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Jepubanuonnnie ¢opmyabn Beitnraprena.— Kosgdrunentr
cBasHocTh.— Teopema I'aycca.— fIBHas ¢opMysa Ias raye-
coBof KpuBH3HBL.— Heo6XomuMble W JAOCTATOMHBIE YCIOBHS
M30METPHYHOCTH.—— [TOBEPXHOCTH MOCTORHHON KpPHEH3NI

Ins conpoBoxpatomero Gasuca r,, r,, B TPOH3BOJBHOMN
MOBEpXHOCTH

(1) r=r(u, v

MoryT CBITb Hanucanbi (OpMYJibl, aHaJOTHYHbE ¢oOpMYJaM
DpeHe pJis  KpUBbIX. OTH (OpMyJbl JalOT pasJioxeHHe
NPOU3BOJHEIX

rllll’ rll'(/’ rv'w nll’ nv

BEKTOPOB COMpoBOXjaiollero 6asHca no sToMy xe 6asucy.
[Nockonbky m?=1 H, caepoBaresbHo, nn,=0, nn,=0,
BEKTOpHl 1, H M, Da3araioTcs TOJAbLKO MO BeKTOpaMm r, U r,,
TaK 4To
n,=ar, + pr,,
n,=or,+pr,.
YMHOXasi mepBylo H3 3THX GopMyJa Ha f, H F,, MBI TOJY-
YUM ABa COOTHOIUEHHS:
—L=r,n,=ar;+pr,r,=ak - fF,
~M=r,n,=ar.r,+ pri=af - pG,

M3 KOTOpPHIX CJIEAYeT, YTO
o FM—GL B FL—EM
~ EG—F*' FTTEGTFT
AHanoruyHo BbYHCASAOTCS K03QdHIHEHTE H BTOPO# (OpMYJIEL:
ay=fN—GM g FM—EN
1™ EG—-F*' M7 EG—-F*"
Ilanee, Tak kak, COrVIaCHO ONpeneNeHHIo,
rown=>L, r,n=M, r n=N
H Tak Kak no ycaosuw r n=0, r,n=0, T0 K03bbHIHEHTHI

NpH 7 B PasjIOXEHHSX BEKTODOB F,,, F ., r,, N0 6asucy
t, r, B DaBHbl cOOTBeTcTBeHHO L, M,



KO3»OHUHNEHTBI CBA3ZHOCTU ¥Y

TakuMm oGpa3oM, MhlI HMeeM
ruu=rhru+ F%lrv +Ln,
rll‘I)=F‘}.2r/l+ Pf'zrr; + Mn,
o= F%Zru -+ Fg‘.’r‘v + Nfl,

2) FM—GL FL—EM
( n=-fo—F ru ¥ EG_Fr "o
FN—GM FM—EN
ny=~fg—fz Fe T EG—FT v

rne T%, i, j, k=1, 2,— Hekoropble (GYHKUHH OT & H .
AtH HYHKUHH paHblie 0003HAYaJHCh CHMBOJAMH \ # H
HaseBaNHCh ckobkamu Kpucmogpgern. Tenepp ke ux 0O6BIYHO
HA3LIBAIOT KOSpuyuenmamu cessnocmu.

@opmyasl (2) Ha3bBIBAIOTCH 0ePUBQYLOHHLIMU (POpmyramLL
Beidrneapmena.

Jns BhlunCIeHHs KoapHIlHeHTOB cBsaHocTH 1} Mbi B nep-
BYIO Ouepesnhb HaHJeM WEeCTh MPOH3BEAEHHI BEKTOPOB ¥, Py
r,, H3a BEKTODHl ¥, H F,.

