Jdexyusn 2

Kpusble Ha miockoctH. — Popmydsst Ppere A1 npocTpan-

cTBeHHOil KpHBOH. — [lpoeKiUMH KPHBOH Ha KOOpHHHaTHble
MVIOCKOCTH CcONpoBoXAaomero penepa. — Popmyan Ppene
JJIS KpUBOH B n-MepHoM mpocTpalicTse. — CyliecTBoBaliue

H e HHCTBCHHOCTH KpHBOI';l € RAHHBIMH KpHBH3HAMH.

ITycTs

-~ NIDOM3BOJIbHASA DeryJaspHas H NpocTas KPHBas B n-MEPHOM
eBKJIHA0BOM npoctpaHcTBe 4. Kak Mbl 3HaeM M3 npegslny-
el Jekuuy, Ge3 orpaHuueHHs OOCLHOCTH MOXHO CYHTaTh,
uTo KpHuBasi (1) OoTHeceHa K HaTypaJbHOMY NapaMerpy s.

[Tycrs 7 =r (s)—BekTOpHOE napameTpHYecKoe ypaBHeHHe
kpHuBoit (1), M mycTsb

(2) t(s)=r(s)

- ee KacaTe/bHBIl BEKTOp. Tak Kak mapamerp s narypaneH,
10 BeKTOp (2) ABNAETCS OPTOM, & BEKTOp

E(s)=r(s)
(MY OpPTOroHafeH:
t(s)t(s)—O I/ BCeX S.

Onpedesenue 1. Ilmmna |£(s)| pextopa £ (s) o6o3ua-
yaeTcsl CHMBOJOM K (s) (uiM mpocTo k) M Ha3biBaeTca Kpu-
eusnoli Kpusoil (1) B Touke s (MaH F(S)).

Hanpuwmep, ana naockoit Kpupoit

k() =1 #6155
rae x=x(s) H Y=y (5)—KOOPAHHATHEIE MNapaMeTPHYECKHe
ypaBHeHHs KpHuBOH (1) B eBKJHMIOBOHl CHCTeMe KOODAHHAT
£ Y.

KpuBn3Hoit KpHBOil, OTHeCEHHOH K IHPOH3BONBHOMY Na-
paMeTpy, Ha3biBaeTCd KDHBH3HA 3KBHBaJEHTHOH KPHBOH,
OTHECeHHO} K HaTypanbHoMy napaMerpy. Popmyna ana sroit
KPHBH3HEI (KOTOPYIO MOXKHO NOJIYYHTh MPOCTBIMH, HO JIOBOJILHO
TPOMO3JKHMH BBIYHCJIEHHAMH, He TNOJAb3YACh HHYueM, KpOMe
dopmyn nudxbepennlipoBaHus GYHKIHI) HUMeeT —Jlaxe IId
IIOCKHX KPHBBIX — JOBOJILHO CJAOXKHbLI{T BHA

"ot U]

= __x_y__i_"_
L&)+ () P




32 KPHUBBIE HA MJIOCKOCTH

Harnaguo yucno k aBnseTcs MrHOBEHHON CKOPOCTHIO Mo-
BOpoTa eJMHHYHOrO Bektopa . SIcHO, 4YTO 3Ta CKOPOCTDL
TeM GoJjblle, 4YeM KpHBafl <«HCKpupJeHuee», Orciofa o
TePMMH — «KPHBH3Ha».

Ha opuentupoBanHOft NJOCKOCTH MOMXHO paccMaTpHBATh
TAK Ha3biBAEMYIO OMHOCUMEAbHYI0 KPUSU3KY R,,,, DaBHYIO

KpuBu3He R, ecan (npu k==0) Bektopbl £ M £ COCTaB/SAIOT
MOJIOKHUTE/ILHO OPHEHTHPOBAHHLIN 6a3KC INIOCKOCTH, U PaBHYIO
— k B npotusHoM ciydae. HaM 3Ta kpuBH3Ha NOHaLOGHTCS
B JIeKLHH 4.

I[Ipumep 1. Ecau

x=xy+58l, y=y,+sm, rre *4 m*=1,

T. e. ec/M paCCMaTpHBaeMasd KpPHBas sIBJSeTCS NPSMOW, TO
x=0 u y=0. TNosromy k=0 g Bcex s, T. e., Kak H
C/1eIoBAJIO OKHIATh, KPUSUSHA NPAMOU MONCAECMBEHNO pasHA
HYA0.

