Jexuyun 4

Bekrop Hopmasu.— IloBepxHocTs KaK rpapuk QyHKiHH.—
HopmaJbnbie cevenns.— Bropas kBajpaTHuHas ¢opma mo-
BepXxHocTH.— HUumuKatpuca [dionena.— [aBusie, moJHast H
cpeamss KpHBH3HbL.— BTopasm KBajapaTHuHas (hopMa rpadu-
Ka.— JluticHiuaThie MOBEPXHOCTH HYJIeBOl KpHBnaubl.— [lo-
BCPXHOCTH BpallEHHA.

B 3To#i nexuuM Mpl Gojlee BHHMATENHHO PAcCMOTPHM TMO-
BCPXHOCTH B TPEXMEPHOM OPHEHTHPOBAHHOM eBKJIMIOBOM I1pO-
ctpanctee. Kak npasuno, MH 6yneM M3yYaTh MOBEPXHOCTH
JUIIb JIOKAJIbHO, T.€. B JIOCTATOYHO MAaJblX OKPECTHOCTHX
1ix Touek. IlosTroMy 6e3 orpaHHueHNsi OGLUIHOCTH BCe paccMaT-
pliBaéMble TOBEPXHOCTH MBI MOXKEM CUHTATh 3JIEMEHTaPHBIMH.

Hrak, nycte 2 —npousBofibHasi JeMeHTapHasl 110BEpX-
HOCTL B TPEXMEPHOM OPHEHTHPOBAHIIOM EeBKJHJIOBOM IPOCT-
paHcTBe o, W NycThb r=r (4, v)—ee UPOH3BOJLIAA Uapa-
verpusaumsi. Torla B Kaao#d Touke p € 2 CYIECTBYeT €iHH-
CTBEHHHIH BEKTOP M E€IMHHUHON JJIMHBI, TepPreHIHKYJIs PHBIH
KACATENLHOH MJIOCKOCTH M COCTABJSIOIMH BMECTe ¢ BeKTOpa-
Mii #, M r, TOJIOXKHTEJIEHO OPHEHTHPOBaHHHIA GasHC MPOCT-
paicTBa. 3TOT BeKTOp 3ajaercsi (popmyJoi

ryXry
n=-_L2lv .
| raXryl

Il Ha3bIBAETCS GEKMOPOM HOPMAAU K TIOBEPXHOCTH 2 B TOU-
ke p (a 6asuc r,, r,, B Ha3LHBAETCH COnpoBONOMOLIIM (ASU-
com noBepxHocty). Cm.” pucynok Ha ctp. 51.

Mo ompeneneHnio KBaupat MIHHBL |F,Xr,|? BeKTOpHOTO
NPOK3BEJIeHHs] PaBeH NJIOIANH NapalenorpamMmma, MocTPOeH-
HOrO Ha BEeKTOpax r, M r,, T.€. paBeH (cM. Jekuuio [.15)
vlipenenureio I'paMa T (r,, ry,)=EG—F? BexTopoB r, M I,
(CnenoeaTenbHO,

n—= ryXry
VEG—F

llo at0it Qopmysie BeKTOp 7 OGRHIYHO HA MPAKTHKE M BRIYHC-
JeTCo.

Bri6pa B £ npsAMoyrofibHele KOOpIAWHATH X, Y, 2 C Ha-
“anom O B Touke p M ochbio 0z, HanpaBJeHHOH MO BEKTODY 7,
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PaccMOTPHM SIKOGHEBY MaTpuIly

qu Yo 24
1%y Yy 29

CTPOKaMH KOTOpPOH SIBJISIIOTCS! KOOPJAHHATHEI BEKTOPOB F, U 1.
Ycnosue, nanoxennoe Ha ock Oz, o3HayaeT, B YacCTHOCTH,
uTOo

x’l y’l
Xy Yo

=1.

[loatomy, cornacHo u3BecTHOt u3 aHalu3a tTeopeMe 06
o6paTHoM oToGpaxeHHH, B HEKOTOPOH OKPECTHOCTH
toukH (0, 0) KOOpAMHATHEL X K y MOTYT GBITH BbIPAXKEHbI Yepe3
koopauHaTel 4 H v. IlogcTaBHB 3TH BHIpaXKEHHS] B BEKTOP-
GOYHKLHIO r = r (4, V), MBI IOJTY4HM NIapaMETPH3ALMIO NOBEPX-
HocTH £ (MM TOYHee —HEKOTOPOH ee 4acCTH, cojepxalled
TOYKY p) BUJA

X=X, .
y=1,
z2=2z(x, y).

[To onpenenennio 310 03HaYaeT, YT0 AOKAABHO (B OKPECTHOCTH
TOYKH p) noeepxrocms X ABAsemMCA epaukom PyHkyuu 2 =

=2z(x, y).

Kaxpas nnockocrs II, npoxonsimas yepes ocs Oz pac-
CMaTpHBaeMOH CHCTEMBI KOODJIMHAT, HA3LIBAETCH HOPMAAbHOLL
naockocmeto  nosepxHoctn
B TOYKE p, a ee IepeceyeHHe
1IN&Z c nosepxHocteio 2 —
HOPMQAbHIM Ceteruem STOH To-
BepXHOcTH B Todke p. Han-
paBasiol i OHBEKTOP KaKIoi
HopMmasbHoil mockoctH II nme-
er Bux £ A n, rae £— HEKOTO-
pHIit, ompelle/IeHHBIA ¢ TOYHOC-
ThIO O MNPOIOPIHOHANBHOCTH
HEHYJIEBOH KacaTeJbHEIH BeK-
TOp NOBEPXHOCTH £ B’ TOYKE p

HopmaabHoe cevenue (BexTop mpocrpancrea T,7).

