Jdexyusn I

TlpocTbie JuHMM Ha IIOCKOCTH.~— 3ajiaHue JMHMHA ypaBHe-
nuem.— Teopema Yuruu.— )Kopaanosm Kpusbie.— I'nankue
M peryaspHbie Kpusbie.— Henapamerpusosannbie Kpusuie, —
HatypaabHblit napamerp.

Cywectsyer HeCKOJAbKO Da3/iHYHBIX MOAXONOB K YETKOMY
ONPEAEIEHHIO (IKCIIHKAUHK) HHTYUTHBHOIO INOHATHA JHHHH,
1IpHBOJisULMe, BOOGILE TrOBOPS, K DasiHYHBIM pe3yJibTdTaM.
OJHAaKO B MPOCTEHALIMX CHTYaUHAX BCe MOAXOAH JAlOT (paKTU-
HeCKH OfHO M TO XKe.

O6cyaum cHayana JUHHM Ha MIOCKOCTH.

MnoxectBo I' Ha nuockoctu HaswiBaerca epaguxom, eciau
CYUIECTBYET TaKas cucreMa (eBKIMAOBLIX uix ahPUHHBIX) KOOp-
IMHAT X, y ¥ Takaa AuddepeHuupyemas (BapuaHT— Helpe-
peiBHas) ¢yHkuus f: / — R, onpenenennas Ha (3aMKHyTOM,
TMOYOTKPLITOM HJAHM OTKphLiTOM) uuTepBane [ ocu R, 4ro
TOYKA C KOOpAMHATaMH X, y TOrAA H TOJNLKO TOTAa IpuHak-
aexur MuoxectBy I, xorma x€J u y={f(x). C unryurus-
HO/1 TOYKH 3peHus Bce rpaduKy ABJASIOTCH, KOHEYHO, JIHHHAMH.

Touka p, MHOKecTBa C Ha MJIOCKOCTH Ha3hIBaercs npocmoil,
ecau cymecrByer Takofl oTkphitelii Kpyr U ¢ umeHTpom B p,
yto nepeceyeHne U NC sBasercs rpadukoM.

Mnuosxkectso C Ha3bIBa@TCa C8A3HbLIM, €CJIHM €0 HEeb3S pas-
OHTL Ha JiBa MHOXeCTBa, 06/1ajaloliHe TeM CBOHCTBOM, YTO
KaxJas TpeleabHast TOYKa OJHOTO MHOXECTBAa He NpHHaj-
JaexuT apyromy. (Harasgro 310 03Hayaer, 4TO MHOXKECTBO
COCTOHT H3 OJHOTO KycKa.)

Muoxecrso C Ha nJI0OCKOCTH HasbiBaeTcs npocmoil aurued,
€CTH OHO CBSI3HD M COCTOMT TONBKO M3 NPOCTHIX TOYeK.

3agaya 1. Hokawkure, yro Jiobofi rpaduk cBsi3eH
(4, 3HAYMT, BASETCST NPOCTOH JHHHEN).

Pasanynbie BapuaHTLl SKCIVIMKAUUK MOHATHA JAHHUH pas-
JUYAlOTCs B OCHOBHOM TeM, KaKHe JONyCKAloTCs HelpocThie
Toyk#. Ms un3bexuMm OOGCYXKIEHHS 3THX BOIPOCOB pas
M HaBceria, YC/IOBMBLUHCH DaccMaTpPHBaThb TOJbLKO INpPOCTHiE
JIMHHH.

IMpocras JuHHS MOXET HMETh (MM He HMEThb) KOHUesoe
modKu. DTHX ToYeK Moxer Obith He Gonee aByx. Ilpocras
JHHHR C JAByMs KOHLEBHIMH TOYKaMm# (uMelowas BHJ H3OTHY-
TOro  3aMKHYTOrO WHTEPBa/Na YHCAOBOH OCH) HA3bIBAETCA 3AMK-
Hymod, a ¢ olLHOM KOHLEBOH TOYKOH (MMelol\as BHA H30THY-
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TOr0 MOJYOTKPHITOrO HHTEPBANA YHCAOBOH OCH)~—n0AYOMKPbI-
moli. Tlpocras nauHHA 6e€3 KOHLEBBIX TOYEK MOXKeT HMeTh
Ju60 BHJ| H30FHYTOrO OTKPHITOTO HHTEPBa/Na YHCAOBOH OcH,
A¥60 BHJA H30OTHYTON OKpyXuocTH. B mnepsoM cayyae oHa
HasbiBaeTCst omkpoimotl, a Bo BTopoM—3amkrymod. (Takum
o6pasoM, TEPMHH «3aMKHYTas» NPHMEHHTEIbHO K [IPOCTHIM
JHHHAM HMeer jBa 3uadenusi! O6 3Tofi JBYCMBICTEHNOCTH,
CTOXKHBUIEHCA HCTOPHYECKH, HAJ0 MOCTOAHHO MOMHHUTD.)

PacnpocTpanennsiii cnoco6 3afiaHHa JHHHA Ha MJIOCKOCTH
3aKJI0YaeTcs B TOM, YTO OHM 3aJaloTCsl YpaBHEHHAMH BHJA

(0 F(x, y)=0,

Tle X, y—KOOpJHHATLI Ha MIOCKOCTH (appUHHBIE HIAH NP AMO-
yroabHele), a F—mHekotopas GyHKuus ot X, y. [YTBepxne-
HHe, 4TO MHOXKeCTBO .7 3ajaercs ypaBHeHHeM (1), mo omnpe-
JeJIeHHIO O3HayaeT, YTO TOYKA p MAOCKOCTH TOTAA W TOJBKO
TOr/la NMPHHaMJIeXKHUT &, Korja ee KOOpJHHATH X, y YAOBJe-
TBopsitor ypaBuenuio (1). [Ipu TtpaktoBke F xak QyHKuMu
Ha TUIOCKOCTH, 3TO O3Ha4aeT, 410 p€.F TOrAa H TOMbLKO
TorAa, xorga F(p)=0.]

Koneyno, 4tobbl noayyuTs JHHHH (B CMbic/e TOH Hiu
HHOH YeTKOH SKCIJIMKallHH), HYXHO NOAYHHHTb QyHKuUHIO F
OTpeJleJIeHHBIM  YCJOBHAIM. B mepBylo oyepeib €CTECTBEHHO
norpeGoBaTb, 4YTOOB! 3Ta GyHKUMA Oblna Henpepeviena. [Ecnu
JOMYyCKaTh pa3pbiBHble GYHKUMM, TO ypaBHeHueM BuAa (1)
MOKHO 3aflaTh IPOH3BOJILHOE MHOXKeCTBO A ToYeK MJIOCKOCTH;
IOCTATOYHO TpHHATL 3a F dyHkumio | —1, riae y—Tak Haspl-
BaeMasi xapakmepucmudeckas ¢yHkyus MHoxecTBa A, paBHas
eluHHLE I Touyek M3 A w pasHas Hymo BHe A.)