Tak kak ri=E, Tlo 2rr.=E, u 2r, r,=E, T e

ruuru='§‘Eu H ruuru='2"Ey-
AHanoruuno, Tak kak ri=G, TO
1 1
ruly=-5G, H Fyr,==G,.
Kpome Toro, tak xak rr,=F, 10 r,r,+r.ng,=F,
H ¥ yyly - ¥ ¥ yp=F,, OTKyIa CJIELYyeT, 4TO
1 1
r,,,,r,,=F,,——-2—E,, H rﬂuru=Fv—7Gu~

YMHOXas Tenepb MepBble TPH topmyJiet (2) Ha ¥, H ¥,
Mbi MOJIYUHM LIEeCTh COOTHOWEHHH:

1
ETL, 4 FT3 =< E

7 Ew
I
Ft4 4 GI'hy=F,—5 E,,
. o 1 .
El}z“F‘F f:’.:“gbw
(3) X
FF}2 + Grfz——“fam
ETY+ FT%=F,—+G,,

FTY,+ 6T =5 G,



90 TEOPEMA TAYCCA

B3 KOTOPBIX JIErKo Haxomsarcsi Kosddbuuments: I'f;. (Ypapue-
HHS OJHO3HAaYHO paspellidMbl, MOCKOJBKY OIIpele/IHTe/b
EG— F? kax 0¥ napbl ypaBHeHHH OTVIHUeH OT HYJ.)

Mbl BHAHM, UTO Kosgpuytenmot ceasrocmu T'f; soipascaromen
4epe3 Kosgpuyuenmol nepsott Keadpamuunol popmer u ux
npousgodusie. CnefoBaTeNIbHO, OKU He MEHSIomcst npu useu-
Ganuax (U3oMempusax) nosepxrocmu.

SIpuble BhIpaxenusi koadxpuumentop TI'f; uepes koadiu-
UMENTH IepBod KBaapaTuqyHON (opMbl HaM He 110HAR00sTCS,
H Mbl UX BBHITHCHIBaTb He GyjeM.

KoahduuuenTts! repHBauyOHHbIX GOPMYJT CBSI3aHbI TpeMs
COOTHOIUEHHSIMH, KOTOPbie BO3HHKAalOT [PH  BbIYHCJAEHHH
C IIOMOWIbIO 3THX (OPMYJ ABYMsI Pas3HbIMH clocoGaMH yact-
HBIX TPOH3BOJAHBIX 7.0 Puyy ¥ M,,. OOHO H3 3THX COOTHO-
wenuii 6pl10 HaiipeHo TIayccom, a ocranbHble aBa—lerep-
conoM, Mafinapay u Kopanun. Mbl paccMoTpuM  TOJIBKO
coorHolllenue Taycca, KoTopoe NOAYYMM, BBIYHCAASA KO-
UHEHT NpPH r, B PA3JIONKEHHWH Y4ACTHOH [POU3BOUHOH F,,, 1O
BEKTOpaM r,, F, H 1.

B 5TOM BhiYHCIeHHH Mbl OyJeM CJIeAHTh TOJbLKO 3a KO3(-
(HIIHEHTOM [pH 7, U TOJBLKO 33 TEMH €ro cJlaraeMeIMH, KOTO-
phbie 3aBUCAT OT ko3¢ (pHIHENTOB BTOPOH KBaApaTHYHOH (GOPMKI.
Bce xe ocranpHpie cjaraempie Mpt OyleM 3aMeHSTb MHOTO-
TOYHEM.

Hmeem
rllltt::(rlzu)v:(r%lru + I‘glrv -+ Ln)0=
=...4+Thtw . - Thry,+ ... +Lln,=
TR ) b AT )
' FM—EN FM—EN
.+L<. -}-'—EE_—FTY(,>=<L——ET_—F§—+ ...>r,,—|—...

