CYIIECTBOBAHUA afesneBOH HHBApHAHTHOH
NOATPYNIE! CJeJyeT CYyHIeCTBOBaHHe HOIMHOXecrBa X;. omeparopos X;,
YAOBJIETBOPSIOMNX COOTHOLIEH UM

[Xgrs Xp 1 =0y [Xgry Xt =) €5 Xsr,
<

TAE WTPHXOM QTMEUEHBl OnepaTophl, BXoAdAUlHEe B NOAMHOXKECTBO,

I 000l jaHHOH rpynikl HMeercsi GoJibmias cBoGOjAA B
OnpejieJIeHUH OnepaTopoB X,, MOCKONbKY Jiobast JeHCTBH-
Te/bHAs JuHeHHas xoMOunauus X, cama sisercs HHQHHH-
Te3UMaJbHBIM onepatopoM. CTpos KJaacCHpUKAUMIO pasaHu-
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HBIX Ipynn JIn, Mwbl, pasymeercs:, GyjieM BHIOHpParh HauGoJee
yro6ubi Habop. Haiizem npexkje BCero MaKCHMAZbHBIA Ha-
6op KOMMyTHPYIOWIHMX JADYT C JAPYyroM HHQUHHTE3HMaIbHBIX
oneparopoB H 06o3HauuMm ero uepes H;. Hucjo omeparopos
B nabope H; HasblBaeTcs paHroMm rpymmsl H 0003Hayaercs
yepes /. [lna [ Beinosusiercs uepasedctBo 1<{[<(r, no-
CKOJIbKY 110001 onepatop KomMyTHpyer cam ¢ cogoii. OcTas-
muecs onepartopsl E, MOxHO BHIGparh Tak, uToOB OHM ObLIH
«COCCTBEHHBIMH OnepaTopaMM» Ha6opa H; B TOM CMEBIC/Ie, YTO

[Hi’ EOL:I:O{'[EXCE (2026)
AJisi HEKOTOporo Hafopa «COOCTBEHHBIX 3HaueHHi» (o, ToT
¢dakt, uto oneparopsl E, MOXHO BBIOpaTb TakuM 00pasoM,
4TOOB! OHM OBIIH COGCTBEHHBIMH BEKTOPaMH BCeX OnepaTopos H;,
CJeJyeT H3 IepecTaHOEOYHOCTH omepaTopos H;; 3To J0Kasbl-
BaeTcs B OOBIYHOH TEOPHH COGCTBEHHBIX BeKTOpOB. EcJu
M3BECTHBI CTPYKTYypHblE KOHCTAHTHl Ass mo6oro mabdopa X,,
TO MOKHO HaHtH H;, a 3arem moctpouts E,. Habop ! cob-
CTEEHRBIX 3HaueHHH o, OyjeM pacCMATPUBATb Kak [-MepHBIA
BEKTOp @ == (0, . ..Q;); €0 HAa3EBAIOT KOPHEBLIM BEKTOPOM,
npHYeM MOKHO NO0KasaTb, YTO A5l NOJYHPOCTHX TPynH OT-
CYTCTBYET BEIDOXKJEHUe, T. €. HH OjJHa mnapa omneparopos E
He HMMeeT OJHHAaKOBbIX HYJeBLIX KOPHEBHX BeKTOpoB. (Pasy-
MeeTcsl, MOXKHO paccMaTpuBaTh H; Toxke Kak CoOCTBEHHELIE
BEXTODPBI ¢ ot=0, H B 3TOM 0CCCOM cJIyuae UMeeTCsl BhIPOXK-
aenue nopazka [.) Takum o6pasoM, KOpPHEBOIO BEKTOpa o
JOCTATO4YHO, YTOOLl NOJHOCTRIO XapaKTepH3oBaTh MNpPeACTaB-
Jgenue Eg.

Uro6pl HAafTH NOMHYIO CHCTEMy IIe€pecTaHOBOUHEIX CCOT-
HCOLIEHHHA MeX1y HOBEIMH HabGopamu oneparopoB H; H Eg,
HYXKHO BHIUHCIHTE KomMmyratop [E,, Eg], HO Ha ccHOBaHMH
TOXJeCTEA $lko6H JJisi JZECHHOTO KOMMYT&Topa MBI HMeeM

[Hi [Ear Ell=[[H: Eal, Eg]+[Eer [H; Egll=
= (a; +B:) [Eq, Eg)-
Takum c€razom, xonmyTatop [E,, Eg] cem siBasercs co€er-

BeHHbM oLepaTopoM He€ora H; ¢ KOpHEELM EEKTOpOM & - f.
ITosTomy ecanm e+ 520, T0 MoxHO Hankcarthb

[Ea, Eﬁ] = NocﬁEaHi (20 . 27)
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C HEKOTOpPEIM HODMHPOBOYHBIM MHOXHTeJeM, KOTOpBIil 3aBM-
cur ot onpesenenus E,. Ecm a4 =0, To KommyraTop
[E,, Eg] KoMMmyTHpyeT c oneparopamu H; u, ciejoBaresbHO,
JIOJIXKEH ORITh HX JIMHeHHOH KOMOHHauMell, Tak 4yTO MOXKHO
HamucaTb

[Eo, E_q]=XaiH,. (20.28)

Muoxutemn of TOXe 3aBHCAT OT BeIbOpa oneparopoB H,
¥ HOPMHPOBKH omneparopa E,; s yA06CTBa MOXKHO IMOJIO-
KUTh o =@,

