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orneparop npu BeBojJe dopmyJbl (8.43). Oneparop umeer BUA

2 NOFIOP=L—t@—=01(+])

[lpumensis ero k TepMmy 2P, ¢ yueroM Bripaxenus (I15.4)
noayyaem 3 (2y*+466%)=2-+6. 3uas, uto p2=1/,, HaXoAHUM
orciona 02="%/,,, e*=4/,, M, TakuM 0O6pasoM, 3aBepiuaeM
3aroJIHeHHe TPEThbed CTPOKM Tabauubl, AJs SHEPrHH Tepma
*P nosnyuaeMm BbIpakeHHe

F(*P)=3%,Ep+%,Ep+*/,Es=3F°.  (I15.58)

Hcxonsa w3 Buipaxenut ([15.5) pia 3Hepruil Tpex TepMoB,
MOXKHO BHOBb BbIYHCJIUTH OTHOLIEHHE SHEPIHH BO36YXKICHHS:
LF (*P)y—F (*S))/[F (*D)—F (*S)] = 1,67. dxcnepumeHTanbHOR
3HayeHue 3TOro OTHOHIEHHS B arome asora (Z=7) c Tpems
BAJICHTHLIMH 2p-3JIeKTpoHaMi pasHo 1,5.

JlaHHBIH mnpuMep MoKa3niBaeT, KaK IIPUMEHSIETCS MeTO[
reHeasiorMyeCKuX Ko3(pUIUEHTOB B CJydae 6oJiee CJOKHBIX
aToMOB, a TaKke B sAaepHoii ¢usuke. CymiecTByloT u GoJee
[OC/IGROBATe/NbHbIE CHOCOGK HaXOXKACHHS TIeHeasoruyecKux
KO3()}HIIMEHTOB, OCHOBAHHLIE HA HCIOJIB30BAHHHM JAPYrHX
rpynn—npexzae Bcero rpynnel Uy, YHHTapHBIX npeo6pa-
30BaHu# B (2/-4-1)-MepHOM mNpOCTPAHCTBE BOJIHOBHIX (YHK-
uH# §,, AN OJHOH YacTHIBl, a TaKXKe €€ pas3JHYHBIX [0j-
rpynn (ra. 18, § 10).

§ 2. KOQ®dHHHUEHTBl CBA3H (6J- H 9/-CHMBOJIbI)

Kak 6wuio mokasaHo, KosggpuuueHTs Kiaebma—Ioppana
(koa(pbULUEHTE! BEKTOPHOH CBfI3W) HIPalOT CYLIECTBEHHYIO
pPOJib OPH NOCTPOEHHH BOJNHOBHIX (YHKIHMH M BBIYHCJEHUH
MATDHYHLIX PJEMEHTOB. JTH KO3(hHIHEHTH BHIUHCIANOTICH HA
OCHOBE TOJIbKO FPYIIOBHIX CBOHCTB ARy M HE 3aBHCAT HH OT
KakuxX APYTHX CBOHCTB ¢u3MYeCKOH CHCTEMEI, KPOME ee CHM-
metpuH. Ilpu cioxkeHuu Gonee ueM JABYX YIJIOBHIX MOMEHTOB
BO3HHKAIOT TPOU3BeeHNs Koapduuuentos Kiebmwa —lopprana.
Ilpr sTOM HEKOTOpHIE CYMMEI TaKHX [IPOM3BEIEHHH BCTpe-
4aloTCcsl JOCTATOYHO YacTo, M Lenecoo6pasHO BBECTH JJisl HUX
creuyanbHble 0603HAUeHHsi W COCTaBHTb TabJHIY HX YHCJIEH-
HBIX 3HaueHHH (mogpoOuee cM. B KHurax bpunka u Csrunepa,
a Takxe PoteHGepra M jp. u3 JaurepaTyph K ra. 7). Ouge-
BHEHO, YTO C YyBeJHYEHHEM YHCJA CKJAJbIBAEMBIX YIJIOBBIX



Memodst paciema amomHod cmpykmypoi 383

MOMEHTOB CJIOXHOCTb 3aJaud BO3pacTaeT HeorpaHHUeHHO; HO
NPaKTHYECKHH HHTepeC NPEACTaBJSIOT JMLIL IepBHE INArH
Ha 3TOM NyTH. MeTojnl, u3jaraemble B JQaHHOM maparpade,
NPUMEHNMBI K GOJILIIMHCTBY TpyNI, HO IIOJHOCTBIO OTIHCAHBI
JUIb A rpynnel R, na abenesofi rpynmnst A, 3TH Me-
TOJbl CTAHOBSITCS TPHBHAJNbHEIMH.