TlockoneKy JnHeiiHble QYHKIUMH ABJAIOTCH €JHHCTBEH HBIMH
GYHKIMAMH, BTOpaf MNPOH3BOJAHAA KOTOPBIX TOMXKIECTBEHHO
paBHa HYJIO, BepHO U OOpaTHOe, T. €. Kpusas, KPUSU3HA KO-
mopoil moxcdecmsenno pasna Ky, agasemcs npamod (MM
ee OTPe3KOM).

Touka r,=r(s,) KpHuBOf r =r(s) Ha3blBaeTca mouKol
pacnpamaerus, eciin k(s,) =0.

Mpumep 2. TapaMerprueckue ypaBHEHHS OKDYKHOCTH
paguyca R B Hatypa/sbHOM MNapaMeTpe S HMEIOT, O4eBHIHO,
BUJ,

= s =Rsin%.
x=Rcos 7 Y R
Tak xak

Fo—mc0sS, §=—isind
=TRSg Y=gy

TO A5l OKPYKHOCTH
1
k(s)=-1—2— 119 BCeX S.

TakuM 06pa3oM, KpusU3HA OKPYICHOCMU NOCMOAHHA U PASHA
seautune, obpamnotl ee paduycy.

U3 noka3biBaeMoii uuxke ofieit teopeMsl | cnelyer, 4To
H, O0GpaTHO, KpUuBas ¢ NOCMOANHOU KPUBUSHOL ABAAEMCA OK-
pysxcrocmeto (MM ee Ayroil).

Ecnn pns Hekoropoit kpuBoil k(s)) =0, 10 ofnpegeneno

1 o
qucao R (sy) =) NaswiBaeMoe pPadUyYcoM KpUSU3HEL K PUBOIL
0 .
B paccMaTpHBaeMoOl TOYKe.
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KpuBas r =r (s) Ha3biBaercsl Kpusod obuezo muna, eciu
14 Hell HeT ToueK pacnpaM/eHus, T. e. eCian k(s) =0 aaa
Bcex s. B kaxaoft Todke Takoil KPHBOH onpefejieH efMHHY-
1B BEKTOP

Hanpap/ieHHBI N0 Hopmaau K KpHBON (T. e. mo npsaMmoi,
npoxojsuiedl Yepe3 TOYKY KaCaHHfl NeprneHAMKY/NsIDHO Kaca-
TENBLHO).

Jna noGoro s BekTophl £(s) U n(s) oGpa3ylor OpPTOHOD-
MHMPOBaHHEIA 6a3HC, KOTOPHI HA3BIBAETCA CONPOBONCIQIOUUM
6asucom Ppene JaHHON KDHUBOH ofliero THNa.

Ilo onpenenenuto

t(s)= k(s)n(s).
Hatizem aunasoruunyio dopmyny ans Bekropa f(s). [Tycts
n(s)=a(s) £ (s)+B(s) m(s)

— pa3J/IoKeHHe 3TOTo BeKTopa MO BeKTopaM Gasuca f = I (s),
n=n(s). Tak kak tn=0, 10 én-- tn=0 (MBI CHOBa NOJb-
3yeMcsl TeM, Y4TO VIl CKa/gpHOro MpOH3BeJleHHs BEKTOPOB
cnpaBe/VinBa oObi4Has (opMmyJa JuddepeHIlHPOBAHHS NMPOH3-
Befieliusl), ¥ notoMy o =tp—=—tn=—Fk. C npyroit cro-
poHnl, corsacHo Jjemme 2 sekuu# | B=nn=0. 3tum Jdoka-
3aHo, uTo 048 210604 Kpusoll obue-
20 MUNA UMEOM MECMO hopMy bl

t =kn,
3 n=—ht

(MBI OnyckaeM yKasaHWe Ha ap-
rYMeHT §), ONHChLIBAIOUIHE MIHO-
BeHIIbIT [IOBOPOT CONPOBOXKAAIO-  Basuc ®pene niockoit KpuBoi
wero 6asuca,

Dopmyier (3) HaswiBaloTes popuyramu Ppere 042 nA0CKOL
Kpusoti.

3ameuanue 1. Ha opuenrnpoBaHHO# NJIOCKOCTH Ga3uc
®peiie MoxHO onpemenuth M AN KPHBBIX C TOYKAMH pac-
NPSIMACIIMA, NPUHMMAs 3a 7 (s) BeKTOp, oOpa3yiouluii BMecTe
C BeKkTopoM £(S) NOJNOXHTEJNLHO ODPHEHTHPOBaHHHIA Gasuc
maockoetd. Torma B Qopmysaax (3) BMeCTO KpPHBH3HHL &
NOSIBITCsT OTHOCHTE/IbHAA KPHBH3HA A, y.