HanomMuuM u3 Kypca ananusa, 49710 TOYKa p IJIOCKOCTH
(uan, BoOOIIE, MPOHM3BOMLHOTO METPHYECKOrO —B YaCTHOCTH,
€BK/IHJ0Ba — IPOCTPAHCTBA) Ha3LIBACTCA SHYMpeHHel MmouKod
MHoXecTBa A, ecqH cyulectByer Takoe € > 0, 4TO e-OKpecT-
HOCTb 3TOH TOYKYU (OTKPLITHIA Wap— Ha MAOCKOCTH Kpyr —
pajguyca & C UEHTPOM B TOYKe p) UETHKOM copepxutca B A.
MnuoxecTBO, cocToAwWlee TOJALKO W3 BHYTPEHHHX TOYEK, Masbi-
Baercs omxpbimoin. MuoxecTBo C Ha3blBaeTCS 3aMKHYMbIM,
€CJIH ero JOTOJNHeHHe OTKPbITO, HJH, YTO PaBHOCHJBHO, eCJH
g ool cxonsuelica Moc/aefoBaTebHOCTH Touek p, € C ee
npegen lim p, Takike npuHagmexur C.

IMoxMuoxectso a G H HO 'O (BeUwECTBEHHOTO H KOHEIHO-
MepHOro) npocTpaHcTBa 4 Ha3blBACTCH 3aMKHYmMoiM (OMK pbi-



3ARAHUE JIMHUHY YPABHEHMEM 15

fbis), €CNH OHO 3aMKHYTO (OTKPRITO) MO OTHOLIEHHIO K HEKO-
ropoii eBKAMAOBOH MeTpuKe Ha A .

3apava 2. [Tokaxure, 4TO0 ecau NMoAMHOXKECTBO abduH-
HOro mnpocTpaHcTBa A 3aMKHYTO (OTKDHITO) MO OTHOIWEHHIO
K OXHO! €BKJHAOBOH MeTpHKeE Ha A, TO OHO 3aMKHYTO (OTKDLITO)
i 10 OTHOUIEHHIO K J1060# ApYroii.

3ameuanue |. 3aMkHyTas npocTas JUHHSH Ha IJIOCKO-
CTH SIBJII€TCS 3aMKHYTHIM (M OFpaHHYEHHBIM) MHOXKECTBOM (TIpH
KaKJOM H3 JBYX NMOHHMaHHN TepMHHA «3aMKHYTas JHHHA»).
HanporuB, HH OAHA NpPOCTas JHHHS—B TOM YHCJE H OTKDHI-
Tas’! —He SBJNSETCH OTKPHITHIM MHOXeCTBOM. Dosee Toro,
CYILECTBYIOT OTKDHIThIE JIHHHU (Hanpumep, rpadHk TaHreHca),
sIBJIAIONHecs 3aMKHYTHIMH MHOXKeCTBaMH (06GA3aTENLHO Heorpa-
11 HUEHHBIMH).

3ameuanue 2. Jlerko Bugern, 4TO Hu 00wa npocmas
MHUR He umeem Hu O00HOU eHympenHeld mouku. Ha stom
ocHoBanuu KaHTop npepso:us cuuTaTh JHUHHAMM Ha MJIOCKO-
CTH TNpPOM3BOJIbHEIE 3aMKHYTbIe MHOMECTBAa 0€3 BHYTPEHHHX
TOUEK. JTO OMNpenejeHHe HMEeT CBOHM IpeHMYIUEeCTBa, HO AIs
OOMBUWIMHCTBA MaTeMaTHYeCKMX TeOpHH OHO, I10-BUJAHMOMY,
CAMIKOM OOmO (BMECTE C TeM 3TO ollpejesieHie He OXBaThl-
BaeT, CKaM)eM, OTKDHITHIX IPOCThIX JHHHH).

OueBHaHO, 4TO AJIsi KaXKaoH HenpepuiBHOR (GyHKuHH F Ha
MEeTPHYECKOM MpPOCTPAHCTBe £ MHOXECTBO BCeX TOHeK, B KOTO-
puiX 3Ta (YHKUMA paBHa HYJMO, 3aMKHYTO. 3TO 03Hayaer,
uto ypasnenuem suda (1) ¢ Henpeposnotl gynryued F moxcno
3a0ume UL SAMKHYMbE MHONECMEA NAOCKOCHU.

3anaua 3. Iloxaxure, uro H, o6parso, A MOGOrO 3aMKHYTOTO
mHoxectea C METPHYECKOoro npocg)aucma .2' cylmecrayer Ha .2' TaKaf

nenpepbisHas dynkuus F, uro p€C Toraa ¥ ToasKo TorAa, Koraa F (p)=0,
(Ykasanue. Paccmorpure Ha I dyHKuuio

F(p)= qig{:p(p» 9. preZ,
— paccmoanue p om C; 3nech p—merpuxa s Z'.]

Touka MuoxecrBa (1) HaswiBaeTcst Heoco6oil, ecH B ITOH
Toyke 06e YaCTHble NMPOU3BOAHbIE
oF  oF
ox ' 9y
¢yuxkuu F CyIleCTBYIOT, HeNpepuiBHbI H XOTH OBl OaHa H3
HHX OTaHyHa OT HyAA. Ocranbubie TOUKH MHOXecTBa (1)
HA3LIBAIOTCS €0 0COObIMU MOYK3 MU,
HsBecTHas M3 Kypca aHajH3a TeopeMa O HeABHOM
GYHKLHH yTBEpKAAET, YTO B OKPECTHOCTH JM060# Heocobo#
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TOYKM Kaxjoe MuoxecTso (1) sasaserca rpadukom, T. €.
kaxcOus Heocoban modxa seasemcs npocmotl moukod, (O6part-
Hoe Hesepno. Hanpumep, npu F(x, y)=x(x*+ y*) mHoXe-
ctBo (1) coctonT u3 Touek ocu opauHar x==0, H noToMy Bce
ero ToYk# mpoctel. Bmecre ¢ Tem Touka (0, 0) sBasiercs ero
0co0oit TOYKOI.) :

Otcioga clenyer, 4YTO MHONECMBO 6CEX HEOcO0bIX MOUeK
Kaxcdoeo mromecmsa (1) sersemcs 00vedunenuem npocnivly
Aunul (Booflle roBops, COEgUHSAIOMMXCS B 0COOBLIX TOUKAX).
[osromy, ecnu ocoOhX ToYek He oueHb MHOTO, HalpHMED,
KOHEYHOE YHCAO, TO MHOXecTBO Bujxa (1) Bmosne oTeewaer
MHTYHTHBHOMY IpejcTasieHdio o Jaunusax. (M ux snoane
YMECTHO Tak Ha3niBaTbh.) OpHako ecqd 0coOBIX TOYEK MHOrV,
TO Jeao o6cTouT coBceM HHawe. MMenHo, Kak mokasan ame-
'DHKaHCKHH MaTeMaTHK YUTHH, ypaBHeHueM BuJa (1) c Gec-
‘KOHeuHo puddepenunpyemoit ¢ynkuuest F MoxHO 38apath
Jo6oe 3aMKHYTOE MOAMHOXKECTBO MJIOCKOCTH.

Teopema YuTHH OTHOCHTCE K MpPOH3BOJBLHOMY KOHEYHO-
MepHOMY ToueyHOMy adduHHOMY npoctpaHctBy A. Kaxayio
¢dyHkuuio F Ha 3TOM IPOCTPAHCTBE MBI MOXKEM, BHIODAB HaYaslo
orciera O, paccMaTpUBaTh Kak QYHKUMIO HA ACCOUHHUPOBAH-
HOM JMHeaje ¥° u, 3HA4YuT,— nocJe phiGopa B ¥° 6asuca
€, ..., €,—Kak QYHKuHI0O Ha apudMeTH4ecKOM MPOCTPAHCT-
se R". Oyukuua F nasusaercs enadkoll ¢pynukyuet kracca C°,
ecmu, paccMatphBaeMas Kak dyHkuus Ha R”, oHa obaajaer
HEMpepLIBHBIMY  YaCTHBIMM TIPOH3BOJHLIMM BCeX TOPSAJKOB.
(SlcHo, 4TO ecaM 3TO yCJOBKE BBHIMOJHEHO NPH OJHOM BEIGOpE
penepa Oe,...e,, TO OHO BHIMOJHEHO H MPH JoOOM Apyrom
ero Bhidope:)

Teopema 1 (teopema Yurtuu). Jaga m05020 3aMkuy-
moeo nodmuonecrnsa C agpgpunnozo npocmpancmsa A Ha A
cyujecmayem maxas esadkas Kaacca C* ¢pynkyus F, umo p€C
mozda u moasko moeda, kozda F(p)=0.