[pencrapnenue npoussenennss DU (@) DU, kak BHAHO H3
dopmyubt (7.44), ZoINyCKaeT npocToe Pas3foKeHHe; NPH 3TOM
CYILECTBYET €AHHCTBEHHBIA Ga3uCHEIH BEKTOP, KOTOPHH Inpe-
o6pasyercs HenpuBOAMMBIM 0GpasoM NpH GAaHHHIX jm H MPH
yenoBHH | j;— | <<j<ji+j,. Kosdpduuuentsr KieGua —
Foppana C(j,j,, m,m,m) onpenensiorcsi Kak Ko3OOHIHEHTH!
pasJioXeHHss 3To (GYHKUME B MYJbTHIIHKATHBHOM 0Oasuce
m,m,. IlpencraBnenune Gosiee coxHOro npoussegenns DU (R
@ DU Q) DUa) R DU ge Gymer MMEThH CTOJb TPOCTOrO pas-
JIOXKeHHs, U, BoOOLIE TOBOPS, JAHHOE HENMPHBOJUMOE IIpej-
crapienue D'” MoxeT NOABMATBECH B €ro pasyoXeHHH He-
CKoJMbKO pas. Ilostomy Takoe pas/ioxeHHe He SBJSETCS
€AMHCTBEHHBIM H OAHHM JIULIL HHJEKCOM jm He OYAYT OJHO-
3HaUHO OnpexesAaTbcs 0OasucHele (GYHKIHMU PasJI0KEHHOTO
npejicTaBiieHusl. PasnoxkeHne MOXKHO MpoBecTd B jABa ITalna:
CHauaJsa HyXHO [I0 OTAENBHOCTH Pa3JI0XKUTh JBA HPOH3BEEHHU

(fl'ffz)
DU» Q) DU = > DU1s),
F12=lis~Je | (H56)
(fa'_"fa)
DUs) (R) Do) = > DU,
Isa=l7s—iq|
4 3aTeM — NpOHU3BeACHHE
fu":fu
DU QD= > DU, (I15.7)

i=1 J'u—ful

Kaxpgass ¥3 5TUX onepaluil BRINOJHSETCA OJHO3HAYHO M JAET
Habop 6asMCHEIX BEKTOPOB, KOTOPHIH MHl 0GO3HAYHM CHMBO-
JIOM | jygfss, jm>. JIpyrofi Habop GasuCHBIX BEKTOPOB MOKHO
MOJIYYUTh, B3SIB MHOMKMTENH B HCXOJZHOM INPOH3BEJEHHH
B APYroMm IMopsiKe; Hanpumep, ecau B3sATb DU (RX)DUs) u
DU R DU, a 3arem D) () DU, To MBI mosyunm Gasuc-
HBle BEKTOPHl | fy3fs4, jm>. IlpeoGpasoBanue, cpsi3biBaioulee
yKasaHHble fBa Habopa GasuCHBIX BEKTOPOB, OOBbIUHO 3aMH-
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ChIBAlOT B BHJAE