Ananorunuso,
Vv = (rt.‘v)u = (P}2r11 + szru +- M”)u =

FL—EM
=<Mm+ ...)rv“‘
CrnejloBaTenbHO,
J IM—EN _, FL—EM

EG —F? EG—Fr T
rie MHOroToYHe 0OO3HAYaerT WuJieHbl, 3aBUCHIHE TOJLKO OT
K03bdUIHEHTOB NMepBOH KBajapaTHuHOll dopmui. Ho
FL—EM FM—EN LN —M?
M —L =F——— =FK.
EG—F? EG—F* EG—F? £K
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[lockoabky E 50 (dopma 1 nonoxutenbHO onpeneneHa),
51HM JOKa3aHo, 4TO noanas Kpususna K nosepxwmocmu ewpa-
wuemes 4epesd Kosdpuyuenmor nepsol keadpamuinol gopmot
(1 ux npoussodnsie). Orcioga cnepyer, 4To kpuBusHa K npu
nernOaHunx He Mensiercss, TouHee, ecan f—u3oMmerpusi no-
pepxiocth 2 na nosepxuocth &, To

rie Kgron Ky—I'IOJIHbIe KPHBH3HH Ha noeepxHocTsax 2 H

4 coorserctBenHo. ([efictBuTennuo, ecau f peficteyer no
pABEHCTBY KOOpAMHAT, TO 06e CTOpOHbl B (4) OTJHYalOTCH
aninb 0603HAYEHUSIMH KOOPAMHAT.) DTOT pesyJsibTaT 3acay-
411BAET BblIEJEHHS B KaueCTBE TEOpPEeMbI:

Teopema 1 (treopema Taycca). [Toanana (eayccosn)
LPUGUSHA  1108ePXHOCINU He mensemes npu ugeubanuax (U30-
JCMPUAX), M. e. U30MEMPUHHble NoSepXHOCMU 6 coomeern-
cIneyrouux oOpye Opyey mouxax umerom OCUHAKOBYH Kpusu-
any. O

Ora TeopeMa HaCTOJbKO BocXHTHJA I"aycca, 4To OH HasBan
cc theorema egregium — 10 aThIHY «GIHCTATE/IBHAS TEOpeMay.

M3 teopemel 1 cielyer, B 4ACTHOCTH, 9TO HUKAKYIO CKOAb
(COORO MAAYIO 4achie cepol HEAbIA U30SKHYMb HU NAOCKOCMD.
IlosTOMy HHKakas KapTa 3eMHOH TOBEDXHOCTH HE MOXeT
N4Th €e TOYHOe H30BpaxieHHe.

SiBHOe Bhipakenue KpUBH3HH K uyepes kosdduuments E,
I v G nepport KBaApaTHYHOM (OPMbI HMeEET BHR
| E E, E,

—— ___\F Fy Fyl|—
TEC—FY g 6. 6.

(5) K=

—svae=m |(vi=s ).~ (i=m
2V EG—Ft VEG=Ft /, VEG=F: /.|
Jlpyrue aBa cOOTHOLIEHHS, noJydaiouuecs npu audxpepen-

ItHPOBAHHM JepPUBALHOHHLIX (GOpMYJ (M Ha3biBaeMble OOLIYHO
popmyaramu Ilemepcona— Kodayyu), uMeoT BHX

2(EG—F)(Ly—M,)—

E E, L
—(EN 4+ GL—9FM)(E,—F)+|F Fu. M|=0,
@ G G, N
) 2(EG—F¥) (M,—N,)—
( ) (M, —N,) £ B L
—(EN 4 GL—2FM)(F,—G,)+ |F Fy M|=0
G G, N
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JlokasartenbcTBo 3THX (hOopMys He TpeGyeT HHYero, Kpome
TepreHuss U aKKypaTHOCTH.

Mp pokaxem ToAbKO dopmyay (B) u TosbKO B ciaydae,
korja E=1u F=0, T. e Korja nepeas KBaJlpaTuiHas
(opMa noBepxHOCTH BhIpaxkaetrcss (opMmynod

(7) I=du?+ Gdv®.
B s3ToM cnayyae ypapHenus (3) anA  KOMPGUIHMEHTOB

T umeioT BuzA
1

=0, TL=0, Th=—3a,
AP 1 l Y l
Gy =0, Gl §2=§Gm Gl §z=_2‘c-v’
OTKyJa cJleiyer, 4To
r%1=0» r}2=07 rﬁ:O,
1 1G 1.,G
;3-:'—'70“, r§2=_f'?)~’£’ r§2=’§_0—
[Nosromy
1 G
rua=Ln ! ruv='2'7u'rv+Mn'
[MockonbKy B paccmaTpuBaemoM ciydae
N