HokasatenbcTBO TeopeMbl | ommpaercs Ha CJeAylOmYIo
JieMMy, MMEIOIyl0 ¥ CaMOCTOSITENbHbIF MHTepec:

Jdemnma 1. Cywecmsyem maxas 2radkas kracca C* Mono-
monnas Gyukyus o: R—>R, umo:

1P o0<a() <l dan moloco LER,

2° a(t)=0 mozda u moasko mozda, kocda < 0.
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NokaszartennctBo. [lTonoxum

/ e~ ecau (>0,
(2) a(f) 0, ecan << 0.

STeno, uto ¢ynkuusa (2) MOHOTOHHA u o6najzaer CBOHCTBAMu
I” nu 2° Kpowme roro, npu f=%0 sra GyHKuHa, OYEBHIHO,
fieckoneqHo nudxdepennypyeMa.
[loyTOMy HaM HYXHO TOJLKO
JIOKa3aTh, 410 3Ta (QyHKLHA
(eCKOHEYHO JHpepeHUHpyeMa

i npu £=0. .
C srofi uetbio Mu Hamom- Ol 1 4
1mM, 49to Qyuxuus f, onpele- I'paguk dyuxinm o

JeHHast B OKPECTHOCTH TOYKH
{=0, IubbepeHmHpyeMa B STOM TOUKe, €CNH CYUIECTBYIOT
1pesel

3 lim LO—LO | iy [O—1 O
140 t40

(neBble M TpaBhle NpPOM3BOJHBIE YHCAA (QyHKIHH [ B TOuYKe
t=0) u ecnH 3TH npelespl PABHHL

C npyroit cropoHnl, ecnu ¢yHkuusa [ Auddepenuupyema
B OKPeCTHOCTH TO4KH ¢=0, 3a HCK/JIIOYeHHeM, BO3MONKHO,
caMOf 3TON TOYKH, M €CJHH CYIIECTBYIOT Npejenl

(4) lim f* (), lim ' (#),
£40 ty0

TO, KaK HeNoCPeJCTBEHHO BhiTeKaeT H3 TeopeMbl Jlarpaixka
O KOHEYHBIX MPHpAIEeHHSX, Npefelsl (3) CymecTBYOT H paBHb
npenenam (4).

[Tockonbky Anst Bcex dyHKuub [ = a!™ nesvie npeenst (4),
OYEBHJIHO, CYINECTBYIOT M paBHBI Hymio (H60 npu f < 0 31H
(GYHKUMH TOXJAECTBENHO PaBHHI HYJIO), OTCIOfla Clelyer, 4To
AN JIoKa3aTeNbCTBA JIeMMBl | HaM JOCTATOYHO YCTAaHOBHTh,
yro ansa mo6oro nz=0 npenen

lim ot (t) = lim (e— l/t)(n)
£40 £40

CYLIECTBYET K paBeH HYJIO.
Ho nerko Bupers, uto aast mobBoro n>=0 uMeer MecTto

- 1/8\() —— p—
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rie p, = p, (T)—MHorouneH creneny 2n. [Ita Gopmyna sepHa
npu n=0; ecry oHa BepHa AJs HekoToporo =0, TO

’

(e_ l/t)(n+1) — [e— 1/tp” (%)] =

et ()= ()] = e ().

e P (T)=T2p,(T)—T3*p,(T)—MHOrOYNEH  CTENEHH
2n -+ 2.}
[TosTomy
lim (e- 1 = lim 228 o,
10 t+t+o €
yto # Tpebyercs. [

Caedcmeue 1. s awobozo ompeska [a, b] ocu R cyue-
cmeyem maxas esadkas kaacca C* ¢ynxyus B: R— R, umo
0B Ora acex tER u

1, ecau t<a,
B(®) T\ 0, ecau t=b.

HoxasarenbcTBo. JLocTaToyHO MOJAOKHTE

’ _ o(b—1)
0) Toap—0-+a{l—a)
rie o —o¢yukuusa us gemms 1. [

I A o
| | A/__\L
1 — —_—l L
0 a b t o a ¢ d b ¢
Tpapuk dyHKuMu f TCpadux dyHKuHM A

3ameyanue 3. AHaNOrHYHEIM 0GPa30M MOXKHO CTPOHTD
¢yuknuu kaacca C* c¢ Gosmee ciaoXHHM noseleHueM. Hampu-
Mep, AT Jobbix yucea a < ¢ <d < b dopmyna
B—|t—C))
A(t) = el
&) =g@—Ti—ch+ai—DI=A"

rae
_d—c _b—a __b4a
A== B=—H-, C=—
onpefiensier raafkylo kjacca C* OYHKIHIO, DPaBHYIO HYJIO
BHe oTpe3Ka [a, b] ¥ eauHHue Ha oTpe3ke [c, d|. Ham rakasn
(GyHKUHS MOHafoGHTCA B JeKiuH 15.

_d+4ec
D==~,
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I1ycTh ¥°—eBKJIHA0OBO BEKTOPHOE NDOCTPAHCTBO.
Odosnauenus. Has moboro r> 0 cuMsosioM B?/a

(1 upocto B,) Mut 6yeM 0603HaYaTE WA pajHyca r eBKJIH-
B 1pocTpancTBa ¥° ¢ ueHTpoMm B Toyke 0, T. e. MHOXe-
¢TBO BCEX BEKTOPOB X € ¥?, ans koropux | x| << r. Coorser-
croylOUHit  omKkpotmont tap (MHOXECTBO BEKTOpPoB X € 77,

S
st KOTOPHIX | X| << r) Mbt GyleM ofosHadats cumponoMBY .
n

Mpi 9°=R* Bmecto BR” wMbl, Kak npasuio, Gyrem
micarh B2,

B €BKIHIOBOM TOYEYHOM MPOCTPAHCTBE o WIap pajuyca r
¢ ILEHTPOM B TOYKe p MBI 6yleM 0603HayaTh CHMBOJIOM B‘,/l »)

(a OTKpHITBIA AP —CHMBOIOM B',/l(p)).

DTHMH 0603HaYEHHIMH MbI NOCTOSAHHO Gy IEM MOJIb30BATHCS
Ha TPOTSKEHHH BCEro Kypca.

Caedcmeue 2. [Qas mobod mouku p, eskaudoea mo4ed-
Hozo npocmpancmea A u mobozo r >0 cywecmeyem maxas
pynkyus f: A—R, umo 0 na A u

Fo) { | moeda u moavko mozda, xoeda p € B, (p),

p =

0 moeda u moavko mozlda, kozda p $ Bz, ().
HoxkaszarensctBo. HoCTaroyHo mMOMOKHTH

f(py=B(xD,

—
i€ X == pop— DafHyC-BEKTOP TOYKH p, OTCUHTHIBAEMBI OT
TOYKH py, @ B—dyHKUMA M3 caeAcTBUA !, mocTpoeHHas Wis
orpeska [r, 2r]. O .