2 M. M. IlocTunkon, cem. 11
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JIns KpHBBIX B TPEXMEPHOM MPOCTPaHCTBE (OTHECEHHOM
K NpPAMOYTO/ILHBLIM KOOpAMHATaM X, y, 2) dopMmyna ans Kpu-

BH3Hbl HUMEET BHU]J
k=]/x2—l-y2—|f 2,

Kpusas (1) npu n=3 na3biBaercss, Kak H B Caydyae n=2,
Kpusoll obujeco muna, ecmn k(s) =0 npu Bcex s. Jlna Takoit
KPHBO# OnpesesieH eHHHYHBIH BEKTOp

(s)

kTS) )

Ha3bIBaeMHH 6eKMopom 2AaBHOL HopmaAsu KPHUBOH.

Ho rtenepr ME MOXeM (mpexnosiarasi NpPOCTPAHCTBO OpH-
eHTHPOBAaHHBIM) BBECTH B DPaCCMOTpDEHHME ellle TPeTHH BEKTOp
b (s), cocrasngioufi BMecre ¢ BekropaMu f(s) u n(s) no-
JIOXKHTE/IbHO OPHEHTHPOBAHHBII OPTOHOPMHDPOBAHHHIA Gasuc
£(s), n(s), b(s) (r. e. Takoft, uto b(s)=*%(s)Xn(s)). Sror
BEKTOp Ha3bBaeTCsl gexmopos Ounopmasu, a 6Gasuc £(s),
n(s), b(s)— conposoxcdatouyum 6a3ucom Ppene naHHoN KPHBOH
obluero THmna.

ITo nmocrpoenuio (s ynpoueHnss GopMyJa Mbl omycKaeM
apTyMeHT s)

n(s)=

t=kn.
Kpome toro, tak Kak b=¢£xmn, 10
b=txn+txn=txn,
OTKyJa CJeiyer, 4To bt =0. ITocko/bKY, COTIacCHO JieMMe 2
aexuun 1, Bb=0, stuM JI0Ka3aHo, YTO BeKTOpbKOJIJIHHea-

peH BEKTOpY M, T. €. CYLIEeCTByer
TaKoe YHCJIO ¥ =X (5), 4TO

b=—xn.

Uncso % (s) Ha3blBaeTCs KpydeHu-
nob em janHoli KpuBOH B TOuKe 7 (S).
¢ OHo fIBNSIETC CKOPOCTHIO MOBOPO-

Ta BeKTOpa GHHODMAJIH.
Basne ®pexe [MpopudxbepeHnuposas Tenepn
TMPOCTPAHCTBEHHOR KpHBOH paBeHctBa nt=0 u nb=0, mu
HeMeJJIeHHO MOJIy4YHM, 4TO nt—

=—nt=—Fku nb = —nb=x. [lockonsKy, KpoMe Tor0, AL = 0
(neMma 2 Jjlekumu 1), TeM caMbIM JOKa3aHO, YTO

g — — kt | xb.
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TakuM 06pasoM, 018 awobod Kpueoll obwezo muna umeiom
mecmo popmy vt

t=kn,
(4) n=—kt + b,
b=—uxn.

Sti (opMyJiel HaswiBalOTC opmysamu DPpene das npo-
CMLPAHCIBEHKOU KpUBod.

IIpumep3. Ecin kpusas r=r(s) pacnonoxena B nio-
ckoctd II, TO BekTOpH r(s) H r(s) napajuIe/bHLI 3108t MJIO-
ckocTH (#60 ST0 TaK AN npHpalleHHit r(s+ As)—r(s) u
r (s-+ As)—F(s) BekTOpOB r(s) u r(s)). Mostomy £(s),
n(s)IL u, 3nauur, b(s) | II. 310 nokaseiBaer, uto b(s) =
=: const, U noromy u(s)—-O bt Bcex s. O6patHo, nycrhb
u(s) 0 mrs Beex s u, 3HauuT, b(s)=0b,=const. Torua
(r(s)boy =r(s)by=1t(s)b,=0 nna BCex s, M mnoroMy
r (s) by=const. 3to o3Hayaer, uTo KpHBag r=r(s) pacro-
JOXeHa B TJIOCKOCTH rb,=const. Takum obpa3soM, kpusas ¢
npocmpaKcmee mozda 1 mMoAbko mo20a ABAAEMCS NAOCKOL
Kpusoli, K0z0a ee KpywueHue mMOKNCOeCHGeH-

HO DOBHO KYAIO.