M
n=—Lr,—er, v n,=—Mr,——r,

G
0TCloJa BHITEKaeT, YTO

N
Fuw=(LM)y=Lyn+ L(—Mr,—r,)=

2N
= —LMru———G— r,+L,n

H
Fus= (g3 g rotMn), =5 (58) r ¢
+%%‘i[-;-%'ir,,+Mn] +Mn+M (—-Lru———lg—r">=
ot [ ) )
HIE YR
H, 3HAYHUT,
(%) G
Ly=5%M+ M,
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Bropoe ypaBHeHHe Hac cefiyac He HHTepecyeT (OHO fBJSETCH
nepBpiM U3 ypasHehu#i (6) npy E=1 u F=Q0), a u3 nep-
Boro chaenyer (NOCKOJIbLKY B paccMaTpHBaeMOM cayyae

K= —é—- (LN — M%) gopmyna

K=~ (%)~ (%)

T. €., KaK IOKa3blBaeT OYeBHAHOE BblyucaeHHe, — dopMyaa
(8) [( — —_(V--G-)Illl
VG’

4TO COBNAjAeT C pe3yabTaToM LOACTaHOBKH B (opmyay (B)
anayeHuit E=1u F=0.

Tem cambiM Hamu J0Ka3aHO, 4TO NOAKAA KPUBUSHA NO-
sepXsocmu ¢ nepeoit xeadpamuunoti ¢opmoii (7Y evipaxcaemcs
hopmyaoti (8).

Ilycrb, Hanpumep,

9) I =du? -+ cos®uduve.

Toraa V'G=cosu u (V G),,= —cosu. osromy K =1, uro
BMeJHe corsacyercsi ¢ pesyabratoM npuMepa | Jnekuuu 4
(nockonbky ¢opma (9) siBasieTcs nepBo# KBazpaTHiHoil op-
moli ccepw paisuyca R=1; cm. dopmyny (36) nexuuu 3,
B KOTOPOH, npaBia, NepecTaBJeH U H U).

AuHanoruyHo nokasblBaeTcs, YTO IIOBEPXHOCTh C NEpBOil
KBafipatHunoi (opmoit

=du? -+ ch?u dv?

umeeT KpuBHaHy K= —1 (cp. npumep 2 nekuuu 4).
Gameyauue 1. IlonuepkHeM, YTO Bce 3TH pe3ynbTaTH
HMEIOT MeCTO /ISl NOBEPXHOCTEH B MpeXmepHOM €BKIHLOBOM
npocrpaucrBe. Jns nosepxHocrell e B NpocTpaHcTBe 60Jb-
wero yucna uaMepeHudt gopmyday (5) (Mau ee YacTHHI BUA
(8)) MoXHO NpHHATL 3a onpeleseHue KPUBH3HH K.
3ameyanue 2. IOas Toro 4robbl wectb QyHKUHHR

(10) Eo Fv G9 L' M9 N’

JajaHubiX B OTKPHITOM BhiNykaoM MHOxectBe U< R? Gbinn
Ko3hduueHTaMmy nepeo W BTOpoH KBaApaTH4HBIX (GopM He-
KOTOpoH noOBepXHOCTH r =r (i, U), KOHe4HO, HEOOXORHMO,
uTOOH A5 3THX (DYHKUHMHA, KpPOMe yCHOBHI

(11) E>0, EG—F*>0



04 YCNOBUS U3OMETPUYHOCTHU

NOJIOKHTENBHOH ONpPENeNIEeHHOCTH, HUMENAW MeCTO COOTHOMICHHS
(5) u (6) (umeetcs B BHAY, uTO B cooTHOweHHe (5) noxcras-
2 .