BeiGpaB B mpocTpaHCTBe A CHCTEMY MPAMOYTOJBHBIX KOOD-
J\MHAT, MBI Ha3oBeM TOUKY p €A payuonaivrod, eciu Bce ee
KOOpAHHATH ABMAIOTCH panioHanbHeiMH yncnamu. [ap B, (p)
MBI HAa30BEM pAYUOHAALHBIM, €CNH ero NEHTD p ¥ pamuyc r
PalHOHANBHEL '

Jenna 2. Kaxdoe omrpoimoe mioncecrngo U < A agasemces
06%eduneruem cuemuoe0 (Ul KOHEYH020) MHONCECMSA paylio-
HAALHOLX Wap08, M. €. CYWECMBYIOm makue payuoHAibHble
MOYKL )y sGpyy +- - U MAKUE PAYUOHAAbHBIE HUCAQ Iy, . .

sl e ey MO

(5) U= mU—l B"m (qm)'
Hoxkaszartenscrso. Tlo ycaosuio ‘}I\Hﬂ moBofi ToukH

p €U cymecrayer TaKoe & > 0, 4To B. (p)=U. Paccmorpum
pauvoHanbHuiit wap B,(q), rae ¢ — Takas panuoHanbHas
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Touka, yro p(p, q) < &/2, a r—TaKoe palHOHAJbHOE YHCJIO,
yro p(p, q) <r < e/2 (CywecTBOBaHHE TOYKH g H UHCIA r
ofecrieudBaeTCsl TeM, YTO JI060Oe BellleCTBeHHOE YHCJIO MOXHO
CKOJb YTOAHO TOYHO aNNpPOKCHMHPOBATb PalHOHa/bHBIM). Tak

Kak p(p, g)<r, ™ p€B,(qg), a TaKk Kax
P P)<p(x, ()4 p(ps Q) <2r<e

ans moboit Touku x € B, (), 1o B, (g)=B, (p)cU.
Mol BuAUM, TakkM o6pa3oM, yTo Jtobast Touka p € U cozep-
XKHTCH B HEKOTOpOM paumonaapioM mape B, (g)cU. 3o
o3HauaeT, 4to MHOxectBo U sBasiercs
ofbe/iHeHHeM PaLMOHAJbHbIX WAPOB BH/AA

B, (q), moCTpOeHHEIX AN BCEBO3MOMNHBIX
touek p € U. Ho mHOXecTBO Bcex paiuo-
HaJIbHBIX LIapOB NMPOCTpPaHCTBA o, OUEBH]-
HO, cyerHo. [lo3TOMY YHCJIO Das/HYHbIX
IapoB BHJA B, (g) He Gosee ueM CUETHO.

Otosnauue ux ueped B, (gn), Mbl 4 TO-

ayyuMm pasnoxenne (5). O
Tenepr y Hac Bce TOTOBO AJis J0KA3aTeNbCTBa TeoPeMsl 1.
Hoka3sarteabcTBo TeopeMbl 1. Bes orpanuuyenus
OGLIHOCTH MbI MOX<EM, OY€BHIHO, CYHTATh, YTO paccMaTpHBae-
Moe aqx})jpmﬂoe NPOCTPaHCTBO o €BKJIHJOBO H, 3HAYHT, JONOJ-
Henune U =ANC mHoxectBa C JomyckaeT mpeicTaBieHHe
Buaa (5). Ilyctb f,—@yHKuHs u3 CcaeacTBHs 2 JeMMbl 1,
OTBEYalomas TOUKE g, H UHCHY r,/2. Ita GyHKUHA (a 3HaYHMT,
¥ KaXJas ee yaCTHast MPOH3BOJAHAs!) TOXAECTBEHHO paBHa
HYJIIO BHE KOMIIAaKTHOTO (3aMKHYTOTO H OTPaHHY€HHOTO) MHO-
xecTBa lB,m (9.,)- Tosromy ans moGoro k>0 cyulecTByeT
Takoe 4ucao ¢4 >0, yro acouOTHAs BeNHUMHA KaXJOH

YaCTHOH MpPOH3BoAHOH MopsAka k QyHKUHH [, HaA BCEM npo-
crpancTBe A He mpeBocXonHuT k. Ilycrb

cp=max(l, ¢y, ck, ..., ).
PaceMoTpuM  GyHKIHOHAMbHBIN P
@
\ fn
(6) L PLT

m=1
Tax kak no mocrpoenuio ¢, =14 f, < 1, To 3TOT PAA Maxo-
PHPYeTCs1 YHCJOBBIM CXONSIIHMCH PSAAOM

) IR
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CuenoBatenbho, paj (6) CXoAuTCH K HEKOTOpOR GYHKUHH
F: A4—R. Ecnu p€C, 10 p¢ B, (9,) Ams xaxmoro m> 1

i1, sHauHT, f,(p)=0. Ecan xe p¢C (1. e. peU), 1o cyme-
croyer Takoe m>=1, uro p€B, (g,). Torna f,(p)+0 n,
snaunt, F(p) 0. Takum o6pasom, F(p) =0 Toraa u TopKO
torjga, korfia p€C.

C npyro#t CTOpOHBI, Tak Kak Aaf Joboro m =k kaxnas
yacTHast TpPOM3BOAHAst m-ro uJjexa psaja (6) mopaaka k He
PEBOCXOAHT, OUEBHAHO, m-ro ujeHa papa (7), To, npopud-
(epenunpoBaB k pa3 psaa (6), MBI MOJyYHM pSf, BCE HJIEHH
KOTOPOTO, 3a HCKJIOUeHHeM, ObiTb MOXET, MEPBLIX X 4JEHOB,
TaK¥Ke MaXKOpupyloTcs useHamu psiaa (7) ¥ KoTophlH, caeno-
paTeJbHO, paBHOMEpHO cxoautcs. ITosToMy, corsacHo H3BeCT-
1oit Teopeme o AudbepeHUHpOBaHUM PALOB, cyMMa psaa (6)
GeckOHeuHO JudxpepeHuupyema (M KaxJas ee uacTHast npo-
N3B0JHas SBASETCH CYMMOH psiia, COCTaBJEHHOIO H3 COOT-
BETCTBYIOUIMX YAaCTHHIX NMPOW3BOAHBIX psija (6)).

StuM TeopeMa | mosHOCTHIO JoKa3ada. [

Hpyroit noaxon x NOHATHIO JIHHHH, CBSI3bIBAEMBIA OOBIYHO
¢ lmMeHeM (paniy3cKoro MatemMatika )KopaaHa, OCHOBEIBaeTcst
ua MpelCTaBAEHHH O JIMHHH KaK TPAEKTOPHH JABHXKYLIEHCs
toykd. Jluwuu B cmbicsie JKopaaa Mbl OGyAeM Ha3blBaTh
KPHBBIMH,

Coraacro )Kopaauy, xpusod B n-mepHoM adxpHHHOM rpo-
cTpaHcTBe o Ha3bIBaeTCsl IPOH3BOJILHOE HeNpephlBHOE OTO-
OpakeHHe

8) v: I—d,
rie [ —mnekoropelit uHTEpBaa OCH R (OTKPBITHIA, MOMYOTKPHI-

T HJIH 3aMKHYTHI), T. €. mocJe Boifopa B A Hauana oT-
cuera HenpepblBHast BEKTOP-QyHKUHSA

(9) r=r(), tel,
IPHHKMMAlOWAan 3HaYeHHst B acCOLHPOBAHHOM JHHeasle 77,
B  agguHHBIX KoOpAHHaTax &Y, ..., X" KOpJAAHOBA

kpuBas (8) 3ajaercsl HeMpephIBHBIMH WHCAOBBIMH (DYHK-
LHAMH

(10) N=x(t), ..., xn=x"(t), te€l.
Ypapuennst (9) u (10) Ha3bIBalOTCS napamempuuecKumu ypas-

Henuamu KpuBoii (8) (COOTBETCTBEHHO 6eKMOPHLIM W KOOPOU-
Hamnbimu),
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lloguepkHeM, 4TO KpHBBEIE HABJSAIOTCHA—B OTJHUHE OT
JHHHA! —He MHOXecTBaMH, a OTOGPAXKEHHAMH.