BexTop ¢ onHO3Ha4YHO onpene-

JsieT HopManbHyio maockocte II, u Mpt GyneM o0603HauaTh
ee cumsosom II,,
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Ecau xoopauHathl X, Y, 2 BbIGpaHBl Tak, 4To BeKTop £
nanpasaed no ocu Ox, To HOpManibHasi maockocth Il 6yner
KOOPAMHATHOH HJOcKooThio Oxz, a HOpMaJibHOE CeyYeHHe

=IINZ 6yrer uMers ypaBueHne z=2(x,0) (B Koopau-
Harax X, 2z Ha maockocth Ox2). D10 JOKaA3bIBAET, YTO KaAX-
Jloe HOpMallbHOE CceYeHHe JIOKAJbHO (B HEKOTOPOH OKpecT-
HOCTH TOYKM p) ABAfercd rpapukoM H, 3HAYHT, IPOCTOH
perynsgpHoit Ayroi.

Kacatenvuast x rpaduky z=2z(x,0) nexur, KoHeuno,
B KacaTeNbHOH NJOCKOCTH K MOBEPXHOCTH 2 =2 (X, §) ¥ ORHO-
BPEMEHHO [PHHAVIEKHT HOpManbHOM JockoctH. [lostoMy
Oila HampaBJieHa MO BEKTOPY £, T.e, KacaTeJNbHbIH BEKTOp
K HOpMaJIbHOMY CEUeHHIO B TOYKe p MPONOPIHOHAJNEH BeK-
Topy ¢.

ITockoneky BekTOp £ OupeneNieH HOPMANbHBLIM CEYEHHEM
TOJBKO C TOYHOCTHIO JO NMPONOPUHOHANBHOCTH, MBI Ge3 orpa-
HY4YeHHs OOLIHOCTH MOMXEM CYHTaTh €ro OpPTOM (BEKTOPOM
eluHnuHOM JyHHBI). OTHecd HOPMalJIbHOE CeYeHHe K Hary-
pajibHOMY [apaMerpy, Mbl [I0STOMY MOXEM CYHTaTh, 4TO
OpT £ ABNfeTc KacaTeNbHBIM BEKTOPOM K HODMAaJILHOMY
CEYEHHIO B TOYKE p.

PaccMaTpiBasi HOpDMaJIbHOE CEYEHHE Kak KpHBYIO Ha
nnockoctH Il;, MBI MoXeM roBOpHTH 06 ee OTHOCHTENLHOM
KPHBH3HEe Koy B TOUKE p MO OTHOUIEHHIO K OpHEHTauMH
naockoctu Il;, sajgasaeMofi GuBektopom £ A n. OGo3HauuB
3TY KPUBHSHY CHMBOJIOM K(f), MBI OMpEXENHM TeM CaMbIM
Ha oprax KacatesnbHoro mpocrpancrea T 0 (Z) _HEKOTOpYIO
(pynkmmio £+>k(t). Halgem Bupameﬂue 310#  (PYHKIHHK
uepe3 KOOpAMHaThl BekTOopa f.

IIycts
(1) u=u(s), v=v(s), |s|< sy,

—TNapaMeTpuyecKne YpaBHEHHS HOPMaJIbHOro CedeHus Z;
ia moBepxHocTH Z', THe S—HATypadbHBIH TapaMerp, OTCYH-
ThiBaeMelil OoT ToukM p. Kak KpuBaf B MpOCTpaHCTBE ceye-
HHe .Z; uMeeT BEKTOPHOE MapaMeTPHYECKOe YDaBHEHHE r =
= r(u(s), v(s)), #, 3HaYHT, €e KacaTeNbHbI BEKTOD I Bbl-
paxaerca ¢GopMysoi

(2) Fe=r i+ rpo,

rne, Kak Bcerjia, U Hv— npousBogHble N0 § GyHkuui (1).
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[Tpoussonnast r Bektopa (2) opToroHa/llbHa €My H IIDH
s=0 napannensna nyockocty Il¢. TTosromy npu s=0 oHa
npornopunonansha Bektopy n. CoorseTcTByloumiHit Kodddu-
IIHeHT MPONMOPUHOHANBLHOCTH (PaBHEIH CKANAPHOMY IpOH3Be-

JAEHUIO rn) siBjisieTcsl (CM. B JIEKUHM 2 onpejesieHHe OTHOCH-
TENbHON KPHUBH3HBI) He YeM HHBIM, KaK OTHOCHTEJIbHOH KpPH-
Bu3HO# k(f). TakuM o6pasoM,

(3) k(t)y=rn.
Ilockonbky
r= t:uyt'l,—{- r - r'yz} - r,,z}'=
= (Palh -} PgO) U (Fuglh - Fo0) U+ Pl P U=
= U 20 O A P U A L U
uwr.n=0 r,n=0, 3TUM 10Ka3aHO, YTO
k(t)=Lu® -+ 2Muv -} Nv?,
rae
(4) L=ru,n, M=rg,, N=r,n
Dyukunio £ k(t) yno6HO pacrnpocTPaHUTh Ha BCEBO3-

MOXHBIE KAacCaTeJIbHBIE BCEKTODBI d!‘-’;&o, noJsarasi 10 ornpe-
AeJICHHUIO

k(dr)=k< dr >

ldr|

Tak xax |dr|*=dr*=ds* rne
ds?=E du® -4 2F du dv - G dv*
(cM. dopmyny (28) Mekuun 3), a KOOpAMHATE & M U BeKTOPA
dr r u v
s pPaBHBI a5 H I TO
_ Ldu*4-2Mdudv+ N dv?
(5) kr)= FoareFac i car

TdrT =

©_du . dv
[3amerum, uTO paBEHCTBA U=-= W U=-—— HOpPMAJbHO COB-

najaioT ¢ USBECTHLIMM M3 aHa/M3a PaBEHCTBAMH ISl NIPOH3-
BOAHBIX Kak OTHoweHu#d muddepennnanos. OaHnako y Hac
HX CcOJepXKaTeJbHBIH CMBICH HHOH, MOCKOJNBKY du M du siB-
Jsilotcsl He nU(dbepeHuHManaMi, a KOOpHMHATAMH KacaTesb-
Horo BekTopa dr, a ds—ero JJIHHOI.]