B 3toM cayyae HYXHO cHauaja BhIGpaTh H; TaK, YTOGH BHLINOJHA-
Joch ycaopne g;j=~0;;, ucnonbays npouecc IlImuara, nockoabky Bean-
qHHa gik=20ciock HMEeT BHJ CKaJigpHOTO NpPOH3BefeHHs. 3areM cle-

o
AYeT BBECTH BeJUUHHY Cpqs=2gptcf]s H TIoKasaTh, YTO OHA aHTHCHM-
¢

METpHYHA IO TPeM HHJEeKcaM. Toma MBI HaXOAUM

¢ k
Cka_a=2gktca —a=Cg —q =0k,
¢
¢ o
Cho —q = C-a ko =2 8-atCha = g-a alka = Apgo—g-
[;

Takum 06pasoM, BeJuUKHHA OF NpPONOPHUOHAIbHA BeIHUHHE Op H IIPR
COOTBETCTBYIOIEM BrIGODE HOPMHDOBKH Ollepatopa Eg OHM OYIYT paBHH,

Moxuo cHauana kiaccuduiuposaTh rpyansl Jld o ux
paHry [, a 3arem NpH KaXJOM 3HaueHHH [ HaAHTH BO3MOXK-
Hble HaOOpBI KODHEBHX BEKTOPOB ¢ B [-MEpHOM IIPOCTPAHCTBE.
Kak MBI yBUAHM, 3TH BEKTOPblL JOJIKHEL YAOBAETBOPSTH
BeCbMa XKECTKHM VCJOBHSM, TdK YTO MOXKET CYIIECTBOBATh
JMLb HeGoJIbIIoe uMc/IO pelennil. IlepBoe cBOHCTBO KopHe-
BBIX BEKTODOB COCTOMT B TOM, YTO €CJIH o¢—KOPHEBOH BeK-
TOp, TO —0O—TOXEe KOPHEBOH BEKTOD.

3TQ MOXKHO TNMoKa3aTb, MOCTPOUB MATPHUYHBIE 3JEMEHThHI g f MO oNnpe-
nenenuio (20.25) ¢ yuetoM paBeHCTBA HYJIO HEKOTODHIX CTPYKTY PHBLIX
KOHCTauT B cuay ¢opmyna (20.26) —(20.28). Torsa nmpu gansoM @ Bce
MaTpPUYHBIE 3JECMEHTHI o6pau1aroTc9{ B HYJb, €CJH TOJbKO HE BHIIOJI-
HAETCH YyCJaoBHUE B:—a. Ecau ne €YueCTBYeT KO pHEBOTO BeKTOpa —O,
TO BCSl CTPOKA O MaTpuusl g obpamaerca B HYJIb, OTKYJAa caefyet
pasenctBo detg=0 ¥ HapymeHHe KDHTEPHs NOJyNpocToTsl Kaprana

YKa3aHHOe CBOHCTBO MO3BOJISET HaV pa3jie/iTh KOPHEBsIe
BEKTODHL HA MOJIOXKHTEJbHBE M OTPUIATESbHBIE COOTBETCT-
BEHHO 3HaKy nepBOH KOMIOHeHTH o, > 0 uau o, << 0, Ecnu
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a, =0, TO INOJOXUTEeJbHOCTb WJIH OTPHLATENLHOCTb KOPHe-
BOTO BEKTOPAa oInpefejsieTcsl 3HAKOM BTOPOH KOMIIOHEHTbI
n T. A. YUOpsjoueHwe onepatopoB H;, a 3HauuT, u KOMIO-
HEHT «; MOXeT ObITh NPOM3BOJALHBIM. UHucao %/, (r— /) noJo-
KHUTEJbHBIX KODPHEBLIX BEKTOPOB, BooOle roBopsi, GoJblie /,
TaK YTO OHMY HE sIBJSIOTCS JIMHEHHO-He3aBHCHMBIMH. B xauecTse
faslica MOXKHO HO-IfeXHeMY MCIOJb30Barh ! BekTopos (1, 0,
0,...), (0, 1, 0,...) ¥ T. A, HO yHOOHEe NOJHL3OBATHCSH
6asncoM, MOCTPOGHHBIM HAa KOPHEBLIX BEKTOPaX, B YACTHOCTH
6a3MCcoOM M3 TaK Ha3bIBAEMBIX IPOCTHIX NOJOKHTENbLHBIX KOpHe-
BhIX BeKTOPOB. [locjenHue ONpemessioTcs Tak, 4TOOH HX
HeJb3s1 OBJIO 3amMcaTh B BHJE CYMMBI ABYX JIPYTHX TTOJOKH-
TeJbHBIX KODHEBHIX BEKTOPOB. MOKHO NOKasarhb, yTo Cylile-
CTBYeT POBHO ! IPOCThIX MOJIOXHTEIbHBIX KOPHEBBIX BEKTOPOB
M uTO OHM JHHefino-HesaBucuMEL. Clieayroliee CBOHCTBO COCTOUT
B TOM, YTO €CJIH & ¥ [ — iBa NPOCTHIX MOJOXKUTEJNbHLIX KOPHE-
BHIX BEKTOpa, TO BeKTOp Pf—o Booflie HE MOXKET GbITL KOp-
HEBBIM.