. OpHaKo Ha npakTHKe YAO6HO 06palaTbCsi ¢ KPHBBHIMH —
no kpaliHei Mepe B TEepMHHOJOIHYECKOM OTHOLIEHHH — KakK
6yATO OHH fIBJSIIOTCSH MHOXecTBaMu. Hampuwmep, ans Jawo6oro
t, €1 Touky p,=7vy(f,) npocrpancra A Ha3bLIBAIOT MOUKOL
Kkpugoti (8), omsewaroweli 3Havenuro napamempa l,, a TaKxe
ropopAt, uto xpusas (8) npoxodum npu t =t, 4epe3 moy-
Ky p,. B cayuae, xorga uurtepBan [ 3aMKHYT (HMeeT BHI
[a, b]) Touku y(a) u y (b) Ha3HIBAIOTCA KOHYEGbIMU MOUKAMU
kpupoit (8). I'oBopsiT Takxke, uto kpuBas (8) coedunsem Tou-
KY Y (a) ¢ Toukoit y(b) u T.0. ¥ T.M.

Tlpu y(a)=17 (b) kpusyw (8) MOXHO paccMaTpHBaTb Kak
HerlpepbIBHOE O0TOGpaXKeHHe OKPYXKHOCTH, TaKHe KpHBbie Ha3bl-
BAlOTCS 3AMKHYMbIMU.

B cayuae, koraa TpeGyercst creuuatbHO MOAYEPKHYTb
pa3/iHuKe MexAy KPHBOH H MHOXECTBOM ee TOuekK, MociejHee
HasblBalOT Hocumesem Kpupofi. Takum o06pa3oM, HOCHTEIb
KpHBOH (8) siBNstercA He ueM HHBIM, Kak o6pasoM Y (/) uHrep-
Baja I npu oto6paxkexuu (8).

Boo6ie rosopst, HOCHTe/Nb KPHBOI MOXKET HMETb CTPOeHHe,
BeCbMa faJjekoe OT HHTYMTHBHOTO IpeicTaBieHHsl O JMHHH.
Hanpuwmep, oH Moxer uMeTb BHYTPEHHHE TOUKH H Jaxe -—
Kak IOKa3nBaeT [puHMep 3HaMeHuTON KpHBoi [Teano— 3anos-
HATb COGOH KBajapar.

KpuBas (8) HasmiBaeTcst npocmoti, eciu OHa siBisieTcs,
BO-NEePBLIX, HHBEKTHBHLIM OTOGpaXKeHHeM | — A, T. e. y (¢,)=

=9y(l,), t, t,€I, Toraa u TOJDB-

¥ Ko Torja, korma t,=¢,, u, BO-

BTOPHIX, B3aHMHO HelpepbIBHLIM

(w4, xax eme TOBOPAT, MOHEO-

: / MOphHbIM) OTOGpaXMEHHeM, T. €.

\ TaKHM, YTO €CJlH /st IMOC/Ief0Ba-

- = TesbHOCTH {f,} Touek otpeska [

CpesaHHblit JIeKapToB JAMCT cym,ec:rBye'r rakag T09Ka TE/,

yro limvy(f,)=7v(r), TO nocue-

nosatesbHocTh {f,} cxomures (u limf,=1). 3amknyras
KpuBast

(11) v [a, b]— A, ¥ ()=17y(b),

HasuiBaercs npocmod, ecauw y(4,)=7y(t,) npu f, < {, Toraa
¥ TOJBKO TOTHAa, Korja f,==a u. {,=Dh.

TUNHYHBIM TPHMEPOM HWHBEKTHBHOTO, HO HE MOHEeOMOopd-
HOrO, OTOGpa)KeHHsI OTKPLITOrO HHTepBasa B MPOCTPAHCTBO A
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qBJANCTCS KPUBAs .

2
x=l—i_{73‘: szi—iTg'» “—“l<l<"im

(«cpe3aHHBIA [€KapToB JIHCT»).

3anaua 4. Jokaxkure, uro npu [/=1{a, b] 1060e HHBLEKTHBHOE
orabpaxenue | —s ] MoneomopgHo.

[ locuTeNH MPOCTLIX KPHBBIX HA3bIBAIOTCA 11 pocmbimi Oy2amu.

[IpocThie gyTH, BoobLLe FOBOPS, Y#e COOTBETCTBYIOT HHTYH-
THBHOMY TpENCTAaBJNEHHIO O JIMHHM;, BO BCAKOM cClydae,
3 TeOPEMBl O TOMOJIOTHYECKOH HHBAPHAHTHOCTM pa3MepHOC-
i (CM. HHXKe JeKlHIo 8) cJelyeT, uTO BHYTPEHHHX TOUeK
o1l He KMeloT (KOHeyHo, mNpH n > 1). BMmecte ¢ Tem oHH
MOUYT GBITb YCTDOEHbl AOBOJBHO CJIOXKHO.

Ilpumep 1. Ilyers x=x(l), y=y (), 0<t<,—
napaMeTpHyecKHe ypaBHeHHs KpeBOH [leaHo Ha MJOCKOCTH.
Torna ypaBHeHHs

x=x@), y=y), z=t, 0<i<],

GyAyT 3ajaBaTh B MPOCTPAHCTBE IMPOCTYIO AYTY, MpOeKIHs
KoTopo#i Ha maockocte Oxy siBnsieTcss kBaApatoM. O6pasHo
rosopsi, 3T0 O3Ha4aeT, YTO KBaAPaTHHIA YYaCTOK Mbl MOXeM
cnsiowlb HaKpHITb Kpbllled, ABJSAOLieACS TeM He MeHee, He
I0BEPXHOCTbIO, a JuHMei!