[Tpumep 4. Bunmosod xpusodl nHa-
3LIBAETCS TPaeKTOPHUS TOYKH, ABHIXKYLLEHCS
C TOCTOSIHHOM CKOPOCTBIO NO o6 pasyiotie
MPSIMOrO KPYroBOrO LHMJAMHAPA, DPaBHO-

MEPHO BpallaioLlerocs BOKPYT CBOEH OCH. b
[Tapamerpuueckre ypaBHEHHS 3TOH KpH-
BOHl HMeIOT BHJ

x=acost, y=asint, 2=>bt.

Tak kak x' =—asint, y =acost,
2'=b, 10

— V(xl)2+ (!/')zﬁ (z’)” - Vfl’—i— b Buurtosas JuHus

W, 3Haunt, s=cf, rge c=V @+ 6% [loaromy

5 £ asins, z=-2Ls
X—GCOST, Yy =asi ri =S
Ho rorna
: a . 8 o a s b
X=—_sin—, y=-—-cos—, 2=—,
b 8 a . S '_
X=— zcosc =—Fsin—, z2=0,

2*



36 MPOEKLIMM KPHBOM HA KOOPAMHATHBIE TJIOCKOCTH
H TIOTOMY
P — a
k=‘/x"‘—|- y"‘+z2=5;= const.

Kpome roro,

H
b=txn=lsind, —Lcoss, &
- - ’ c c' ¢/
[Tostomy
: b s b .. s b
b-(c—zcos?, = sin—. O>——z,fn,

H, CJe10BaTe/]IbHO,

b
R= g - const.

TakuM oOpa3oM, Kpususna u Kpy4erue 6UHMOBOL Kpusoll
nOCMOAHHDL.

CornacHo Hoka3biBaeMoil HMKe ofweit Teopeme 1 H
o0paTHO, Kaxcoas Kpueas, KPUsUSHA U Kpywexnue Komopoi
NOCMOAHNbL, SBASEMCA GUHMOB0Y Kpusol (ANA ee JYToil).

3ameuanne 2. ObpatuM BHHMaHHE Ha pa3/IHYHe B
TPaKTOBKE TOHATHSA KPHBoft O6llero THNa Ha NJIOCKOCTH H B
npocrpaHcTBe. UToObl JOCTHYL €HHCTBA, HAJ0 AIS KPHBHIX
Ha TJIOCKOCTH paccMaTpHBaTh He abCOJIOTHYIO, @ OTHOCHTE/Ib-
Hyio KpuH3Hy. Cp. 3aMeuannue 1.

Urto6bl HCCIENOBATH MOBEIEHHE NMPOU3BOJMBLHON NPOCTPaH-
CTBEHHOIl KPHBOH r = r(S) B6/MIH3H HEKOTOpOHt ee TOYKH, MH
BhIOEpeM HayaJio KoopAnHar O B 3TOi TOYKE, 33 KOODJAHHATHHIH
Gasuc #, j, k npumem conpoBoxpalomnit Gasuc £, n,, b,
B Toyke O H OyjJeM HaTypa/bHblii napamerp S OTCUHTBLIBATH
or 0. Toraa

r(0)=0, rO)=t,=i, r(0)=keto="roJ,
;.(O)::kono"l‘ko’io.:_k%i + k.o.i'*‘ ko%ok,

rae ko, ko B %,—3Hauenne GyHKUME k, B W % npH s=0,
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CnenopaTenbHO, no gopmydse Teiijopa
r(s)=r©@+sr O+ FO) +5FO)+... =

=(s+ ...)i+<%s+ ...>j+<ﬁgis3—l~ >k

SJro o3nayaer, yto BOMH3H ToukH O Hamwma KpuBas 3ajaercs
NapaMeTPHYECKHMH YpaBHeHHAMH

X=s+ ...
y=-’§—°s"‘—|-..
=FkXe 3
2=—¢ s 4

Ecan ky#0, s,50, T0 mpoekuus KpHBOH Ha NJOCKOCThb
0ij =0tm, (KcraTH CKa3aTh, 3Ta IJIOCKOCTh Ha3kiBaeTcs

N b, b,
_—— ) e

0 ¢ 0 n, (7] iy
ST0ERUUS KO CONPUKALE - SlpoeKsuus Ha HOpMark - flnoexruis 1 GrpRMAR -
HYYRICR  TIINCKOCTI Hyﬂl NROCKOCITNG /'{7111_[//0 NoCKOCmy

conpuxacarowetica naockocmoto Kpusofi B Touke 0) npuGian-
JKelllo coBrajaer ¢ napatoJofi