jisfzes jm> = IZI. [(2j12+1)(2j34+1)(2j13+1)(2]'24+])]1/’x
jI jz j1a

X1is fo faaf|issizes im>, (I15.8)
Jis faa |

npuueM HaGop 3HaueHHH | B GonpmHX PUrypHEIX CKOOKax
HasbiBaercss 9j-cumBosoM. IIocKOMBKY (hyHKLMH ¢ PasHBIMH |
WJIH m B3aUMHO OpPTOroHajbHH, B cymMe (I15.8) 3Hauenus
j ¥ m GUKCHPOBaHLI, MpHMEHUB NOBBHILAOUKA oneparop J,,
HeTPYAHO M0Kas3aTh, YTO 9TH KO3(D)HIUHEHTH He 3aBHCAT OT
m. M3 cnocoba HX mnocTpoeHHS SABCTByeT, 4To JIOGOH u3
GasCHBIX BEKTOPOB B 00eHX uyacTAx paBeHcTBa (I15.8) moxer
OHITH 3alMCaH B BHAE CYMMBI BEKTOPOB |m mymgm,> B INpO-
CTOM MYJIbTHIIMKAaTHBHOM Gasuce ¢ KoadhuimeHTaMu, paB-
HBIMH Ipou3BefeHUAM TpeX Koadhduuuento Kaebina—Top-
naHa. IlosToMy B CuJly WX OpPTOTOHAJbHOCTH MOXHO U3
Boipaxkenns (I15.8) monyuute Buipaxenue ans 9j-cumBoJa
B BHAE CYMMBI N0 IPOHM3BENEHHSM INECTH KO3(hPHIHEHTOB
Kaebuta—Topgana. Ho sTo He TpeGyercsi, Tak Kak cyue-
cTBYIOT Tabnuunl 9j-cumposioB. HopMHPOBOUHEIH MHOMKHTENb
C KBaJpaTHHM KOpHeM BBeieH B ¢opmyany (I15.8) notomy,
YTO NP TakOM onpefeneHuu 9j-cumBoa o6najzaer GOMbIIAM
guc/oM cBOACTB cuMMeTpuit. OTpaKkeHHe OTHOCHTENbHO JI000H
U3 JMaroHajnedl He U3MeHseT ero, TOrAa KaK IePECTAHOBKA
nio6o#l mapel CTPOK WM CTONGLOB BBOAUT MHOXKHTENb (—1)7,
rje p—CyMMa BCeX JEBATH 3HaueHMH | B 9j-cuMMBOJE,

Kak Hekoe 0606umenue Teopems! Burnepa—23Ikkapra (7.53)
MOXXHO DAacCMaTpPHUBaTh TO, 4TO MaTPHYHBEIE 3JIEeMEHTHl CBsl-
3aHHBIX OTIEPATOPOB B CBA3aHHOM CHCTeMe TOXKe BLIPAXKAIOTCSA
yepe3 9j-cuMBOJIEL. PacCMOTpPHM cHCTEMY M3 ABYX KOMIIOHEHT,
HanpuMep JBe YacTHUL! HJIH OpOUTA/NBHBI U COMHOBLIH YrJjO-
Bble MOMEHTHl omHOR uacTHub. ByJeM pasnuuarb KoMITO-
HeHTHl HHJEeKCaMH 1 ¥ 2 W 3anuieM CBSI3aHHYIO BOJIHOBYIO
GyHKUMIO B BUAE | j,f.j,>. BrbepeM HenpuBomuMele HaGopHI

REY u s onepatopoB B KamuoM KOMIOHEHTE CHCTEMBI
(ra. 7, § 4, n. E) v cBsKeM uX APYr ¢ gpyroM, o6pasopas
TEM CaMbiM HENPHUBOAMMBIH HaGop MO OTHOIUEHHIO K OJHO-
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BPEMEHHDBIM BpAUICHHAM:
TR = C(k,kK, 919,Q)RFVSED. (15.9)

9192
Omeparop Rf,f" ABJASETCS eNHHHYHBIM, €CJIH peYb HJET O
BTOPO# MOACHCTEME, H, Hao6opOT, ONlepaTop Sf,kj’ — €JUHHY-
HbIH 10 oOTHOmIeHHIO K mnepBoit. Ha ocHoBaunu Teopemsr
Burnepa—3xkapra u onpeaenenns 9j-cumsoaa [dopmyna
(I15.8)] naxonmm

<j1f2jm|T(é<)|jijé]',m’>=
=(—1)*KC(j'Kj, m' Qm) <j,/of | T jif3f > =
=(—1)*C ('K}, m*Qm) [(2]" + DK + 1) x
PO P
X2+ D]y jy s §' ¢ < REISE] jij;>. (I15.10)
(&, k, K