HanomHuM (cM. Kypc aHanau3a), 4TO BelllecTBeHHAas (PYHK-
nis, 3ajaHHasi Ha HHTepBase (a, b), HasbiBaercs 2aadkou
pynxyueld xaacca C", rae r—aubo HaTypaabHOE YHCJIO, JHOO
CHMBOJI 0o, €CJIH OHAa HMeeT HenpephiBHbie POU3BOJHLIE BCEX
NOpsAkoB <( 7 (NPH r=00 3TO MO OMpeNe/eHHIO O3HayaeT
CYLLECTBOBAHHE HelpephiBHHX YAaCTHHX MPOH3BOJAHHX BCEX
MOPHAKOB; CM. Bbllle). B cootBercTBHH ¢ 3THM KpHBYIO (8),
3ajaHHyl0 Ha uHTepBane /=(a, b), Mn 6ygeM. Ha3uBaTh
enadrod kpusod kaacca C7, ecnu Bee dynkuuu (10) aBasiorcs
riagkume  GyHKiHAMu kaacca C7. TlocKoJbKy NMpOH3BO/HbIE

: dxi (¢ ,
x‘(t)’:-——a?(—)—, i=1,...,n,
dynkuuit (10) sBAAOTCA KOOPAHMHATaMH BEKTOpa

, . F{+h)—r@®
12) r'({)= lim ———~, _
(12) ()= lim 2505 o
310 YCJIOBHE PABHOCH/ILHO CYLIECTBOBAHKIO MPH 7 54 00 Herpe-
PHIBHBIX MPOH3BOAHBIX BCeX NMOPAIKOB < r (NMPH 7 = oo — He-
é&& NpephIBHBIX MPCH3BOJAHLIX BCEX NMOPSAAKOB) BEKTOP-PyHKIKH (9).
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B nanpHefillem Mbl Bcerfia 6ylleM CYHTaTb YHCHAO r JOCTa-
TouHO GOJIBLIKM, 4YTOOM BCe Hyx<Hble HaMm JAH(depeHlHpoBa-
HHSl HMMeJH CMBICJ, H YNOMHHaHHA o KJaacce C~ 6yjem, Kak
NPaBHJIO, ONYCKAaTh. :

B cnyyae, xorla HHTepBaJd | HMeeT KOHLEBblE TOYKH
(r. e. B caydae, Korja aubo [ =[a, b], mubo [ =|[a, b) nan
I =(b, a]) xpuBas (8) uasbiBaercsl raajkolf, ecji¥ OHa fB-
AseTcsl OrpaHHYeHHeM TajkoH KpHBO# (maHHoro kJacca Cr),
3alaHHOM Ha HeKoTopoM GoJblieM HHTepBane ['>/.

3anaua 5. Jlokaxure, YTO 3TO PABHOCHJIbHO TOMY, 4TO
(nmpu r=z%=o00) dyukuun (10) obnapaior Ha uHreppane (a, b)
HelpepbiBHHIMH 1POH3BOAHBIMH BCEX MOPAAKOB < r, a B TOY-
Kax f=a W/MaH {=>b—COOTBEeTCTBYIOUUMH OJHOCTOPOHHHMH
TIPOH 3BOJIHBIMH.

3amkHyTas kKpuBas (11) HasbiBaeTcs r1ajKol, ecyiH, KpoMe
TOro, OLHOCTOPOHHHE TNPOH3BOJIHbIE B TOYKax f=a u t=b
COBMAJAIoT.

Bekrop (12) HasmBaeTcsi KacameabHbim 6eKmOpoM K TJajl-
kot Kpueoit (11) B Touke {. Jlonyckas onpejeneHHylo HeyeT-
KOCTb, €r0 Ha3HIBAIOT TaKxke KacaTeJbHbIM BEKTOPOM 8 rmo4ke
v(?). (BrpoueM, Ans mpoCTHIX KPHBBIX 3Ta TEPMHHOJNOTHS
BIIOJIHE 3aKOHHA.)

B nexkmun 15 b1 Jokaxem Teopemy Capaa, U3 KOTOpO,
B YaCTHOCTH, BBITEKAaeT, 4YTO Hocumeab 2aa0Kkol Kpusod He
uUMeem BHYMPeHHux movex (M Jake SBASETCS TaK HasplBae-
MBIM MHOXeCTBOM Mephl HYyJb). IlockosnbKy npoekuus raaf-
Kofi KpHBO#t, 0YeBHJHO, NPEACTaBJsieT oGO I1agKylo KPUBYIO,
OTClOZla CJieflyeT, 4TO B KJacce IMajJKHX KPHBBIX (HEHOMeEH,
ONMHCaHHBIA B NMpHMepe 1, HEBO3MOXKEH.

WurepecHo, 4TO raafikast KpHMBas MOXKET HMMETb H3JIOMBL

IMIpumep 2. Kpuras Ha NMJAOCKOCTH C ypaBHEHHSMH

(13)  x=a(t), y=a(—t), —ow<tI+oo,

rae o-—QyHKUUSA U3 JiemMMbl |, HMEeT HOCHTENb, COCTOALIMH
H3 IBYX KOOpPAHHATHHIX noaynpsMeix x=0, y=>0 u x>0,
y=0, COeMHSAIOUIHXCA MOA MPAMBIM yriom!

Kpupasa (8) (uau (11)) HasbiBaercs pezyasiproil 8 mouke t,,
ecnn r'(t,) =0. KpuBas peryJjsipHast BO BCEX TOYKaX Has3bl-
BaeTCsl pecyafipHol.

3aMerum, uto KpuBas (13) B Touke u3anoma f=0 He pe-
ryJasipia. 310 He CJydyafiHo, MOCKOJBKY, KaK H3BECTHO H3
Kypca aHagau3a, Hocumeab npocmot kpusod (8), peeyaspuoil
6 mouke t,, umeem 8 mouxe y(l,) eOUHCMEEHHYIO Kacameno-
Hyto (HanpaBJIsIOUIMM BEKTOPOM CJYXHT BeKTOp ' (1,)).
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JlBe KpuBhLIe
(14) v l—A vy I*— A,

rae ! u I*—uHTepBadbl OAHOrO M TOro e Tuna (ofa 3aMmk-
1yThIC, 00a OTKPHITEIE MM 00a MOMYOTKPBITHIE), Ha3blBAIOTCH
INGUBQACHMAEbIMYL, €CJW  CYlleCTBYeT ryajakas (khacca C')
Pyuxknug

(15) @ *—1

co BCIOAY OTJHYHOR OT HYJS 1POM3BOAHOH, oTo(pa)arouas
nutepBan [* Ha wuHtepBan I H Takas, 4TO Y*=7yo@, T. €.
TaKast, 4To

(16) Y (=7 (9 () ana moboro £* € I*.

ToBopsiT Takxke, YTO (QYHKUMSA ¢ OCYHIECTBJSCT Ha KpH-
BOM Y 3ameny napamempa.

Kunaccol 5KBHBaJIeHTHOCTH KPHBBIX HasblBalOTCSL Henapa-
MemMPU30BaHKHbiMU  Kpussimi. YTobbl NMOAUEPKHYTH OTIHUHE
KPHBEIX OT HeNnapaMeTpu30BaHHLIX KPHBbIX, NepBbEe HHOTAA
11a3bIBAIOTCS NAPAMEMPUI0BAHHBIMU KPUBLIMU.

HenapaMerpH3oBaHHast KpHnBas Has3blBaeTcst 22a0Koll, npo-
cmoil WM pezysspHold, eclii OHa SBJISIETCH KJAcCoM 3KBH-
BaJIeHTHOCTH TJIaAKol, NPOCTOH HJM peryjsipHod Hemapa-
MeTpu3oBaHHO® KpuBoi. Tak Kak KpuBas, 3KBHBaJEHTHaf
ryIafikof, NpPoCTOH WJIH peryJapHOH KpHBOH, rakxe, oue-
BHIHO, I'ajka HJH COOTBETCTBEHHO MpOCTa M peryJsipHa,
TO 3TO OMNpeJleNIeHHE KOPPEKTHO.

Ecnn kpupbie (14) cssizans coorHowenneM (16), rae o,
BOOGLLIE TOBOPS, — MPOH3BOAbHAA (YHKLUHS, TO HOCHTENH
3THX KpMBLIX coBmajator. [TosToMy osxsusasenmmusie rpusste
tumelom 00un u mom oge Hocumeab (KOTOPbI HasblBaeTCs
HoCUTENIeM COOTBETCTBYIOlIEH HenapamMeTpH30BaHHOH KPHBOIY),
no obpartHoe, Booflie 10BOPf, HEBEPHO.