Ilycte B—o=1y, rae y—MNOJOXKHUTEAbHbIH KOPHEBOH BeKTOp; TOT A4
Pp=v--@, 4TO mMpOTHBOpeuHT ONpejeJEeHHIO BEKTOpa B KaK HpOCTOTO
KOpHeBOro. Tak ke [JoKasplBaeTcsi, 4TO 'y He MOXKeT OHITh OTpHLIATE]b-
HBIM KOPHEBBLIM BEKTOPOM.

Opnako MOryT cymiecTBOBaTh KOpDHEBLIE BEKTODH! BHJA
p+e, u, BOOOUWE roopsi, OyAYT CYHIECTBOBATEL IOCJEAOBa-
TeJBHOCTH KOpPHeBHX BeKTopoB f-+a, f+42e, ..., p+ne,
oOpHhIBaoILKECs Ha HEKOTOPOM LEJIOM UMCJIE 71; TOYHee, BEKTOD
B+ (n+1)a yxe He Avasercss KOpHeBHIM. YHCIO 7 MOXKHO
CBSI3aTh C CaMHMH KODHEBHIMH BEKTODAMH COOTHOLUEHHeM

n=—2( p)(ax-ax), (20.29)

rjle CKaJlsipHOe NpPOH3BeJeHHe OIpejeNieHo Kak a-p=dab;.

i
Aror ofluMH pe3yJabTaT MOXKHO CJACAYIOUHM 00pasoM BLIBECTH
M3 peKyppeHTHOro cooTHouweHHA. IlycTb m-—uesoe uHcao
U m<{n; Torja B CHJIy ToXzecTBa SIKoOu MmeeM

EEmmw [Ew E~oc]]=[[Er3+mow Eoc]’ E—oc]'l‘[Eoc’ [EB+moc’ E—oc]]:
T. €. 2 &y [Eﬁ+ma, Hz‘] = Nﬁ+moc, o [Eﬁ+moc+ou E—oc] +

+Nﬁ+moc, —a [Eou Eﬁ+moc—oc]y
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TakK 4TO OKOHUAaTeJbHO
Y
_‘24 1% (Bz +ma’i) Ef3+moc = (Nﬁ+ma, ocNﬁ+moc+oc, -
i

—Nﬁ+moc, —ocNﬁ+moc—oc, oc) Eﬁ +ma

Ecan pia KparkocTH BeecTH ofosHauenue A, =Ng,n,, oX
X Ngima, —a, o, TO TNOJYUHM

e Btmoa=—A,+A,_,. (20.30)

ITockosbKYy, Kak I[0Ka3aHOo BHIe, pasHOCTb P—o HE sB-
JISIeTC Sl KOPHEeBLIM BeKTopoM, umeeM Ng_o, =0, otkyra A_; =0.
Torpa 13 pexkyppentHoro coorHomenus (20.30) caexyer, uto

~—A,,,=(m.—|—1)oc-|3—|——;-m (m+Da-o. (20.31)

Ecan n-—mnocsaelHUH BOMEp NOCAEAOBATENbHOCTH (CM. BbIII2)
TO0 Ng,ny, « =001 A, =0; orciona c yaerou pasencTsa (20.31)
NPHX0JH K cooTHomeHmwo (20.29).

M3 1aHHOTO HamH ONpefefeHHsl CKaJsPHOTO IPOU3Beje-
Hus caepyer Hepasenctso sapua (o-f)* <<(o-o) (B-B), u,
cTasno 6uiTh, U3 paBencTsa (20.29) ¥ cOOTBETCTBYIOUIEIO PABeH-
crBa p=—2(e-f)/(B-B) nna P-mocaesosBaTensHOCTH o B,
at+2B, ..., o+ pp (p—uesoe yuCI0) HMeeM

—(a-B)/(oxcx) /2 (B-B) /2 = - <% izp>!/i< 1. (20.32)

MoxHO cunTaTh, 4TO MOC/IEHHM COOTHOIIZHHE OTpe/iesercs
yrojq MexAy BekTopavd o U f. 3 Tex ke ABYX paBeHCTB
MOKHO HaHTH OTHONIEHHE AJMUH BEKTOPOB

B-B)/(x-@)=n/p. (20.33)

3Hauednss yucaa n (M 4HCJA p) CTPOrO OTPAHHYEHLI paBeH-
ctBov (20.32), B cuany kortoporo np=90, 1, 2, 3. (3naue-
HUe 4 He jomycKaeTcs, TaK Kak Torja Mol HMeaH Obl ot==—f,
4TO NPOTHBOPEUHUT ONPeNeNecHHIO BeJIHUHH @ ¥ § Kak JABYX
IOJOXKHUTENbHEX KOPHEBEIX BEKTOPOB.) B mrore mMsl noayvaem
BO3MOJKHOCTb IePEYHCAUTh BCE BO3MOXKHEBIE HAaOOPH HpPOCTHIX
MOJOXKHTEBHLIX KOPHEBLIX BEKTOPOB H Ha 3TOH OCHOBe Brex
KODHEBbIX BEKTODOB BOOOHIE C INOMOIIBIO BCeX BO3MOXKHLIX
nocneaoBaTesbHoCTel, B HEKOTOPHIX cJay4asgx yjgaercss no-
cTpouTh B-nocnenoBaTeIbHOCTL Ha KOPHEBLIX BeKTopax f4-mex,
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XOTsl BEKTODHI, KparHole [--o [Haupumep, m(p-+o) upu
m > 1], HejomyCTHMSI.