X=8, y-—-%ﬁs’;

ee IpoeKUHA Ha miaockocTs Ofk = Onyb, (KoTopas Ha3HBaercs
HOpmaneHotl naockocmoo Kpusolt B Touke O)—c nosykyGu-
Yeckoii mapa6oJioft

kono

— %0 2 —
hy=<5 2=-%

s%;

1§, HaKOHell, ee MPOeKUHMsT Ha Mmiockocte Oik=O0tb, (koTto-
past  HasbiBaeTc  cnpamasiouweld  naoCKOCmolo  KPUBOi
b Toyge Q)—c KyGHueckoit mapaboJioit

koxo

x=s, 2=-3 s,
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310 JaerT JOCTAaTOYHO OTYETJIMBOE MpeicTaBjeHue o6 ycT-
poiicTBe NMPOCTpaHCTBEHHOH KpHBOH BOMM3M MoOGON ee TOYKH
(B KOTOPOH OTJIMYHBI OT HYJSi KPHBH3HA M KPYUEHHE).

PaccMorpuM Teneph obmmit clyyali eBKJIM10Ba MPOCTpaH-
CTBa MPOH3BOJILHON pasMepHOCTH f ==2.

OrtHeceHHasi K HaTypaJbHOMY apaMeTpy KpHBasi r =1 (S)
B n-MepHOM OPHEHTHPOBaHHOM €BKJHJOBOM IPOCTPaHCTBE
Ha3blBaeTcsl Kpueoll obwezo muna, ecay s goboro s
BEKTOPhI

(5) r:(s), s (n;l)(s)

JuHeAHO He3aBHCHMBI,

[TpumennB Kk BekTOopaM (5) mpomecc OpPTOrOHAIH3AUHH
I'pama —IlIMuaTa, MBI MOJYYHM OPTOHODMHMPOBaHHOe ceMefi-
CTBO BeKTOPOB £;(S), ..., £,_1(5). Ilyctb £, (s)—BexTop
(onHO3HAUHO oONpefie/IeHHbi), JAOMOHSIOWHMA 3TO ceMeHACTBO
161.0 MOJIOXKHTETBHO OPHEHTHPOBAHHOTO OPTOHOPMHPOBaHHOrO
a3uca

(6) £(S)s s Enei(5): 20 (5):

Onpedenerune 2. basuc (6) HasbiBaerca conpososcdaro-
wum 6asucom Ppene Kpupol oOwWwero tTuna B TOUKe r (S).
Iycre '

n
t.‘=l§la[/t/, i=l, Loy N

(a1s ynpomennsi GOpPMYJ Ml ONMycKaeM apryMext s). Tak
KakK 1O NOCTpOeHMIO Bektop #;, i=1, ..., n— 1, maunefHo
. () .
BhIpaxkaeTcs yepe3 BeKTOPHl 7, ..., 7, TO BeKTOp £; JHHeHHO
. (i+1)
BblpaxKaercsl uYepe3 BeKTOpH F, ..., r. [loCkosbky e
foc/efHie BeKTOPH JIHHEHO BHIpaXaloTcs uepe3 BEKTOPHI

ty, ..., t;+1, 3THM JOKa3aHo, 4T0 &y =0 mpu j > i+ 1.

C npyro# CTOpOHbI, TaK Kak £, =08, 10 ¢, + £.£=0,
T. e.
a{-/-{—a”=0.

[Totomy a;;=0 u a;=0 npu j <i—1.
Takum 06pa3oM, MOryT ObITb OTJMYHBI OT HYJs JHILIb
KOI(POUIHEHTH @&, ;41 =— &4y, ;. [loNaras

k1=au9 kz=a23» sy kn—l‘_‘an—l.nv
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Mbl BHJIMM, CJIeJOBaTe/IbHO, YTO HMeIOT MecTo (hopMYyJibl
21‘—'k1 z’
t —"—kltl'*~ kats»
(7) ... . .
tn-—l—_kn ztn 2+kn—1tm
tn = _kn—ltn—l'
Sri (GopMyJbl Ha3bBalOTCs ghopmyramu Ppewe 0 Kpusol
8 11-MePHOM NpPOCMPAHcMmee.
Dyukuun  ky=~ky(s), ..., k,_1 = R,_1(5) Ha3wiBalOTCA
kpususnamu KpusoH. [IlopuepkHeM, 4YTO OHH ONpeEJeJEeHbI