Onnako B KJacce MPOCTLIX M PErYJSIPHbIX KPHBBIX JeJIO
obcToHT GoJsiee YIOBJETBOPHTENBHO.

Ipeoaoxcenue 1. Ecau ofe xpussie (14) npocmer u pe-
2YASPHBL, MO OHU moeda U moasbko mozda Umetom 00UR U
mom e Hocumenb, k020U MU KpUBble 9KBUBAACHITIHDL.

JdoxasarenpctBo. Ecin kpusuie (14) npocTH 4 KMEIOT
OfIHH H TOT Xe HOCHTeNb, TO KOPPEKTHO OIIDEJENeHoO He-
npepuiBHOe (MoueMy?) otofpaxenue ¢ =7y~ loy* HHTepBaia /*
Ha uurtepsat /. Tlostomy Hajo JHWb J0Ka3aTb, 4TO oTOOpa-
KEHHEe @ TJIaJIKO M €ro MPOH3BOAHAS BCIOAY OTJIHYHA OT HYJA,
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[lycrh {y——npousBoabLHAR TOUKA HuTepBala I*, H nycTb
fo=1({y). Torna, ecnu p,=7y*({s), T0 py="7(f)) U B Touke
po HOCHTeNb KPHUBHIX (14) HMeeT elHHCTBEHHYIO KacaTeJbHYIO0.
[pu atoM, ecau r=r({) u r=r*({*)—eekTOpHHE ,napa-
METPHUECKHE yPABHEHHS KDPHBHIX (14), 10 BCKTODHI 7 "(ty) H
ri (£ ) 6yAyT ualipaBJSIOUHME BEKTOPaMn 3TOM KacaTesIbHOH.
I'Iosmmy amu 8eKmopvl. KOAAUHEUPHYI.

Tak kak KpuBast y peryJsipHa B Touke £,, TO ry(¢,) 7= 0.
[Tosromy, ecau

R=(),..., xn=fr(t), t€l,

=g (1", ..., x"=g"(), t*€I*,
— KOODAUHATHbIE MapaMETPHUeCKHe YPaBHEHHS KpHBbIX (14),
10 Ge3 orpaHHueHHs OOLUIHOCTH MOMHO CYHTATb, uTO —= (o) 7=
0 u, 3HaYuT,—B CHJY KOJJHHeapHOCTH BeKTOpOB ri(t)

1
o )= 2 () 0.
Ho ecau ——(t )= 0, TO 110 H3BeCTHOH H3 Kypca aHaJlu3a

TeopeMme 06, o6paTtHOi GYHKUHKH, byHKUusa ! jo-
KaJbHO oOpaTHMa, T. €. CYyUleCTBYIOT Takoil WHTepBaa (a, )
ocH X, coiepxKauiii Touky x,=/(f{,), H Ha 3TOM HHTepBase
takas QYRKUUA f=h(x), oTobpaxaiomias 3TOT KHTEpBaJ Ha
HEKOTOpbIil HHTepBan -(a, B) ocu £, comepxamuit Touky f,
(v comepxauuficss B HHTepBaie [), 4TO

h(j' (1)) =1¢ naa moGoi ToukHu € (a, P).

H

[pu stom QyHkuKA A NPpUNAAJIEKHT TOMY Ke Kjaccy riaf-
koctd C7, uro u PyHKUMA [!', a ee MPoU3BOHAA B TOUKE X,
OTJIMYHA OT HYJs.

~ Tlo nocrpoennto g* (f5) =f' (,) = x, € (a, b). Nostomy cy-
uecTBYeT Takoi uHTepBan (a*, §*) ocu 1*, conep)xam,uﬁ
TOYKY [y M cojepxauuiica B uuTepBaje I*, uro g* (*) € (a, b)
s JoGoit Touku * € (a*, B*). Cnenoaa're.nbﬂo Ha HHTepBane
(a*, B*) oupenenena (yuKuus

(17) hog': t*~>h(g' (1),

NpyHUMaloas 3HaueHHs B MHTepBaJde (a, B). STa dyHKuus

NPHHAJVICKHUT KJaccy raaakoctd C u ofnajaer teM cBoil-

CTBOM, YTO ee MPOH3BOJHAf B TOUKe [, OTIHYHA OT HYJd.
C xpyro#l CTOpOHBI, MO YCJIOBHIO

[(@ (1)) =g (1)
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w15t MoBoH TouKM (*€/* u moboro (=1,..., n; B 4acTHo-
cri, upu *€(a*, P*) u i=1. Tosromy o (£*)=(hog")(t*)
npu 1*€(a*, B*), 1. e. Gynkuus (17) aBnsgercas orpaHnyeHHEM
GyykuuH @ Ha uHtepBane (a*, f*). CrenoBaresbHO, QYHK-
iust ¢ NPHHAJIEXKHT kJaaccy raagkocth C7 Ha uHTEpBase
(*, P*) u ee npouspoxHas B TouKe f; OTJIMYHA OT HYJA.
[ lockoJIbKY &, — NPOH3BONbHAS TOYKa HuTepBania [*, a uH-
tepsaJsl BUAA (a*, B*) MOKpPBIBAIOT BeCh 3TOT MHTEPBAJ; 3THM
J0KA3aHOo, YTO QYHKUHMA @ NMpHHaanexuT Kaaccy C7 Ha BceM
nurepBane /* ¥ ee NMPou3BOIHAs BCIOAY Ha 3TOM HHTEpBaje
OTAHYHA OT HYyJS.

TeM caMbiM npefsoxende | NOJHOCTbIO AOKA3aHO. [

I1peanoxenue | osnauaer, 4TO C TOYHOCTBIO JO 3KBHBa-
JCIHTHOCTH MPOCTHIC pPEryJisipHble KPHBbLIE OJHO3HAYHO onpe-
JC/SIOTCS. MX  HOCHTEJISIMH (M 11OTOMY MOTYT ObITb € HHUMH
OTOXKAECTBJCHBI), DTH HOCUTENH Ha3bIBAOTCA pecyAsipHbiMU
npocmsimu Oyeamu. PerynsipHas npocras KpuBasi, HOCHTeNEM
KOTOPOH AIBJISIETCS peryJjsipHas npocras Ayra .#, HasbiBaeTcs
raKxe napamempusayueld nyru . Kaxk npaBusio, Mbl OyneM
OTOXKIECTBJATb PEryJsgpHBE MPOCThie AYTH C HX MNapaMeTpH-
3allMAMH (pacCMaTpUBAEeMbIMH C TOYHOCTbIO JI0 JKBHBAJICH-
TIIOCTH).

3ameuanne 4. Kaxyumascsa ecrectBeHHoil npofi/ema o
lepeHoce npeyoxenust | Ha MPOH3BOJLHBIE KPHBbIE MOCPEX-
creoM Gosee oflMX 3aMeH MapaMmerpa (HanpuMep, ¢ MpoH3-
BOXHBIMH, O0palLAIOUEMHCSA B HYJIb) PHHANJEKHT K UUCHAY —
YBbl JOBOJIbHO GoJibIIOMY! — HaflyMaHHbLIX 32524, HE MMEIoLHX
cojepKaresbHOro 3HayeHus.