Tlepeuyncsienie KODHEBHIX BEKTOPOB BBLINOJHSETCS OUCHB
HArJIaJHO METO/I0M TAK HasbiBaeMbiX CxeM (juarpani) [bHKUHA.
Ha mux npocrofl rosoxutesnpubii KOpHEBOH BEKTOpP 1300pa-
:Kaercss Toukoifi. L Kawmjod mapnl TakHMX BEKTODOB BemH-
uha 71p (onpelensdmonias VroJ MexJay BeKTopaMH) H300pa-
JKAETCS 71p NPAMBIMI JHHUAMU, COEAHHSIOMUMA COOTBET TBYIO-
mye TO4YKH. OTHOCHTeNBHYIO AJAHHY JBYX KODHEBLIX BCKTO-
pPOB, COEUHHEHHBIX TaKHMH [PAMBIMH, VEas3blBalOT IHOTAA,
novienlas Haj TOUKaMH 3HAUueHHA CKaJsipHOTO NPONU3REIeHNA
o . HUHCJI0 TAakHX 3HAUCHHH 3J6Ch OUEHL OTPaAHHUEHG. IipH
np=1 Mpl umeeM A=p=1 u, cornacao ¢opmyae (20.33),
JJIHHBLI BEKTOPOB OAMHAKOBE, NMPH np=2 OAHH I3 BEXTOPOR
BJBOE. a IpH #up=3-—BTPOE LJUHHEe APYroro. 3a1a4a olpe-
LCJICHHA BCeX BO3MOMKHBIX juarpavm JIbIHKMHA 3HAGHTEIbHO
ob.sicruaercst, ec/H PYKOBOJACTBOBATBCSH CJAEAYIOLLIMI LDABH-
JlaMli, BBITEKAIOWMH H3 HaNUCaHHBIX BbIIe COOTHCLICHUH.

1. Crexyer paccMaTpuBaTh JHIIbL CBS3HbBIE JIuarpayMbl,
TaK KakK ecaM juarpamMma pacnajaercs Ha JBe He CBsi3aHHbe
M1y coCoH 9acTH, T. e. He COCAMHEHHBIE JHHUAMH, TO 3TO
03H&12€T, 4TO KOPHEBHIE BEKTOPHl B OOCHX 4aCTAX AHar)axMbl
B3aUMHO opTOroHandbHL (c-f=0); craejgosaresbHO, TDYIIa
npeacTasisier coCofi mphvoe TPOUSBENEHME H He SEBAneTes
niocToli.

2. Cpeau mparpasy OTCY TCTBYIOT 3aMKHYTLIE neTui. [1yCTh,
HAHPUMED, BEKTOPH o, B H Yy 00pa3yloT 3aMKHYTHl Tpe-
VTONBHUK H3 OAHHOUHLIX simHui. Torpa, cornacHo gopuyne
(20.32), mpu np=1 umeem ot-f=f-y=9y-a=—"1,, rjie11a
KPaTKOCTHI Mbl BBeJH o0003KaueHHs o=a/(cc-o)/> 11 T. 1.
IHanee, mOCKOJBbKY BEKTOPHL @, B i Y A0/KHBI GBITH JHHEHHO-
He3aBUCHME!, J0JzHA ObITh BO3MOXKHA 3anuch o= b -1y +-§,
TAC §—BeKTOD, OPTOTOHANBHKH BexTopam § My H IPH 3TOM
oTAIuHLIT oT HYAs., Takas s3anMch 03HauaeT NPOEKTHPOEAHHE
BeKTOpa @ Ha MOANPOCTPAHCTBO, OTPEJEJEHHOE BEKTORaMH
$ 1 4, nputeM BEKTOP & JIEXKHMT B OPTOTOHANABHOM JOIIOHH-
TesibroM TpocTpaHcTBe. Koaddunuento b u ¢ JawTca B 3TOM
caydae COOTHOWEHHAMH B-a=b-4+cf-y u y.a=>0y-H-+c.
YuuTbIBag, 4TO Kaxjoe BXOjsllee B HHUX CKaisipHOE NLOH3-
BeleHHe paBHO (— /,), nosayvyaem §-§=0, T. e. NPHXOAHM
K NMPOTHROPEUYNIC. 3aMKHYTLE NeTAH C GOJBIIHM YHCJIOM CTO-
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POH HCKJIOYAIOTCH [0 TEeM Ke COOOpaxkeHHsiM, a MCIIOJIB30-
Bauye JBOAHBIX JIMHUH TOJBKO YCHJIMBAeT MPOTHBOPEUHE, TAK
Kak TPUBOJHT K pe3yabrary §-§ < 0.