Onpedesernue 1. KpanpaTuynas dopma

Ldu?+2M du dv+ N dv?
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nasbiBaeTcsi emopoll xeadpamuunoti popmoil nosepxHoctH L.
(Gossiauaercsi oHa cumsodioM I1.

B atHx o6o3HayeHUAX ¢opMyda (5) 3ailuceiBaeTcsi B cJe-
AyiouleM ynoOGHOM JJ1sl 3aNOMMHaHuS BHJE:

. 1
(()) k=-l—.

Jlast koadepuunentos dopmu I1, kpoMe dopMya (4), umetor
MCCTO TaKKe (opMydisl

(7) L="’—rnnm M= —Fyfy=—F 1y N= — M,

Jlefiersurennuo, Tak kak rn=0, o ryn+r.n,=0 u
roph-l run,=0, r.e. L=—rmn, u M=—rn, Anano-
IIYHO, TaK KaK run=0, 10 r n+r n,=0u r nt+r,n,=0,
r.e. M=—r,n, u N=—r,n, D

B cuny stux topmya dopmy Il MoxHo, BBelsi BekTop
(8) : dn=n,du + n,dv,

334114caTh B BUOE
Il =—drdn,

ananorudHoM sanucH l=dr? aas dopmer 1.

3ameuanue 1. [To aHanordd MoOXHO BBECTH TaKxe
mpemero  keadpamuunyo gopmy I =dn®. Opxako, Kak Mbl
niXKe TOKaXXeM, oHa JuHefiHo Bbipaxaercst uepe3 topmsl |
it 11 ¥ moToMy He jaeT HHYero HOBOTO.

Hnsi oBo3nauennsi koadxpunuentos L, M, N dopmer [l
IICNONB3YIOT Takke cuMmBoaet D, D', D"

Jnst warnsiaHoro npejpcraBaeHus GyHkuuu ¢ — k& (¢) dpan-
nysckuii MateMaTHK J[llomeH OpeisioxKu/l paccMaTpUBaTh Ha
KJCaTeIbHOH MJIOCKOCTH KPHBYIO (HbIHE OHA HAa3bIBAETCS UH-
dukampucoil [ronena), KoTopast noJyqyaercsi, ecliu 4as noboro
GIMHHYHOTO KacateMbHOro BeKTopa £ OTIOXKHTbL OT TOYKH
KacaHusi p (npuHnMaeMoft 3a Hayano koopiuHaT O Ha Kaca-
TeMbHON MJOCKOCTH) B HAlpaBJeHHH 3TOTO BEKTOpa OTPE30K
JiHEBL |k (8)]-V2. O6Go3HayuM 4Yepe3s X M Y KOOPAHHATHI
(3 koopauHaTHo#M cucreme Or,r,) KOHIEBOH TOYKHM 3TOrO
0Tpeska; Torja ero JiuHa G6yAeT BhIPaXKaThCsl (B MOHSITHBIX
odu3HauUCHHAX) PopMyJIof

l5put yry|=V 1 (x 3).

lHockonbKy kpuBH3HA k() BeIpakaeTcst ¢opMyJoir (6), Ko-
Topasi B TenepemHMX o0o3HaYeHHsX HMeeT BHJ

_l(xy
KO=TGv
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oTciola s UHAHKATPHCHI lIlOI'I@Ha MoJy4yaeTcss ypaBHeHHe

e I(x, v
Vl (xv y)= neE, y) °
T. €. ypaBHEHHe
Nz, g)|=1.

OTtuM noKasaHo, uTo unduxkampuca Hdwnena a8asemcs Kpusotl
¢ ypasHeHuem
| Lx? 4 2Mxy + Ny? | = 1.
ITpu LN—M2>0 ara kpuBasi (TouHee, MHOXECTBO ee

BELIECTBEHHBIX TOYEK, KOTOPHIM Mbl TOJIBKO H HHTepecyeMcs)
npeAcrapisier Co0oit MIHNC ¢ ypaBHeHHeM

9) Lx3 - 2Mxy +- Ny =e,
rie e=-41, ecmu L >0, u e=—1, eciu L < 0. B coor-

BETCTBHH C 3TUM TOYKa NMOBEPXHOCTH, B KoTopoit LN — M2 > 0,
Ha3bIBAETCH 3AAUNMUUECKOL .

& anmuinmuyeckol B eunepbonuyeckolf 5 napaboruveckay
moyke moyke moyke

HUnpuxarpuca Hionena

B annunTHYecko# Touke BCe KPHBH3HHE! k (£) UMEIOT OfMH
U TOT Xe 3HaK (coBmajailomuii co 3HakoM L). Cpemu Hux
ecTb ofHa Haubonbllast k, M ONHA HauMeHbluas k, (ecau
TOJIKO BCE OHM He COBMANAIoT, T. €. ecaH HHaukatpHca [lio-
TneHa He SIBJISIETCS OKPYXKHOCTHIO), OTBEYAIOLIHE HaNpaBIeHHAM
Manoit u Gosbiwoft oceft ammunca (9).