INlpn n=2 (Ba nmockoctH) Jobofi rpabuk gBisercs,
0UEBHJIHO, peryJsipHoil npoctroit ayroit. Bosiee Toro, MoxHO
lloka3aTh (monpobyiite cmesnarb 3T10l), uUTO Ha nsockocmu
pegyaapusle npocmele Oyeu —3Mmo 8 MOUHOCMU npocmoe Al-
nuu. TakuM oO6pa3oM, B OTHOIIEHHH NPOCTHIX JHHHUH BCe
SKCIUINKAUUH HHTYHTHBHOIO [MOHATUS JIHHWUH MpPHBORAT K
ONHOMY H TOMY K€ De3yJbTaTy. '

3anaua 6, lNokaxure, yro Ha naockocmu Kaxcdas pe-
cyaspras kpusas (8) 20KQAbHO IKEUBANEHMHKA 2paduKy, T. €.
ans moboi Toukn f, €/ cyuwecrsyer B R Takas ee OKpe-
CTHOCTB (@, )</, uTo KpuBast ¥ |, SKBHBANEHTHa KPUBOH
¢ ypaBHEHHAMH Buma x=/{, y=/{[({) (4, 3HAUUT, ABAAETCHA
PeryJisipHOil MPOCTO KPHBO#).

3apgaua 7. [pusennre npuMep, nokalwBaiouulit, 4To peryJsspias
KpHBast, ABJISIOASCH HHDBEKTHBHLIM OTOGpAKEHIIEM, TeM He MCHee MOXer
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He GbITh MpocToft KpHBOH (M JAaxe MOXeT HMeTb LeJblf OTpeSOK Hempo-
CTBIX TOYEK).

Ecau npocrpanctBo A eBKJIHAOBO, TO AJs MoGo#i rIaakoh
kpuBo#l (8) Ha orpe3ske [ onpegenesHa QyHkuus

t—|r' ()], tel,

— IJIMHa KacaTeJbHOTO BekTopa r’ (f). Sta GyHKuMs 3aBe-
JIoMO HenpepbiBHa, H TMoTOMY B cJayuae, koraa [ =/a, b],
CYIECTBYET HHTErpad
b
s={|r®at

a

aToii (yHKUHH mo orpe3ky [a, b]. Kak nokasbiBaercs: B
Kypce aHaju3a 3TOT WHTerpaJ paBeH npejieny AJIHH JOMAHbIX,
BNHCAlHbLIX B KpuBYlO (8),—O0aune kpusod (8).

[Tycrb Tenepp wuntepBan [ npon3BoJeH, W nycts #, € 1.

Torna ¢opmyana

¢
(18) sy={1r @, tel,

t
onpejensier Ha HHTepBaste [ TJaaikyio ¢yHKUHIO, oTo6pa-
JKAIOILYI0 3TOT HHTEpPBAJ Ha HeKoTopwiii HHTepBan J ocH s,
comepxauuii Toyky 0. Sta GyHKUHS HasbiBaerc OAUHOU
Oyeu. (3aMeTHM, YTO OHa MOXET MPHHHMATb W OTPHLATEb-
Hbie 3HaueHHf.)

Ecau s(fy=t—1t,, To mnapamerp { HasblBaeTcs Hamy-
paasusim. Takum o6pas3oM, JAonyckas oOILENnpHHATYIO B aHa-
Jii3e HETOYHOCTb, MOXXHO CKas3aTb, 4TO napamemp t wamy-
paren, ecau On sgasemcs Oaunol dyeu.

CeoiicTB0 napamerpa ObiTb HaTypaJbHRIM PaBHOCHJBHO
TOKAEeCTBEeHHOMY paBeHcTBY s’ (/)= 1. Ilockobky mo onpe-
nenenuo s’ (f)=|r'(f)|, Mbl BHUAHM, CJefOBaTENbHO, YTO
napamemp t na xpusod (8) moeda u moavbko moeda wnamy-
pasen, Koeda

|[r'(t)|=1 0as 6cex tel.

B uacTHoCTH, Mbl BHIHM, YTO KpUAs, OIMHECEHHAS K HA-
myparbromy napamempy, 3a6e00M0 pecyALPHA.

O6partHo, nyctb kpuBas (8) peryasipHa. Toraa | r'(£)| >0
s Beex f€1, u motomy dyHkuus (18) MOHOTOHHa W st
Hee omnpefiesieHa o6paTHast (GYHKIMs

¢ J—1.
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Kpusas
Pi=yop: J—A

3KBMBAJIEHTHA KDHBOH Yy, H AJs Hee
ri(s)y=r' (t)d () =r (t)s ok
rae t=q (s). Tockonnky s (£) =] r' (¢)|, otciona caenyer, uto
|ri(s)| =1 nns Beex s€J,

T. €. YTO napameTrp S Ha KPHUBOH y, HaTypaJeH.

Takum o06pasoM, Mbl BUAHM, YTO KawOaa pecyrspHas
KPUBASL IKBUBANCHMAKA KPUBOL, OMHECeHHOU K HAMYpPaAbHOMY
napamempy.

[TostoMy, nOCKOMBKY Mbl OrpaHHYIIBAEMCsl DeryJisipHbIMHU
(11, KpoMe TOro, MPOCTHIMH) KpHBBIMH, BCEe paccMaTpPuBaeMble
KpUBble Mbl 0e3 OrpaHHYeHHs OOGUIHOCTH MOXEM CYHTaTh OT-
HeCEHHBIMH K HaTypaslhHOMY mnapaMerpy. BaxHO npu 3ToM
uMeTb B BHIY, YTO 0an peeyrapHoli npocmoti Oyeu Hamya
POAbHBIL napamemp 0npede/eN OOHOZHAYHO € MOYHOCMbID G0
npeobpasosanull suda

l—>At4 1,

(T. e. C TOYHOCTBIO 10 BhiOpa HauaJbHOH TOYKM K HAmpas-
JIEHUS OoTcYeTa JNMUH).

B nanpreitimeM HaTypasibHbIt MapaMeTp, Kak MnpaBuJo,
Mbl OyZeM o6o3HaYaTh CHMBOJIOM S.

Huddepenuipopande no s yneM ofo3HayaTh TOUKON:

dr (s - arr (s
(s) () r(s)= dg),... HT I
S

Kak MBl yXe BHe/MH, HATYPaJdbHOCTb MapaMeTpa S PaBHO-

CHJIbHA TOXJIECTBY

|F(s)]=1 nana Beex s.

B cBA3H € 3THM MOJIE3HO HMETH B BHAY CJAEAYIOMYIO JeMMy
(B xoTOpOil 5, KOHEUHO, He HaTypaJ/dnHbIil mapaMerp):

Jdemnma 3. [Mycmo uw=u(s)—maras 6Gexmop3HaunaR
2n00kan Gynkyus, umo |8 (s)|=1 daa ecex s. Toeda

(19) u(s) 12 (s) =0 das xamdozo s.

HokasaTenxbcTBo. PaBercTBo | # (s)| = | paBHOCHIBHO
paBencTBy # (s)*=1. Ho nerko BHIeTb, YTO AJs CKaJAAPHOTO
(TakXe, KakK, KCraTi CKasaTb, U JJISI BEKTODHOTO) YMHOXKe-
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HHfl BEKTOPOB cOXpaHsieTcsi ofbluHast QopMmyna AuddepeHLu-
poBaHMs TpOM3BeneHus. B yacTHoCcTH,

(6 =un-+ nu=2uu.

IMostomy, ecin u?=1, 10 wu=0.
Caedcmeaue. ra nobol kpusol r=r(s), omuecentol
K HamypaibRomy napamempy, umeem mecmo Gopmyia

(20) Fs)r(s)=0 028 Kaxozo s,