3. MakcuMaJpHOE 4YHCJIO JMHHE, HCXOAAIMX H3 OAHOH
TOUKH JuarpaMMpi, He MoxeT Owthb Oosbine Tpex. IlycThb
HMEIOTCA KODHEBHIE BEKTOPHL O, &,, . . ., O, H BCE OHH COEMU-
HEHbl C OJHHMM KOpHeBBIM BekTopoM . Torjpa mukaxue jBa
BEKTOpA ©; HE MOryT ObITh COeAHHEHLI JPYr C JAPYyroM 0e3
HapylleHHs INpaBujia 2; TakuM o00pa3oM, KODHEBHIE BEKTO-
pBl @; AOJDKHBl OHITh IONAPHO B3aUMHO OPTOTOHAJIBHLI:
o;-0;=0 (i j). [lostomy ecom 6bl MBI, KaK H npH J0Ka3a-

14 - -
TeJbCTBe CBOHCTBA 2, Hanucamy f = Eaiai—{-%, rae §-a;=0
i=1

npH BceX i, TO K03b}HUIHMEHTH 3TOrO PasJ/oxeHHs JAaBajuch
Obl COOTHOLIEHHEM «;=f-ct;, IPHUEM

p
§'§=1-—2 a? < 1—-—i—p,

i=1

Ouenpno, 4TO Axd TOr0, uTOOH BHINOAHANOCH YCJAOBHE
E.- & < 0, MOJIKHO BBHINOJHATLCA HEPABEHCTBO p <L 3.
4. TlpaBu/ioMm 3 HCK/IIOYAIOTCS JUATPAMMBI, COJIEpIKallie

3JIEMEHTDI
———— r::n< wm><

Paccysk/enHs, NPUBOASIIHE K NMPaBUAY 3, MOXKHO 0GOGIIUTH
M 10Ka3aTh, YTO €CJM B 3TH 3JEMEHTHI BCTABHUTD JIFOGOE YHCJIO
OJIHOKPATHHIX JIHHHUH, HanpuMep

o

TO BO3HMKAeT aHaNOrHYHoe npotuBopeude. Orciofa CJeayeT
BBIBOJA, 4YTO HH ojHa M3 auarpamMm [IblHKHHa He MOXKET CO-
JepxaThb 6oJiee OTHOTO ABOHHOTO COEJMHEHHS

—— wm sepuuHL ._._<

W HH B OJHOH AHarpamMe He MOTLYT COAepKaTbcs ORHOBpE-
MeHHO JBOHHAf JIMHUS U BEpLIHHA.
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Takum 06pasoM, Bo3MOXKHBI JIHIUb YETHIPE THIIA JHATPAMM
JuiHKuHA,

1. [lenouka M3 ojUHAPHBIX JHHHH

x4 Uy o

L

e e s s m———

221. UfIIO'-IKa ¢ ojHOH JBOUHOH JmmHHMeH, npHueM p-H-q -+
+ 20=1

oy oy . o, y ﬁq 1 ng B, ﬁ1

(Hecnvverpuunele ofo3HaueHuss OyayT YaoOHBl janee NpH
NOCTPOEHHH aredphl,)

3. Lenouka ¢ oaHoH BepIUIHHOH, OT KOTOPOH B Tpex
HalpaB/JeHHs1X OTXOJHT COOTBETCTBEHHO p, § H 7 KOPHEBHIX
BEKTOPOB, HpHueM p-+g-+r - 1=1:

(Yranl MexXny HanpaB/€HHSMH INPOH3BOJbHEL M HE HMEIOT
3HAYEHHH.)

4. Onna tpoiinast JHHUS
E===

Ha puarpammax tuna 1 Bce npocThie KOPHH HMEIOT OJH-
HAKOBYIO JAJHHY H COOTBETCTBYIOLLYIO I'DYNIY MOXKHO OTOXK-
NeCTBHThL CO CHelHaabHOR yrUTapHOH rpyrmol SU, ;. UTobk
MOKA34aTh 3TO, HYMKHO I[OCTPOHTL C TNOMOIIBIO AHArpamMbl
nepecTaHOBOUHBIE COOTHOILEHHUA /I MHOHHUTESHMAILHEIX OTie-
patopoB, a 3areM CPaBHHTb HX C NEPECTAHOBOYHBIMH COOT-
HoweHnusiMu aasa rpynnel SU,., (rom, 18, § 8); npu sTom
paHr [ MOXeT npuHHMaTb J00bie lLeJjble 3HadeHds. B cayuae
auarpaMM THna 4 Hesab3sd Ao0aBMTb HY OJHOrO KODHA, TakK
Kak B MNPOTHBHOM CjyYae B OJHOH BepIuHHe BCTPeYasoch Obl
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Oonee Tpex smuHu#. [TosToMy js1s1 puarpaMvsl THna 4 cye-
CTBYeT TOJIBKO OjHa rpynna, HMelolas paHr 2-—oHa OOBYHO
00o3HauaeTcs qepes G,; JIJHMHBL KOpHEH OTHOCATCS B 3TOM
cJayuae xax 3

B cayuae jauarpammel Tuna 2 HeoOXOguMO YTOUHHTD,
B KakoM MeCTe [I€lI0YKM HaXOAWTCA ABOHHad JUHMA, T, €.
yeMy paBHB p H ¢ (0e3 orpanHyeHHs OOILHOCTH MOXKHO
BLIOpaTh p 2=¢). Kax i panee, Harumem

g+1

V }_Jaa -+ ‘3’ bﬁ 48,
e §e= 5 =0, omeys

-~ ~ gﬂ ~ -~ 1
CeV =2 a;(a;-o ) j_?(aj+1+aj—1)v
i
UTO TPHUBOAHMT K aHAJOTHYHOMY pesynETazy AT E,\‘; Ho
o, p==0 BCeria, Kpove cjydas, KOTLA O, 7=/, OTKY}la
MOKHO UOYy4HTh  @,= — p/(p+1) u anazoruuno b,
=—V 2q/(g+1). Honmasma 3TH 3Hauenus B Bblpa}‘{eﬂl/le