[Ipu LN —M?* < O uupukatpuca dioneHa cOCTOMT H3 ABYX
runep6o

(10) L+ 2Mxy -+ Ny? = -1

C OOIHMH acCHMIITOTaMH, M MOTOMY TOYKa MOBEPXHOCTH, B KO-
Topoit LN — M? < 0 nasuiBaercs aunep6oauueckod. B Hanpas-
JIEHHH NeACTBHTENbHON OCH ofiHoM U3 runep6os (10) KpHBH3HA
k(t) mocruraer cBoero HaHGoOMbLIErO SHAUeHHS k, > 0. Ipu
BpallleHHH BeKTOpa f OHAa CHayaja yMeHbLIAeTCs 10 HyJs,
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Korja BekTop f npuoOpeTaeT aCHMITOTHYECKOE HAmpaBJeHHe,
A 3aTeM, MO-TIPeXXHEMY YMEeHbLIAsiCh, AOCTHraeT CBOEro HaM-
menbuiero 3xHauenus k, <0, Korila HampaBJeHHe Bektopa
¢OBlIAJlAT C HaMpaBJieHHEM [eHCTBHTENBLHOH ocH [pyro#
ritep6onsr (T. €. C HAampaBJEHHEM MHHMOH OCH MepBOA rH-
1epGodIb).

ITpu LN — M?=0 TO4YKa MOBEPXHOCTH Ha3wIBAETCH napa-
noaudeckol. B Takoit Touke wMHmuKarpuca [liomena umeer
ypaBtieHde

(11) (VILlx+V Ny =1

11 TIOTOMY [peAcTaBJisieT Co0Oil napy mapaJuleNbHBIX MpPAMBIX
(ecnd Tosbko L0 unn N 540). B wanpasnen#n stnx nps-
MbIX KpHBH3Ha k(f) paBHa HymO, B MepNeHAHKY/JISAPHOM Ha-
lpABJIEHHH JOcTHIaeT HanOoasiero (o aGCoOMTIOTHON BesH-
uitiie) SHaYeHHd, COXpaHfAs BCE BPeMs OJMH H TOT ke 3HaK.
Fenn ke L=0, N=0 (u noromy M =0), to kpusH3Ha k (¥)
TOXJECTBEHHO No £ paBuHa Hymio (a WHAnKatpuca [HwomeHa
1ie omnpenenena).

3aMeTuM, 4TO B AMIHNTHYECKHX H MAapabONHYECKHX TOY-
KaXx HHAHKaTpHca [onena sBASETCH KPHBOH BTOpOTO NOpsiiKa,
a B rumepGoJHIeCKHX TO4YKaxX —4eTBepToro nopsjKa.

B kaxmom H3 Tpex cayuaeB OyHKuua k(¢) Osancdu
JIOCTHTaeT CBOero HaHOOJbUIEro 3HaYeHHA k; H HaHMEHbIIEro
3ia4eHys k, (ecliH TONBKO OHAa He paBHAa TOXKAECTBEHHO HYJIO).

3anaua |. Hokaxure, 4to
k(t)=-ky cos? ¢-kysin? g,

rac (p—yroa, ofpasoBaHHbIl BeKTOpoM ¢ C HalpaBJeHHEM, B KOTOPOM
KpUBM3HA paBHa £;. DTa GopMmysa ussecTHa Kak dopmyaa Diaepa.

Onpeodeserue 2. Uncna k, v k, HASLIBAIOTCH 2Aa8HbIMU
Kpugu3wamy TOBEPXHOCTH B paccMarpHBaeMod Touke. Mx
nponsseeHye

K = k1k2

lasmBaercs noanod (MMM eayccosold) kpususHoil, a ¥X NoJys
cymMMa

btk
H=tlh

—- cpeOHeil KpusuU3HoL.
CornacHO cKa3saHHOMY,BHIllIe B 3JTHITHYECKO! Touke K > 0,
B runepGostnyeckoit Touke K < 0 m B mapaGosHyeckoit Touke



78 I'JTABHBIE, TNMOJIHAS U CPEIHAS KPUBU3HBI

[TomepxueM, yto H u K 3aBucar or ToukH pE€ZL, T. e.
apasiorcAd ¢yHkuuamy Ha 2. Kak OyHKuMH J0KasbHBIX
KOODAHHAT 3TH (GYHKUHH TIaJKH.

Uro6bl HaliTy ry1aBHBIE KPHBU3HEL, MOXHO ObIO GbI HCKATh
rJIaBHbIE HAmpasJieHNs KpPHBHIX BToporo mopsaka (9) u (10)
(na xpusoit (11) nmpobneMbl HeT) M 3aTeM HaHTH HX KaHO-
HHYeCKHe YypaBHeHHA. K coXasieHHIO, 3TOT NYTh MPUBOAUT
K JUIMHHBIM BBIKJaJKaM H3-3a TOTO, 9TO KOODIHHATHI X H Y
He npsiMoyrosibHbl. [losToMy MEI TocTynmHM fo-HHOMY, ofpa-
THBILHCH HEMOCPENCTBEHHO K OCHOBHOH cdopmyne (6).