TOJNBKO AN KpHBO# ofluero tuna.
B ¢opmynax

. )
(8) t,-=ﬂ“r+...+ﬂﬁrf, ’:=1, vy n"—'l,

NOAYYalolMXC NPUMEHEHHEM IPOLecCa OPTOTOHAJNHM3ALMH
I'pama —IImupra, mnocaennue kosddummerTel B;; nOJOKH-
tesibHBL. [ToaToMy B ofpaTHbIX GopMyJax

(1)
9) r=yut+...4+vt;

koabduunentht y;,;=Pf; takxe noJsoxurenbhel. [Ipoaud-
deperuupoBaB GopMyJsl (8), M MOJYYHM COOTHOLIEHHH BHIA

£=Par+ G+ Bar+ ..
([+” .
oo+ (B + By, 1-1)"+5u , i=1, ..., n—1L

. ({+1)
3amenns 3gech (npu i < n—1) BeKTOpW P, ..., r BHpa-

xeHuaMu (9), MBI JOJIKHBI noayunts ¢opmydant (7). o no-
KaspBaeT, 410

ku‘=5fﬂr+1v i+1 (=1, ..., n—2.

Orciofa, B 4YaCTHOCTH, cJelyer, 4T0 0948 aoboid Kpusoti
06Lye20 muna Kpusu3HbL

by ooy ky,
noaoxcumeavol. KpHeusHa xe k,_; (aHaJor KPYYeHHsT) MOXKeET
HMeTb NPOM3BOJIBHBIA 3HaK.
[okaxem Ttenmepn, uto Jiobsie n— 1 byHKIHH
(10) B(s)> 0, oy Byy(8) > 0, Ry (s)
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(3anaHHbie HA HEKOTOpOM HHTepBane (u, b) ocu R) Moryr
CAYXHUTb KPHUBH3HAMH HEKOTOpOH KpHuBOH (pery/sipHoil, Ho,
Boofle roBopsi, He NPOCTOH) M YTO 3TH KPHBHM3HBI ORHO-
3HAYHO (C TOYHOCTLIO JO KOHIPY3HTHOCTH) ONpeNeastor
KPHBYIO.

Ilycte pasi onpefedernocTH a < 0 < b.

Teopema 1. [1ycmv na unmepsase (a, b) 3adaner n— |1
eaadrux dynxyuil (10), Komopeie ece noroxcumersnel, Krome,
Goimb  moocem, nocaeOned. Toz0a 0an mobGoti HataabHOL
mouku O€ A u 2106020 NONONCUMENLHO OPUERMUPOZUHKO20
opmonopmuposanrozo basuca iy, ..., i, cywecmsyem 00HQ
U moapbKo odna kpugast r==r(s), a <<s< b, ofwezo muna,
ofra0arowas credyowumu dsyms- ceoticmeamu:

1° &pususnamu amoii rkpusoil ssisomes Oanneie GyHK-
yuu_ (10);

2° npu s=0 umerom mecmo paeencmsa

r0)=0, #(0)=t, ..., t,(0)=1,.

JlokasaTenbCTBO MH NpoBejeM B UeTHpe 3Tamna.
Stan 1. Ha sToM sTane mMH Bocnodb3yeMmcs cienyioueit
ofime# TeopeMof, H3BECTHOH KaK TeopeMa CyLIeCTBO-
BaHHA 4 elHHcTBeHHOCTH pemeHunit (CEP) annef-
HHX JuddepeHuHaNbHEIX YPaBHEHHA H KOTOpas JOKa3bIBaercs
B Kypce TeopHH aubpdepeHnyanbHHX ypaBHEHUH.
Teopema CEP. ﬂycmb na unmepease (a, b) 3adaner m?
enalrux gynxyuil Ay, (s), ¢, j=1, ..., m, u nycmo x{®,
cy X — npouaeoxzbm;te wucaa. Toeda cyuwecmayem oauo u
moasKo 00nO cemeticmso  2aa0Kkux  pymkyuld  x, (s),
vy X, (8), a<s<b, obradarouwux credyrouumnu aeyMﬂ
céolicmeanu:
1° moscdecmeenno no s, a < s << b, sblnOARENHL COOMHO-
wenus

x.l. = A 1x1 —"" . + Almxm?
(11) .