ATy GopMyay MOXKHO NOJYYHTh, NOJCTABUB BCe KOIPHHULH-
entol Kie6wa-—loppana, koTopble (QHUIYPUPYIOT B JEBOH
yacTH paseHcTBa (5.10), «pasmbikasg» pas3/HUHBE CBA3M U
npuMensia Teopemy BurHepa-—3Kkapra ANa KaxIOH TOA-
cHCTeMbl B oTAenpHOcTH. [lonyuaromasicss cymma OyAer Toraa
TOXKJECTBeHHA cymme, crosimed B dopmyne (I15.8). B atom
HeT HHUYEro HeOXUJAHHOTO, IIOCKOJIBKY DasjeneHue JBYX
kKommnoneHnT B (I15.10) Bo MHoroM cxonHO ¢ npecOpa3oBaHueM
(I15.8), ecim  y4ecTh COOTBETCTBHE  (fifafsiafrefsafrafsai) —
— (f1f2irjeii kkoK). Baxuoe 3sHagenuwe ¢opmyas (I15.10)
COCTOHT B TOM, 4TO B HeH 3aBHCHMOCTb MaTpHYHOro 3Jie-
MeHTa oT K, j u j' naeTcs B s1BHOM BHJe H3BECTHHIMH (DYHK-
LHAMH, TipHueM He TpedyeTcss J[EeTaNbHOIO OlpefelieHHs
onepatopoB. Eciau B MyNbTHIJIHKATHBHOM 0a3vce | j,f,,m,>
BOoJIHOBaA (PYHKUHSA pasjeinsercs, TO Pa3fensieTcs H IpHBe-
Jle HHBIH MaTpHUHBIA 3JEMEHT:

Jrfa | REISED [ 1> = (G [ RED] IS, [

j2. (II5.11)

Hwmeercsi psAn YacTHRIX cJydyaeB 3THX (GOpMyJ, M OHH
yaue BCEro BCTPeYaloTcs NpH pacyerax. Ecam onuu us aje-
MeHTOB 9j-cHMBOJIa PaBeH HYJIIO, TO JIBe APYT'He Haphl J0JKHLL
ObiTb paBHBl ADYT APYrY B CHJIYy YCJIOBHS TPEYroJbHOCTH,
OCTaBJISIONIETO TOBKO IEeCTh He3aBHCHMBIX 3HaueHuH §. B sTom



386 ITpuaoocerue 5

cJyuae 3aruChBAIOT

{a be b+e+e+f
o del= (—Db+etet . ab 61 (15.12)
7 7 0) [2e+1) 2f + 1)) decff

u Habop sHaveHuii a, b, ¢, d, e, [ B n1paBoH yacTH HAa3HIBAIOT
6j-cumBostoM. Kak u paHee, 4HCHEHHBIE MHOXKHTeNb B ([15.12)
BRIIEAAIOT, 4TOGK HajeduTh OO6.abliell cuUMMeTpueidt 6j-cuM-
BoJi. B uvacTHOCTH, nocseiHHH He H3MEHsETCs NpH Iiepecta-
HOBKE JII060H naphi cro0uoB WM Npu obMeHe Jo6oi napel
3HaueHUH B BepXHeH CTPOKE CO CTOAIIMMH HEIIOCPEJCTBEHHO
noj HUMH B HukHell cTpoke. B cuny cummerpHu 9j-cumBosa
cootHouenue Buaa (I15.12) cymecrByer anst moboro 9j-cum-
BOJIa, OJIHH H3 3JIEMEHTOB KOTODOTC paBeH HYJIIO.

[Mosoxus j,=0, momyuum us ypasHeHus ([15.8) npeo6-
pasoBaHHe, CBsI3bIBaioLIee 1B HA00pa Herp HBO AMMBIX 6a3HCHBIX
(OYHKUUA AJis1 CHCTEeMBI C TPeMsi SHAUYGHHAMH j:

| faaiss jmd> = 2 (—1Yut/wt it [(2]10 4 1) (21 -+ 1)] V2 X
I3

A S
X9, s , jm>. I15.13

{] I1s ]3J|]13]2 im> ( )
M3 ¢opmynst ([15.10) MOXHO NOAYYHTH JBa YacTHBHIX

k
pesyabTaTa. Bo-mepsrix, momaras Sy =1, 1. e. cuuras sroT
oneparop e€qHHHUHbIM ¢ R, =0, MBI NosyyaeMm

(k)| 30303 o , - ,
<alafm|RGY | fijaf'm'> = (1)t et =RC (" Ry, m " qum)S, o X
.

y . ST R

XLI2J + 12+ D0

Ji i1 1o

rJ€ 3aBHCHMOCTh OT IOJIHBEIX YIJIOBBIX MOMEHTOB j M j' moJ-
HOCTBIO JaeTesl HM3BECTHLIMH (PYHKIMSIMH.