Cornacho stoit popmysie KpHBH3HA k, SIBJISIETC HaHMEHb-
UMM 3HaYeHHeM (YHKUHH

I(x, y) _ L*42Mxy4-Ny?
I(x, y) = Ex*2Fxy Gy

ABYX NCPCMEHHEIX X # y 1pH (% )= (0, 0). ITostomy

11 (x, y)

Ty = Fa
anst BeeX (%, y)5=(0, 0), npuueM xoTsi 66l B ONHOH TOuKe
(X, y) paeencreo pgocturaercst. [lockonsky 1(x, y) >0 npu
(x, y)5~(0, 0), 370 HepaBEHCTBO DPaBHOCHJBLHO HepPaBEHCTBY

H (x, y)—&1 (%, y) =0,

O3HadalouieMy, uro KBaxparuynas gopma 11 —k,1 ¢ maTpuueil
\rfk.a M —kgF
M—k,F N—FksG

BO BCeX TouKax (X, y)=%=(0, 0) HeorpuuarespHa u Xorg Obi
B OZHOM M3 3THX TOUEK paBHa HYJIO.

AnanoryuneiM 06pasoM WHCNO k, XapaKTepusyercs Tew,
yto kBaxpatugHas ¢opma Il—=F&,I Bciony nomoxurenssa u
Xorst 6Bl B onHoit Touke (x, y)==(0, 0) paBHa Hysw0.

Ho nerko BuzueTh (HemocpencTBEHHO MJIH Ha OCHOBe obiueii
Teopuu KBanpartuuynsx dopm Hax nonem R; oM. nekuuio 11.12),
4T0 Keaodpamudnas dopma om 06yx nepemeHMbix moeda u
MoabKo mo2oa 6CtodYy HenoAONCUMEALHA UM HEOMIULAMCAOH
u xomsa Oo. 6 00noU mouxe (X, y)%=(0, 0) pasna wyao, Koedu
ee pae merbuie 0syx, m. e. K020a onpedesument ce Mampuybl
paser. Y.

DTUM J0KasaHo, UTO 2AaBHole Kpususwel k,, k, seatomcs
KOPHAMU YPOBHEHUA

L—kE M—FkF

|M—kF NkG =0,
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¢. YpPaBHEHHS
(EG — F?) k — (EN -+ GL—2F M) & - (LN — M3) =0

BB cuny dopmyn Buera orciona, B uacTHoCTH, CJEAYET, UTO
__LN—M2 __VENA-GL— 2FM
K= EG—F2> H 7 EG—F?

Hepnaﬂ 13 3THX (hopMyn TMONTYYHT BaXKHOE NPHMEHEHHE B CJle-
Jyloieit iekuuu.

[IpeanonioKuM, 9TO KOOPAHHATH X, Y, 2 B NIPOCTPAHCTBE A
BLIOPEHBL TaK, 4TO pacCMaTpHUBaeMas MOBEPXHOCTh ABJAETCHA
rpagukoM (yHKUMH 2=2(x, y), npuaeMm 2(0, 0)=0 u Bek-
TopoM HopMasu B Touke (0, 0) ABJIAETCHA eNUHHYHBI BEK-
top k ocn Oz (cM. BHILIE).

Torga x u y asasiorcst B okpectHocTH Touku (0, 0) ko-
OpIMHaTaMH 4 H U Ha MNOBEPXHOCTH, MpHYEM

r.=(1,0,2z), r,=(Q,1, z)

ITockosbky B Touke (0, 0) BexToprl r, H r, mNapaJiesbHbl
110 YC/NOBHIO KOOpAHHATHOH mnockoctd Oxy, oTclofia caenyer,
UtTo

(Z:e=0 u (2,),=0
(wnekcoM 0 Mpl moMeuaeM 3HaYeHH# YaCTHHIX [POH3BOJHBIX

8 touke (0, 0)) u, .sHauut, pasnoxenne OYHKUHM 2 (x, Y)
B pajg TedAsopa HaYHHAETCA C YJIEHOB BTOPOH CTENEHH:

=%(rx’+2sxy+ty’)+...,

rne
r= (Zxx)o’ §= (Z.é!/)O’ t = (Zyy)o

{060sHagenns Momxa).
C apyro#i CTOPOHBI, TaK Kak

rw=0,02,), r,=(QO 0, ny)v Foo= (0, 0, Zw):

10 B Touke (0, 0)
L=r, M=s, N=¢

Takum o6pasoM, B pacCMaTpHBAEGMOM CIyuae 6rmopas . keao-
pamuyran Gopma NOBEPXHOCMY AUULb NOCMOAHHOIM MHOXCU-
meaem 1/2 omausaemcs om cymmor 2,(X, y) 4renog emopoil
cmenenu ¢ pade Tedropa ynryuu 2(x, y).
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[Mockosbky BOH3H Toukd (0, 0) nosepxHoCcTh 2==2 (X, Y)
MaJo OTJIHYAeTCs OT IIOBEPXHOCTH Z=2,(X, y) H MOCKOJbKY
npu rt—s*> 0 noc/ienHss NMOBEPXHOCTb ABJISETCA SJJIHIITH-
YyecKHM 1apaGoJIonAoM, a 1pH rf —s? < 0—runep6oJ/inueckKum
napaGoson oM, TeM caMbiM JOKa3aHO, YTO €6au3u gaaunmu-
HecKOLl MOYKL NPOU3BONLHAR NOBEPXHOCMb MAA0 OMAUMAEMCS
om saaunmuxecko2o napaborouda, a 86.4u3u 2unepOOAULECKOLL
mouKku— om aunepboaueckozo napaboaoudq.