JIeHO K=’—“EA£;—___-IFW;). Oka3spiBaercs, 4TO MU COOMHOUERUA
makxce u docmamounsl (IR CYLLECTBOBAaHHA peryJspHoli,
HO Boobile ToBOpsS, He 3/eMeHTapHON NMOBEPXHOCTH C JaHHbI-
mu dopmamu 1 u I1). Bonee roro, dynkuuu (10) (yaosner-
popsitomue cootHowenusaM (5), (6) u (11)) onpedeasiom no-
BEPXHOCMb C MOMHOCHbIO 00 OBUNCERUR NPOCMPAHCME. DTH
YTBEPXKACHHS HABJAIOTCS ABYMEDHbIM aHaNOroM COOTBETCTBY-
IOIMX yTBePXKAEHUH AT KPUBHIX (CM. TeopeMy | Jiekuuu 2)
H JIOKa3blBalOTCA AHAJOTHUYHBIM cNOcOGOM (NPH 3TOM BMECTO
TeOpeMbl O CYLIECTBOBAHUM M EJMWHCTBEHHOCTH peilleHHsl CHC-
TeMbl JHHEHHHWX AHPepeHIHaAbHAIX YypaBHEHUN HCTIONBAY-
eTcs COOTBETCTBYIOUWIAS Teopema JIisi CHCTEM JMHeAHbIX ypaB-
HEeHH! B YaCTHBIX NPOH3BOAHHIX). M»l JOKa)keM HX —cpasy
A MHOroo6pasuil NpoH3BONBHOU Pa3MEPHOCTH —B CHAelYio-
IeM cemecrpe.

Teopema Taycca yTBepxAaeT, 4TO pPaBEHCTBO MNOJHBIX
KPHBH3H ABASIETCH HEOOXOAHMbIM YCJHOBHEM H30METPHUHOCTH
ABYX mnoBepxHocTeli. Bmecre ¢ TeM, xora 3TO ycnoBue
OTHIO/b He JOCTATOYHO, OHO HACTONBKO CHJbHO, YTO C €ro
NOMOIbIO MOKHO Ge3 Tpyla NMOJAYYHTb H JOCTATOUHBIE YCJO-
Bus. Mel He Gylem noapo6uO oGCyXjiaTh 3TOT BOHPOC W
paccMOTpUM AUilib BaXKHEMWNA 4aCTHBIA cnyuali cOOTBETCTBY-
1onell Teopemsbl.

[Tycrs

2_ 2
AlK =EK0 ;gﬁ;ﬁ:*—oKu

—nepeblt Auddepenunanvunii napamerp Bembrpamu ¢yHk-
wn K. Econ nse dynkmmn K u ALK ot u u v gynryuo-
HAABHO He3asUCUMb, T. €. UX siKobuau

K oK
ou
OMK ALK

0w ov

BCIOAY OT/MH4YEH OT HyAs, TO HX MOXHO NPHHATbL 3a HOBblE
NIOKaNbHble KOOpAMHATHI Ha noBepxHoctH. Hasosem 3t Ko-
opAMHATH 2ayccosbimu. M3 cBoficTBa WHBapHaHTHOCTH Onepa-
topa A, (dopmyna (34) nexunu 3) u dopmyasl (4) Henocpex-
CTBEHHO BLITEKaeT, YTO Aas1 mmoGoil usomerpuu [: I -— %
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1{MEET MECTO pPaBEHCTBO
(12) A1K$°f=A1K.2'-

Bmecre dopmyan (4) u (12) osuaualor, uto Kaxdas uzomem-
pust A6AAEMCS 0MOOPANCEHUEM NO PABEHCMBY 2ayccosbiX KOop-
dunam. Ilo3ToMy cnpaBepsupa clepylollas Teopema:

Teopema 2. Jlge snemenmaprvie nosepxsocmu, Ha Komo-
poix onpedenenst  2ayccogel koopduramel, mo20a U MOALKO
moesda usomempudnbl, Ko20a 8 smux Koopoukamax ux nepevie
roadpamudtoie gopmst cosnadaom. []