- I—Saa V—bef’z ’2—1_“@%? b+1ﬁ +1 Y_‘
=1+7a‘o+bq+x/‘/2,

HETPYHO MOJAYYHTh VCJOBHE p-g < 2 KaK CJCACTBHE VCJIO0-
pust §-§ > 0. Taknum o6pasom, Jubo ¢==0 npu mobom p,
mmbo g=p=1. CregopaTejqbHo, AHarpavmbi THIA 2 MOTYT
HMeTh OOHIMH BHJ

Ay 0y %o, 3 P
B B 8 it e e S g———

npu mofom [, UM, B 4YaCTHOM ciayyae, korpa [=4, buja
—— T T T g

B nepsom cayuae HMeerca JiBe passiMuHBe aHarpaMmmsl J{biH-
KHHAa, MNOCKOJBKY, XOTSI ¢, H Y HMCIOT OJUHAKOBYIO JUIHHY
(oun coeanHeHBl OJHHAPHLIMH JHHUAMH), OTHOLIEHHE KBajpa-
TOB JUJIMH BEKTOPOB B ¥ 9 AOKHO GuITb pPaBHO 2. TaKHvx
06pa3oM, JMHA KOpHEBOTO BeKTopa f§ 6o B J/ 2 pas MeHblne,

a6o B V2 pas 6Gosblie JIHHBI APYTHX BeKTOpoB. [lepso it



Jlonoanumenvrvie céelerus (omdeasrole eonpocst) 335

U3 3THX JIBYX BO3MOXKHOCTEH COOTBETCTBYIOT IPYIIbI BPaile-
HHH HEYeTHOTO MOPsAKA Rgyyq, @ BTOPOH —CHMILUIEKTHUECKAS
rpynna Spy, (0 NpujoKenHAX STHX rpynn cu. na. 18, § 10).
Ocobasn puarpamma ¢ p=g= 1 coorBercTByer rpynmne F,.

OrpaHquHHH, HaJaraeMbl€ HA 3HA4Y€HHs p, § U 7 B Jua-
rpaMmax Tuna 3, BRIBOJAATCS T4K Ke: BequunHy 8 npejcrap-
JSI0T B BHIE CyMMsl 1O BceM o, B; U y;, NpHYEM BeKTOp §
Gepercss OPTOroHaJbHBIM NPOCTPAHCTBY o;, P;, ;. B stom
clydyae BHOBb a,= — p/(p-+1) ¢ COOTBETCTBYIOWMMH BhIpa-
KEHUSNH VIS pyTHX  Ko3((uuueHToB, npHyem &-§ ==
=14, (a,+b,+c,). Toraa ycaosue §-§ > 0 5KBHBANEUTHO
YCJIOBIIO

P+ D) +alg+ D) +rir+1) <2 (20.34)

B cHiy cHMMETpUH HarpaMM MOXKHO Ge3 orpaHHueHusi o6mHo-
CTH BuIOpaTb p=q_ =r, upuueM r_>1 (ubnaue guarpamma
cBojuTcst K THmy 1). Eciu HayaTh ¢ HH3LIIX 3HaueHHd ¢ —
= r =1, 10 U3 ycaoBusa (20.34) caenyeT ycaosue p/(p+ 1)=1,
KOTOpPO€ BBINOJHAETCSI NPH BCeX p M NPHUBOJAHT K JHArDaMm
obuiero Buja

Wm0+ & 4 S ¢ > s

ay O -3 Ji

Takas amarpamma cOOTBETCTBYeT IPyNIaM BpAlleHHH YETHOrO
nopsiika AR, Ilpu crepyiolleM 3HAYEHHH ¢, 4 UMEHHO IpH
g=2 u r=1, yciropue (20.34) NpUBOJMT K HepaBeHCTBY
p/(p+1) <%/, KOTOpoe BBLINOJHAETCA TOJBKO HpH p==2, 3
unn 4. llpu 6OsbMX SHAYEHHMAX ¢ M r BOOOIIE HET HHKAKIIX
pemiennil. Takum ofpasoMm, HMEIOTCS eme TPH OCOGHIE I'P yTIITb!
Es, E, n E,, cootBercTByIolKe auarpamvaM JbHKnHa

VIHTepecHO OTMETHTh COBNAJEHHE penieHu st HepaBeHcTa (20.34)
(MHOr'Ja HA3LIBAEMOTC JHOGAHTOBLIM) NpH r=1 c peiueHeM

ypaBHenHusi (9.3), BO3SHMKABIUETO NpPH KJacCH(HKAIHH TOuYeu-
HBIX Tpynm.
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Ecsu jgBe rpynnel SBJASIOTCH H30MOP(HBIMH HJIH FOMeEO-
MOpP(}HBIMU H, TaKuM 00pa30M, MMEIOT OJIMHAKOBbIE CTPYKTYp-
Hple KOHCTaHThl, TO 3TO MOXKHO BBIAABUTb N0 OJWHaKOBBIM
auarpammaM Jlpinkuaa. Tak, Hanpumep, rpynont Ry U SU,
HUMEIOT OJHY M TY Ke JHarpammy