310 JaeT BIOJHE YAOBJETBOPHTENbHOE NpeACTaBJEHHE O
DOBEJIeHHH IMOBEPXHOCTH BGJIM3M HenapaGoJHuyecKHX ToueK.

B ciayuae, Koraa rf{—s?=0, "o Ju6o r==0, nu6o s=~0,
IIOBEPXHOCTb 2 =2, (X, y) ABJseTCA NapaGOJHUYeCKHM LUJIHHA-
poM. Ilostomy 66ausu napaboiuseckoli mouxu, 012 Komopol
aubo L£0, aubo N =0, nogepxnocmo Maro omaudaemcs om
napaboaudeckozo yuiurdpa,

O6 yctpoiicTBe e noBepXHOCTH BG/IM3H NapabosinuecKolt
TOUKH, B KoTopofi L= 0 u N =0 (a snauur, 1 M = 0), H1dero
OllpeJeIeHHOTO CKasaTb HeJb3fl; BooOlle roBOpsi, OHO MOXeT
OBITh OYEHb CJIOXKHBIM.

[Tpou3BefieHHHe BHIYHC/JEHUSA [OKa3wBAlOT TakKXe, YTO
B Touke (0, 0) ana paccMarpuBaeMofi NOBEPXHOCTH HMMelOT
mecto paBeHctBa E=1, F=0 u G =0, otkyaa cienyer, 4to
B 3TOH TOYKe

K=rit—s* u H:L%_t,

Kpome Toro, aBromaTnyeckas BhiKJ1agKa (KOTOPYIO MOXHO
NPOU3BECTH B yMe, €C/]d 3aMeTHTb, 4To Ans dyHkuni f u g,
ofnajaomux TeM CBOACTBOM, YTO f(O) 0 n g(0)=1, npo-
H3BOAHAS (fg)’ ux npoussefeHus fg NpUHHUMaeT B HYyJe 3Ha-
yenne f’(0)) nokasmiBaer, uto B Touke (0, 0)

n,=(—r, —s, 0), n,=(—s, —t,0),
M, 3HayHT,
n,=r*4s% nmn,=s(r+14t), ni=s*+1
Orciona caenyer, uTo
nl=2HL—KE, nmn,=2HM—KF, n:=2HN-—KG,
T. €. uTO
HI = 2HI1 K],

rae ll1—BBeaennas B 3ameuanun | Tperbf KBajpaTHyHas
dopma noeepxHoctH. Takum ofipasoM, gopma II1 gmeitcrBu-
TEJbHO JIMHEHHO Bhipaxkaercs Yepe3 dopmet I u 1.
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s JIHHEYATOH MOBEPXHOCTH
(12) r=p(u)+vau),
KaK MBI YK€ 3HAEM,
E=1+2vpa+ via?, F=pa, G=1
(koK BCErga, Mbl MpepmoJjaraeM, 4To napaMerp # Ha KpHBOM
p==p (4) HarypaneH, a BekTop a(u) emunnyen). [lanee,
r,=p+va, r,=a,
r.Xr,=pxa+v(axa),
pxa-+tv(axa)
VEG—F '
Puu=0+08, Fua=0, Fgy=0,
[ (ptwa)@xatv@xa) 4 __ paa N=0
VEG—F? ’ VEG—F? '

_(paa)®
LN—M?= — 55,

n=

i MOTOMY

— ___(paa)’
K=—me—m<0

TakuM o6pasoM, moJjiHasi KPHBH3HAa NPOM3BOJBHOHN JHHelYa-
roff NMOBEPXHOCTH B JIIOGOH ee TOUKE HEMOJOXKHTENbHA, T. €.
AUHEHaMAs, 1108EPXHOCTIL HE UMEem INMUNMUMECKUX MOYeK.,

B cs1yuae, korja noBepXHOCTb ABJAETCA WHJHHAPOM (@=0),
KOHYyCcOM (@==p H MOTOMY @==p) HJIH NOBEPXHOCTHIO Kaca-

TeJIbHLIX (@ =p), H3 NOJyueHHOR (opMyJIbI CJERyeT, YTO
K =0. Takum o6pa3om, noinas kpueusHa Kasxdoi paseep-
MbIEAIOULELIC  NOBEPXHOCMIU PASHA HY K0 (B smoGoft ee Touke).

O6parHo, eciiu K=0, T0 paa =0, T. e. BEKTOPH P, @, @

KoMiaHapHel. Ecin BekTop @ (u) He paBeH TOXAECTBEHHO
HYyJIO, T. €. €CJIM NMOBepXHOCTh (12) He ABJIAETCA UHJIHHIDOM,
TO, nepefiif, €cJM HYXHO, K MEHbillel OKpPECTHOCTH, Mbl

MOJXKeM CYUHTaTh, 4T0 @ (1) % 0 s Beex u. [TosToMy BeKTOPHI
@ H @ JHHEHHO He3aBHCHME! (OHH OTJIHYHEI OT HYJS H OpTO-
TOHANIbHKY), H, CJIEJOBATEJbHO, BEKTOp P uepe3 HHX JHHEHHO
BLIpAXKaeTcs:

p=ha+pa,
rae A==A(u) U p=p (u)— HexOTOpEIe (DYHKUHH OT U.
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[Tyctb
y=1u, v =0v+pu).
[Tockonbky sikoGnan aToro npeobpasoBaHHs paBeH 1, uucaa
4, M U, TaKkxe SABJAIOTCA—TIOCTe, BO3MOXHO, Iepexoia

K MeHbllle#l OKPeCTHOCTH — KOOPAHHATaMH Ha noBepxHocTH (12).
B srux Koopauuarax YpaBHECHHE MOBEPXHOCTH HMEET BUI

r=py (1) +va ()
(MBI y6HpaeM y u; H U; HHIEKCRHI), TZe
o (W)=p@W)—pw)a ),
H TIOTOMY
p=p—pa—pa=(A—p)a.