= Am1x1+ + Ammxm'
2° npu s=0 UMerom Mecmo pasencmsa
%(0)=x, ..., x,(0)=x. O

Mbl npuMeHHM 3Ty TeopeMy K cooTHOweHHsiM (7), Koro-
pble NpPH JaHHBIX QyHKUMAX k,, ..., R,_; ABJAAIOTCH ypas-
HeHHsIMH BHJA (l1) aaa m=n? KOOpAMHAT BEKTOPOB
t, ..., t,. Taxum ofpasom, coraacio rteopeme CEP, na
wHTepBase (@, b) cywecTByeT OLHO M TOJNBLKO OAHO ceMelcTBO
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raK1iX BEKTOP3HAYHbIX PyHKUMH £, (S), ..., E,_1(8), a<ls b,
4ro:

1° pH JIOGOM S BBINOJMHEHbI COOTHOWEHHs (7);

2° 1pu s=0 HMeT MeCT0 paBeHCTBA

(12) t1(0)=i1, ooy t"(o)=i"_
Dran 2. PaccmorpuM ckadaspHbie npousBefenus ¢,
i, j-=1, ..., n. Cormacio coorHowieHHsM (7) Aast 3THX Npo-

Hape/leHHi MMEIOT MeCTO paBeHCTBa
(tt) =t +tt =
= (_ ki—ltl'—l "’[' kiti+l) t]' —} tl’ (— kj—ltj—l' ‘*‘ k/t/'+1)

(Mbi yc/a10BHO mojaraeM, 4yto £,=0 u £,.,=0), T. e. paBeH-
cTBa

(13) (8t =—ki1(tiat) + ki (t0:8))—

- j-l.(titj-l) -f- kj (tz't/+l)s
KOTOpBIE Mbl MOXXEM pacCMaTpPHBATh Kak ypaBHeHHs Buaa (11)
AJIst m=n—('f2i'—l—)- ¢dynkuuit ¢¢;. [lostoMy, corsacHo Teopeme

CLEP, cylecTByeT TO/MbKO eIHHCTBEHHBIH HAG0p 3THX PYHK-
uuii, oOMazaouHX TeM CBOHCTBOM, uTo NPH s =0 OHM paBHH
8;;=1id4; (T. e. DpaBHB HYyMO, €cHH [z&j, W eIHHHUE,
ecau i=j).

C gmpyroil CTOpOHBI, HenocpeicTBeHHass NpoBepka mNokKa-
sniBaeT, YTo ypaBHeHHAM (13) yjnoBierBopsIOT GyHKuHH L),
TOXKJleCTBeHHO pabuule 0. ([leiictBureabHo, npu iskj—1,
i1 Bce cnaraemnle cymmbl —Fk_.8,_; , + Rb.1y ; —
~ ki, o+ R0y, ;1 paBHbL HYMO, a mpu i=j—1, j+1
I 9TOH CyMMe HMMEIOTCA TOJNbKO JBa OTJHYHHIX OT HYJf, HC
B3aMMHO YHHUTOXAMWWIHXcA cJ/araeMmux.) CienoBareabHO,
8 cuty rteopemi CEP ans Bcex s HMEIOT MecTO paBeHCTBa
tt;=86,, i, j=1, ..., n, o3HauaolHe, YTO BEKTOPhI
t,, ..., t, aaa mo6oro s, a < s < b, COCTaBJAAIOT OPTOHOP-
MH[OBaHHbIA Ga3HC.

[Tockoabky npu s=0 3ror 6a3uc coBnajgaer ¢ MNOMOXKH-
TeNbHO OPHEHTHPOBAaHHbIM OasucoM i,, ..., i,, TO H AIA
Kaxjaoro s, a<s< b, 6a3uc #,, ..., t; TOJOXKHTEIbHO
ODHEHTHPOBAH.

dtan 3. CocraBuB nocjefoBaTe/dbHbIEe NPOH3BOAHLIE BEK-
Topa £

PR (n=1)
(14) | 2P0 R P
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NpHMEHUM K HUM npouecc oproronanuaaunn ['pama—Ilimunara.
Tak Kax pektop £, fiBAseTcst OPTOM, TO HA NEPBOM Liare
3TOro mnpouecca Mbl HHYEro JeaTbh He JOMKHBL. [IocKo/AbKY

no jgemme 2 jexkuHH | BeKTOp £, OpTOroHaJjleH BEKTOpY #y,
Ha BTOPOM WIare Mbl OOJ/IKHBI €r0 TOJbKO HODPMHDOBATb.
C mpyroft cTOpoHBl, TaK Kak MO J0Ka3aHHOMY BEKTOp f,
SIBJSIETCS OPTOM H 1O YCJOBHIO R, > 0, TO, corjacHo mnep-
BOMY H3 cooTHowlenHH (7), |#,|=~%k,. [lostomy Ha BrOpOM
[are npopecca OpTOrOHAaJH3AUHH MBI NONYYHM BEKTOP
t
- t2=-E.