i@

Fpynner R; u SU, NPEICTaBJAKTCA INOYTH TPHBHAJIBLHOH
JuarpaMMoii —oJHOH TOYKO#H. B npoBefeHHOH BBIlle KJaCCH-
¢uKaluKY HeT rpynnel A,, MOCKOJbKY OHA HMeeT CTPYKTYPHbIE
KOHCTaHThI, OJHHAKOBBHIE C NPAMBIM NPOH3BEEHHEM RjX Rs,
W, 3HauuT, He sBJgercs INpocTol rpynnol. Taxas crpyk-
Typa 10 CYWECTBY NDEAINOJAraeTcsi y»e TeM, UTO, MOJOXKHB
=2 ® pguarpavme, COOTBETCTBYIOWIEH rpynne A,;, MBI MOJY-
YMM JiBE OT/i€/IbHble (HECBSISAHHEIE) TOUKH (BePLIMHEL), 4 HMEHHO
Takasl juarpamMma M J0JDKHA COOTBETCTBOBATb IPYININE Ay X As.

UTo6p naiiTH BCce KOPHEBbIE BEKTOPHI, a CJIEJ0BATENBHO,
H NepecTaHOBOUHBIE COOTHOLIEHHUA MO JAaHHOH Auarpamme JIpiH-
KHHA, HYKHO NOCTPOMTH COOTBETCTBYIOMIYIO 3BE€3/lY, KaK OBO-
puioch Bbille B JaHHOM naparpade. BosbmeMm njd npumepa
rpynny SU, (ca. 11, § 6 u ro. 18, § 7). Huarpamma [{pm-
KHHA AJs Hee uMeeT BHA

[ Y

YTO O3Hauaer [ =2 mnpu HAMWYMH ABYX OJMHAKOBLIX KOpHEH,

VJIOBJETBOPSIIOIINX YCJAOBHI0 & -f=—1/,. ClenoBaTenbHo,
corsacHo Gopmyate (20.29), 3Be3aa COAEPIKHUT €lle JHIb CyMMy
oo-+f (4, pasymeercsi, COOTBETCTBYIOLYE TPH OTPHUATENbHBIX
KODHEBBIX BEKTOpa); TakKHM 00pa3oM, BCEro HMMEETCS IIeCTh
kopuefi. [lockoapky B 3TOM ciyuae [=2, MOXHO H300pa-
3UTh BCEe KOPHH B JABYX H3MEPEHHUsX; NPH 5TOM, IOCKOJBLKY

CXaJspHOe TpousBefieHye o -f paBHO —1/,, yIroJa MeXay Kop-
HeBBIMM BekTopam#d paseH 120° (puc. 20.1). Ilockombky ke
yros paseH 120°, a/iuHbl BEeKTOpOB ¢, 3 ¥ &t~ [ 0AUHAKOBHIL.
Pasymeercsi, nosydenHnldi pesysbraT corJacyercs ¢ puc. 11.3
LISl inectH MHOUHHTe3UMaNbHBIX onepatopoB T, U., V.
(8 o6o3nauenusix rj. l1). (Ornowenne macwratoB 10 JABYM
ocsIM Ha YKasaHHHIX pHCYHKax pasjauuaercs B V'3/2 pas;
em. . 11, § 6.) Hakoner, 4To6bl NOJYYUTb NEPECTAHOBOY-
Hele cootHomenust (20.26) — (20.28), nyxuo BuOpaTh 6asuc
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H, CJefoBaTtenbHo, onpedeauth H, u H,. Hanpasum ocp 2
BJIOJIb BEKTOpPa @, a och |—mepneHAHKyJAsSpHO ocH 2 (3TO.
COrJIACYeTCSl C T€M, YTO BEKTOPHl @ H [} —IpOCTbie MOJOXKH~
TeJbHbe  KopHu). OG6pasys BeKTOPbl €AHHHYHOH IJIHHBL,.

-ﬁ oz+ﬂ
- [+ 4
et %
Puc. 20.1.
noJiy4yaeM
' 1 1
[H2v Ea]zEcu [Hz, Eﬁ]z—? EB, [Hm Ea+B]=?Eo¢+ﬁ>
1 1 1 1
[Hi, E.]=0, [H,, Eg] = 3":Eg, [Hy, Eq.pl=53"Eqsp
1 1 A
[Ec, E-o]=H,, [Ep, E_g]l=—5H,+537H,

] 1.,
[Ea+ﬁ» E—oc—ﬁ]z'g‘Hz_i_?B /:H,.

Ocrarouinecs: nepecTaHOBOYHBIE COOTHOIIEHHSI JAIOTCS GOPMY=
Jaoit (20.27), HO uMeeTcs HEOJHO3HayHOCTb B BHIOOpe HOPMH-
POBOUHBIX MHOXKHTENEH, TOCKOJABKY OTHOCHTE/IBHBIC BEJHY HHBI
onepatopos E eme He onpepesenn. Boofuwe rosopsi, 3ToO
MOXKHO cjiesiaTh TaK, 4ToOul onepatopnl H OBIH 3pPMHTOBHI,

a JJ4 oneparopos E BeUIOMHsJIOCH cOOTHOIIEHHe Ef = —E_ |
HpHYEM MOCTOSHHBIE BEJIHYMHBL N OblIH OBl JEACTBHTENb-
HbIMH. DTO N03BOJIAET BEIBECTH obuiee yeaoBHe N _y_g=—N 4