Ecou pl=0 TOXKJECTBEHHO ('r e. A=), TO ypaBHenue

MOBEPXHOCTH HMeeT BHJ
r = const + va (u),

H MOTOMY 3Ta MOBEPXHOCTb ABJIAETCA KOHycOM. B mporuBHOM
ciyuae Mbl MOXKEM CYHTAaTb, OMATb yMeHblUas, €CJaH HYXHO,

OKPECTHOCTb, YTO él (4)%=0 pas Bcex u. [lepexopa Toraa
K HaTypaJbHOMY napaMeTpy (M MeHSfl, €CJIH HYXHO, 3HaK

y U), Mbl TNOJYYHM, YTO P;=a, T. €. 4YTO paccMaTpHBaeMmas
TIOBEPXHOCTb ABJIAETCA MOBEPXHOCTHIO KacaTeslbHbIX.
€M CcaMBbIM JI0Ka3aHO CJeRylollee MNpejJoXKeHHe:

Hpedaooicernune 1. Jluneliuamas noeepxrocme moada u
moabko moz20a umeem 6 Kaxcdoll mouKe Hyresyr0 NOARYIO KPU-
BUSHY:

. K — 0’

Koe2da ona feasemcs passepmoldaioujeiica nosepxtocmero.

OI[HOBpeMeHHO Mbl yCTAHOBHJIH, 4YTO pasBepThIBAMOUIHECA
NOBEPXHOCTH XapaKTEPH3YIOTCA YCJ/0BHEM

paa =70,
KOTOpO€, KaK JIeTKO BHIETb, PABHOCH/J/ILHO KOJIJIHHEAPHOCTH
BEKTOPOB pXa H aXa. Ho KosjH HeapHOCTh 3THX BeKTOPOB
O3HaydeT, YTO BEKTOp
: r,Xr,=pxa+v@axa)

C TOYHOCTBIO O MPOTMOPHHOHATILHOCTH HE 3aBHCHT OT U, T. €.
HE 3aBHCHT OT U COOTBETCTBYWWMH €JMHHUHBIN BEKTOp 7.
OTHM [0Ka3aHO, UTO pA36epMbIBAIOUiUECR 1OBEPXHOCMU 6bide-
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JAI0MCA cpedu cex Aunelinamsix nosepxtocmetli mem cgovicm-
sOM, HMO 60 6cex Mouxkax Kaxdod npamosunelnold o6pasyro-
well makol  nosepxHOCMU  KQCAMeAbHOS NAOCKocmb OOHQ U
ma oKe.

Paaaep'rbmaxomanc;l MOBEPXHOCTb KacaTeJbHHX

15 npou3BosibHOM MOBEPXHOCTH BpallEHHS
=x()cosu-{ +x(v)sinu-J+2(v) k
MLl HMeeM
r,=—x()sinu-1-+x(v)cosu-j,
r,=x (v)cosu-i+x (v)sinu-j+2' (v) R,
n, snaunt, E=x(v)?, F=0, G=1 (Mbl npeanosaraem, yTO
y ()24 2’ (v)*=1; cM. Jekuuio 3). TlosTomy
r.Xr,=x(v)2' (v)cosu-i+ x(v)2' (v)sinu-j—x(v)x (v)k,
n=2z (v)cosu-l+2 (v)sinu-j—x (v)k;

r,,=—x()cosu-I—x(v)sinu-J,
to,=—x"(v)sinu-i+ x (v)cosu-j,
Fop=x"(V)cosu-I+x"(v)sinu-J+2"(v) k;
C L=rp=—x@)2'(v), M=r,n=0,
X (v) 2" (v)

N=r, n=x"@v)2 (v)—2" @) x' (V)= —

CAIN—M2 2 ()] x'(v) 2 (V)
EG—F? ~— x(v) |x"(v) 2"(W)|’

() 2"’

STIM 0Kas3ano, YTO AJs1 NOBEPXHOCTH BpauleHHA

K=ZO|*® 2@
FCRELCREC
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[MTpumep 1. Has chepst paguyca R Mbl HMeeM

x(v)=R COS -, z2(v)=R sin-%,

H TnoToMmy

’ e ‘_U_ ’ —_ _ﬂ'

x' (V)= —sin B 2" (v)=cos R
r—— Lo 2 2" (V)= — L sin2
K=—gosg ZO)=—gsing,

K__z' W |x () 2 (v) =L
T x(v) |[X¥(Y) 2" (v) R%’

Takum 06pasoM, noaxas kpususHa cgeper paduyca R nocmo-
AHKQ U PasHA g -

Pesysibrar HarasJHO OYEBHJIEH.
Cnenytounit npuMep Gosiee HHTEpPECEH.

Mpumep 2. TlosepxHocTs
BpauUleHHs ¢ TpouIeM

x (v) =R sinv,
2(v)=R (ln tg—'é——l—cosv) ,
0<v<,

(3TO—TaK HasniBaeMasi mpakmpu-
ca) HasbiBaetcss ncesdocgpepoll (a
yyciao R Ha3piBaercs ee rncesdo-
paduycom). Ins sToll NOBEPXHOCTH

x' (v)=R cosw,
R cos? v

, R N
2O =Sy T RSINU=RGg

M, 3HauwT,
x (V)24 2’ (V)= R*ctg?v.

Tak xak x'(v)?+ 2’ (v)® %1, To noayueHHas Bbiwe obuas
(opmyila HenocpeICTBEHHO HENMPHTOAHA M HEOOXOAHMO Tpen-
BAPHTE/bHO MepeATH K HaTypasbHOMY NapaMeTpy npobuis.