Bropo#i wactHEIH cayyal monyuHM, nojoxuB K =0, tak

ut0 k,=k,; Torga onepatop T§” CTaHOBHTCS HHBApHAHTHHIM

H MBI HOJIYuaeM

}<i1H R

i, (T15.14)

Cndalm | T fifad m"> =8B (— 11+ 4T =he 5
@it D) @iy L)\ I TR e 15
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B sroit Qopmyse 3aBucHMOCTh OT j MaTPHUYHOrO 3JIEMEHTA
uHBapuaHTa T(® BhIpaxaercsi yepe3 6j-CHMBOJ.

SIBHBIl BHJ MHBapHaHTHOrO omNepaTopa HaXoAuM U3 dop-
myast (I15.9):

o' - - ki) (Re)
Tg = 2 (— 1)k (2 + 1) 7:REYSEY,
qs
€CJIM TIOJICTABUTh B Hee H3BeCTHHIE Ko3(hduuueHTs Kieba —
l'opnana. Ho ofbruno mummyT

RO ) = (— 1Y% (2%, + 1)5T(" = 3 (—1)7R{SE),
G

U HaswBalor (R‘*).S%0) cransipuelM npoOM3BeJEHHEM JBYX

HenpHBOAUMBIX HabOPOB ONIEPaTOpPOB R(k‘) H S(k" B wacrHOCTH,
IJisl OTEPaTopoB YIJIOBOTO MOMEHTA C =1 ‘meem

joj=—J+iJ_1-—J_i.l+1+J 10=Ji+-j2+.’§,

YTO COTJIACYeTCss ¢ OOBIYHBEIM ONpeJeNeHHeM CKaJlsgpHOTo
MPOMSBE/ICHUST JIBYX BeKTOPOB, HyXKHO [OMHHTB, 4YTO STH
JBa 'crnocofa onpefeNeHHs HHBapuaHta 7§ pasaHuaiorcs
MHOXHTEEM (—1)%: (28, 4 1)z,

Hexotoprie U3 mosyyeHHBIX Bhilie GOPMYJ MOXKHO OBLIO
OBl BLIBECTH H HENOCPEJCTBEHHO H3 M3BECTHBIX paHee (GopMy.J
6e3 IpUMEHEHUs SKBMBAJEHTHHIX oNeparopoB. Hanpumep,
dopmyarr (8.28) u (8.39)—aro wacrHhie caydyan GopMmyJbl
(I15.15), a Ha ocHoBaHuH Gopmysl ([15.14) MBI B ClieAyIOmeM
naparpage BhIBEJEM BhIpaXKeHHs AJs1 OTHOCHTENBHBIX HMHTEH-
CHBHOCTEH IepexofioB.

§ 3. HHTEHCUBHOCTHU NMEPEXOJ0B

Mgl yxe roBopHJiH O IpaBHiaax oT6opa AJNA HCIYyCKaHHs
M TOIVIOMEHUS 3JEKTPHYECKOrO JHIIOJNBHOIO  H3JyYeHUs
Bra. b, §4ura 8 § 1. B cayuae LS-cBA3H g/ MHOTO-
3NEKTPOHHOIO aTOMa OHM TaKOBBI:

=S, J'=J,J+1, L*=L+1, (I15.16)

npuueM, KakK OOGbIYHO, HCKJAIOYaroTes Iepexonw Bujga 0 — 0
no L u J. 3pece Mol 0603HAUUAHM HAYaJdbHBLIE COCTOSHHA
uepes SLJ, a xoHeuHple—uepe3 S'L’J’. Dtu npasuna cie-
AVIOT HENOCPEACTBEHHO M3 TOrO, UTO [UNIOJBHHIA OIepatop
HHBAapHAHTEH B CIIMHOBOM INPOCTPAHCTBE M SIBJSIETCS BeKTOD-