H, janee, M3 BBIPaXEHHS JAas JBOMHOrO KOMMyTaropa
[[Ew, Epls E_q-p] €me ogHo ycnosne Nop=Np _q_g. Hcnonn-
3ysl TaKkkKe TPUBHAMbHOE COOTHOIIeHHE N qg=— Np,, MOXHO
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-ONpejeJuTh MNocTosiHHble Nog U3 dopmyan (20.31) (¢ Tou-
-HOCTbIO [0 ()a3s0BOTO MHOXKHTeJs1). B upHmepe ¢ Tpynmnoi

-SU; 310 paer Na5=]/%, OTKyJa HMeeM

[Ews Egl=V"hEarp, [EBarp E-p]l=V TE,,
[EOC+B3 E~Oc]=—l/l/2E{3-

.Kak nerpyaHo yGeauTbCsl, BCe 3TH NePECTAHOBOYHLIE COOT-
-HOIIEHHS] COIJIacYIoTCsl ¢ cooTHowenuamu (11.3), ecan noso-
JKHUTh

H2=Tz, H1=1/2V§Y7 EC4=T+/V§D
Eg=U,/V 2, Epp=V_[V 2.

B Gosbiue#r gacTd AaHHOro naparpada paccMarpHBaJHCh
yHQHHUTe3UMAIbHBIE onepaTopel X, WaH Gosee yno6HEe Jid-
HelHele KoM6uHauuH H; # E,. KoHEUHbIE 5JE€MEHTH I'pYIIIbI
-00pasyiorcst Takxke (0. 7, § 2) B BHAE 3KCIOHEHIIHAJBHBIX
(YHKUHA JeACTBHTENbHBIX JHHeHHbIX KOMGHHAUMH oneparo-
pos X,; npapja, MOXKHO ONPEJACNHTb H TaK HasplBaeMoe
KOMILIEKCHOE paciuHpeHHe rpynnsl JIH, JODYCTHB KOMILIEKC-
'HBle 3HaueHHUs Ko3(G(UIHEHTOB B JHHEHHBIX KOMOHHAIlHsX,
copepxamux X,. B yHHTapHOM HPEJCTaBIEHHH OTEPaTOPHI
X, MOMXHBI OHTh aAHTH3DMHTOBBIMH (ra1. 7, § 2), Tak uTO
H3 BCAKOr0 3pPMHTOBa onepaTopa H; MOXKHO NOY4YHTb HHGH-

HHTE3UMaNbHLI omeparop, YMHOKHB ero Ha }/ —1. Has
Kaxjoil mapot E., HMeercs COOTBETcTBYOWIAs Napa aHTHIP-
MHTOBBIX HH(pHMHHUTe3uManbHBIX onepatopoB (Eq-+E_g) u
{(E.—E_.). 3ameTnm, uto, CTPoro rosops, E, He sBaseTcs
HHQHHHTe3UMANBHEIM OnepaTopoM. [IpocTefiliuM npHMepoM
MOXKET CAYXKHTb Tpyrina R, rAe (Ta. 7) Tpd HHOHHUTE3H-
‘ManbHBIX ONepaTopa TaKOBHL:

R 1. .
Xx=—_LJx=—?l(J++J—)) Xy’—"—_l"'y:——_g— (J+_—J—)

H Xz=—— iJz.

‘3pech J, urpaer posb €IMHCTBeHHoro omeparopa H, a no-
BHINAIOMIMA M HNOHWKaWW K onepaTopbl J. COOTBETCTBYIOT
-oneparopaM E.,, KaK H J0/MKHO ObITb B CJydyae TpyImbl
;paura l=1.



Honoanumenvrote ceederus (omdeavrsie 60npOCH!) 339

Ilo nmpocThiM mMoJOKHTENBHBIM KOPHAM H JHarpamMMmam
JIBIHKHHA MOKHO HaXOAHTh TaKKe HENPHUBOJHMbIE I1PEICTaB-
AeHusd rpynn JIg, uto asasercs o0o0meHHeM MeTola, KoTo-
pBIM MBI TOb30BAKCh paHee B 1. 7, § 4, n. b u ra. 18, § 8.

§ 5. MATPHUD!I BPAUIEHHUH

Marpuupl HenpusoguMeix npejcTasaenuit (DY, (R) " ana
saemeHTa R rpynner A, Gbun onpeisieHsl B T, 7 2 OCHOB-
HOM BhIpaXeHHAMH (7.39) u (7.40) 11a MaTpHUHBIX 371eMeH-
TOB HH(HHHTE3UMAbHOrO oneparopa J H COOTHOLICHIEM

T(R)=expa-X=exp(—ia-J) (20.35)

MEUKTV OfIepaToPoM KOHEYHbIX BpauieHUil ¥ HHPHHHTE3NMATD ~
HBIMIT oneparopamu. 3jech, Kak H B [I. 7, § 4, BpameHHe

Z

Pue. 20.2.

napaverpusyerca BexkTopoM a. Matpuusl D, (R) wacto na-
3BIBAIOT MAaTpHUAMH BpameHu#. XoTs Mbl HHOTZA HCIOJb30-
BaJH CBOHCTBA THX MATPHU, Mbl eile He NbITaIHCh Npef-
CTaBHTb HX KaK OYHKHHH HapaMeTpoB a; eqnHCTBeHHOe
HCKJTIOYeHHe —uacTHei cayvall j=1/, B ra. 18, § 13, n. B,

Kak BHIHO H3 3TOro HNpHMepa, MapameTpn a He OYeHb