Uwmeem

v
§s=—R S ctgvdp=—RInsinv,
/g
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11, 3HA4HT,

sinyp=e¢ R, cosve=V 1—e )
s ]/ &
v =
tg—z—ﬁe"’ eR —1.

(TosToMy B HaTypaJjbHOM MNapaMeTpe (KOTODHII MK CHOBa
0f0sHaYUM uepe3 v) TpaKTpHca OYyJeT 3aJaBaThesl (yHKUUSIMH

s / _27:_

x(v)=Re_%,
4 ] ~ 7]
z(v)=Rln(e—R——— Veer— l)+ R V 1—e "R,

BrncaseM:

u
2

x'(v)=—e_%, z’(v)=-]/l—e_ ®,

v e y

" I -® " e R
X (U):'ﬁe y 2(V)=— —
~ D a—
R]/- e R
L

1 —

v 2] _ e R
@ ') - .
R 1/-1-—-3 'R
2 | @ 2@ |
@) |x"(v) @] ~ R

Takum o6pazom,
1
K=— R

TaK UTO NOAHAA KDUBU3KA Nncesdocgepbl NOCMOSANHA U pASHA
I

T RET
Mbl BUIMM, YTO B OTHOIUEHHH MOJIHOH KPUBM3HK! TCEBIO-

cthepa oTanuaeTcsi oT chephl TONBKO 3HAKOM KpHBH3HbI.
DTUM H OOGBSCHSIETCsi TepMHH «nceBjochepar.
MMpumep 3. dna kareHonna
x(@)=chv, 2z(v)=u,
x'(¥)=shv, 2'(v)=1,
x' ()2 + 2’ (v)*=ch?y,

W MOTOMYy Mbi OMSTh JOJXKHB NepeliTH K HaTypajlbHOMY
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napamerpy

v
§= S chvdv=shv.
0

O6osnauasi 3TOT MapameTp CHOBa 4epe3 U, Mbl TOJYYHM
hyHKUMH

x)=VT1Fe¢}, z@W)=Inlw+V T¥v?).

Tloaromy
’ v 2 l
o=y Oy
! ") = e
o= FO= T
(@) 2’ 1
x"(v) 2"y T4-o®
H, 3HAYHT,
1
K=—-a+—va)'n—.

HHurepecHo CpaBHHTb KDHBH3HY KaTeHOHJA C KPHBH3HOMH
H30METPHYHOTO €My TeJIHKOHJA.
Ins rennkonna mbel uMeem ypasHenue (12) c
pwy=u-k n a()=cosu-1+sinu-j.
[Toatomy
p=h, a=—sinu-i-|cosu-j,
E=1+2upa -via*=1+4 v?,
F=pa=0, G=1,
EG—Fi=111?,
0 0 1

cosu sinu |
—sinu cosu O

=1,

paa =

H, 3HAYHT,

1
K= —1or
Mt nonyyusH TOT e CaMblii pe3yJabTaT, YTO H A4
karenounal DTo O3Hauaer, uTO ApU UB2UDAHUU Kamexouda
HQ 2eAUKOUOD NOANbIE KDPUBUSHLL 8 COOMBENICIMBEHHbIX MOYKAX
cosnalarom. .
UTo npoucxoAHT cO cpenHell KpHBH3HOI?
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Juia Kareromga E=1+12, F=0, G=1. Kpome ToOrO,

L=—x@Wz2' (v)=—1, M=0,
N=— @ 2@l _ I

() (@] [+uv’

1 noToMy
EN -t GL—2FM =0,
H=0.

Takum 06pa3oM, cpeOHAR KPUBUSHA KAMEHOUOQ pasHa HYMO.
Jlas reaukounna

pxa=sinu-l—cosu-J, axa=—~,
6=0, a=—cosu-l-—sinu-j,

(P +va) (pxa--v(@xa)=0
i1, KpoMe TOro, Xaxk Mbl yXe€ BHUJEJH,

E=14v, F=0, G=]1,

EG—F'=1--v*, paa=0.

[ losToMy
1
L= = e, N=0,
0, M Vo
i1, 3HAuHT,
EN -+ LG—2FM =0,
T. €.

H=0.

Takum 06pa3oM, cpedHAR KpususHa zerukouda maxdce pasHa
Hiymo!

[TpuMep KaTeHOMZA ¥ IeJMKOHAA HABOAHUT Ha MbIC/b, YTO
pyu H3ruGaHHH (M3OMETPHH) COXPAHAIOTCS MOJIHbIE H CPeJjHHe
KPHBH3HBEI. OKAa3bIBaeTCsl, YTO B OTHOIIEHHH TOJTHOH KPUBH3HH
3Ta THMOTe3a ChpaBelJauBa (M Mbl IMOKaXeM 3T0 B C/AeLyio-
mell JMeKUMH), TOTAAa KaK B OTHOUIEHHH CpefHed KPHBH3HH
970 He Tak. HelcTBUTENLHO, /IS TJIOCKOCTH CpelHss KpH-
BH3HA DaBHa HYyJ/IO, a A H3rubaioudlerocs Ha MJIOCKOCTb

1
KPYroBOro IHMJMHApPA pajuyca R oHa paBHa, OYeBHIHO, TR

UlpuyuHnl ke TOro, MoueMy Y KaTeHOHAA M TelMKoHAa
OKA3aJIHCh PaBHbIE CPeZHHE KPHBHU3HBI, Mbl JIHLIEHB BO3MOX-
HOCTH 3JeCh 06CYXAaTh.,