Ha Ttperbem Liare HaM cJ/elyeT PacCMOTPETb BEKTOP

Fo=(kit) =kt + kb, =—k, + kit + kikoty,

BBIYECTb H3 HEro JHHefiHyl0 KOMOHHauHIO BeKTOpoB ¥, H ¢,
TaK, 4TOGbl MOJYYHJCA BEKTOP, OPTOrOHAJIbHBIH 3THM BEKTO-
paM, H NPOHOPMHPOBaThb 3TOT BeKTOop. Ho Tak Kak BeKTOpbI
t,, t,, £; COCTABJAAIOT HO JOKA3aHHOMY ODPTOHOPMHPOBAHHOE
cemeHcTBO, a MO YyCJaoBHIO Rk, >0, To B pe3ysabTare 3TOH
NpoueAypLl MOJIYYHTCH, OYEBHIHO, BEKTOP Z;.
fcHo, uTO 3TO paccyxieHHe HMeeT OOLHH XapakTep, Tak
YTO Ha KaXJOM lIare IpoOHecca OPTOrOHaAR3auHH Mbl NOJY-
YyHM cooTBeTcTBYlowui Bekrop #;, (=1, ..., n—1. Srum
JIOKa3aHo, 4To ceMeHcTBO BeKTOpoB £y, #,, ..., f,.1 OJHO-
3HAaYHO XapaKTepuayercsi Kak OPTOHOPDMHPOBaHHoe ceMmeil-
CTBO BEKTOPOB, Nojyuaioiieecs H3 cemeiicTBa (14) npHmene-
HHeM npouecca oproroHanudauuu I'pama —IlImusxra.
dtan 4. Ilycts
s
(15) r(s')=St1(s)ds, a<s<h.
0

Torga r{(0)=0 u r(s)==¢(s), 1. e. KpuBas r=r(S),
a < s < b, npoxoaut npu s=0 uepe3 Touky O u npH Jio-
60M s ee KacaTeNbHBIM BEKTOpOM siBJfercs BeKkTop £ (s). Ho
I/ KaxJo#l KpHBOH nepBble #— | BEKTOPOB COINPOBOXKJAIO-
wero 6a3Hca HPeACTaB/ASIOT Co00i BEKTOPH, I0/YYaloUHecs
U3 NepBBIX n— | NPOH3BOJHBIX KAcaTeJbHOro BEKTOpa Npo-
neccoM oproroHanusaunu [I'pama—IlIMuara. Ilosromy, cor-
JACHO JIOKa3aHHOMY BbILe, 3TH BEKTOPHl COBNAJalOT C BeK-
Topamu fy, ..., f,_;.

Uro ke KacaeTcs HOCJeIHEro BEKTOPa COMPOBOXKAAIOLIETO
.6a3uca, TO OH OJHO3HAYHO XapaKTepH3yeTCcs KakK eHHHYHBIN
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BEKTOpP, COCTAaBJASIOWMUMA € NepBpIMH n—1 BekTOpaMu InoJIO-
;KHTEIbHO OpHeHTHpoBaHHBIH GasHuc. Ilockosbky  6asuc
t,, ---» t,» KaK Mbl BHJeTH, NOJOXKHTENLHO OPHEHTHPOBAH,
4THiM BEKTOPOM JoJ/KeH GbiTh BeKTOp £,.

WraKk, nokasano, 4to Ansl J060ro s BEKTOPHL £ (S), ...
.., t,(s) cocTaBifIOT CONPOBOXKAAIOWHA 6Ga3Hc KPHBOH
r =r (5). TlockoibKy 1/ 3THX BeKTOPOB HMeIOT Mecto (hop-
myasl @pene (7), yuactBywowHe B 3THX (dopMyJax QyuK-
il k;(s), i=1, ..., n—1, RoaxKusl 6bITb KPHBH3HAMH KDH-
poit r=r (s).

Tem cambiM cyluecTBoBaHHe KpHBOH 7 =r (s), obJazaio-
weil ceoficTBaMH 1) H 2), MOJIHOCTHIO JOKa3aHo.

Ee enIHHCTBEHHOCTb BbITEKAeT H3 TOrO, 4YTO, COIVIACHO
reopeme CEP, conpoBoxnalowuft Gasuc £,(s), ..., £,(s)
ORHO3HaYHO onpeResieH ypaBHeHHAMH (7) H HavasbHBIMH
yenosuaMu (12), a pamuyc-BeKTOp r (S) ORHO3HAUHO onpeje-
qeH (no dopmyae (15)) coorHoweHnueM r (s) =£, (S) 1 HaYaTb-
HeIM ycnosHeM r (0)=0. O