Takum ofpasoM, 4YTOGLI OnNpeneSHTH, H30METPHYHBI UJIH
ieT AB€ TNOBePXHOCTH, HaJO BBECTH Ha HHUX (€CJH 3TO BO3-
MOXHO) TrayCcOBBl KOOpDAHHATBHl H BBLIYHCIHTL B .3THX KOOp-
JHaTaX HX nepeble KBajipaTHUHHE hopMul. Ecau atu dopMel
COBMAajaloT, TO NOBEPXHOCTH H3OMETPHYHH, a €CJIH 3TH (OPMBI
pa3NMHYHBEL, TO MOBEPXHOCTH HE H30METPHYHH.

Teopema 2 me naer otsera B cayyae, korda K u A K
(pPYHKUHOHANbHO 3aBHCHMbI, Hanpumep korda A,K =0 (4T0
HMeeT MecTo, KaK Jerko cooO6pasHThb, €ciH K TOAbKO €ClH
K =const). BnpoueM, B 3TOM KpafiHeM cayyae YcJAOBHe T€O-
peMbl 1 oKa3biBaeTCsi JOCTaTOYHLIM, T. €. 066 S/eMeHmapHbie
n.08ePXHOCMU NOCMOAHKOL 10AKOE KpUBUSHBI mMo020a U MmoAab-
KO mo20a U30MempuYnbl, K020a OHU umetom O00HY U my e
kpususny. IlpyruMu cloBaMH, 2106as 108epXHOCTL NOCMOSAH-
Hoti noanoll kpususnel K rokaavro usomempuuna chepe paduyca

1
X '——V-?"
chepe ncesdopaduyca R =7l_—?' ecau K < 0.

ecau K >0, naockocmu, ecau K =0, u, ncesdo-

st nokasarenhcTBa HaM NoOHapobuTCH JeMMa, KOTOpYIO
Ml AOKaXKeM B CJIelylolleM cemecTpe:

Jdennma Faycca. Ha mobod noeepxwocmu cyuecmsyrom
A0KQAbKbE KOOpOUHAmBL U, U, 8 KOMOpLIX nepeas kendpamud-
Hast gopma smoil Hosepxrocmu umeem 6ud (7), npudem Pyrk-
yus G=G(u, v) obaradaem mem ceolicmgom, 4mo

(13) G0, v)y=1u G,(0, v)=0 025 6cex v.

B cuny stofi neMMB! MBI 6€3 OrpaHHYeHHs] OGIHOCTH MO-
’KeM CYHMTaTh, YTO nepBas KBajpaTHYHas ¢opMa paccMaTpH-
BaeMOl NMOBEPXHOCTH NMOCTOSTHHOM MOJNHOA KpHBH3HBI K HMe-
er Bun (7) ¥, 3Hauur, Ans K Humeer mecto dopmyaa (8).
Oty ‘hopMyny MBI MOXEM paccMaTpHBaTh KaK Au(pepeniy-



96 MOBEPXHOCTH NOCTOAHHOM KPHBH3HDbI

anbHOE ypaBHEHWe BTOPOro NOPsiAKa C NOCTOSIHHBIMH K03
dunuentamu otsocutensHo dyukmun V' G. s  Teopmu
AuddepeHuHaNLHEX YPaBHeHHI H3BECTHO, YTO obliee pellieHue
3TOr0 ypaBHEHUS WUMeEeT BHJ
Acosa(u-+ B), ecin K =a* >0,
VG Au+ B, eciin K =0,
Acha(u4 B), ecmn K= —a* <0,
rie A u B—npoussonbusie ¢yuxuun or v. Ho Beugy nep-
Boro ycJjioBusi (13) JOJ/KHEL HMETh MECTO COOTHOLUCHHUS
AcosaB=1 npu K >0,
B=1 npn K=0,
AchaB=1 npu K <0,

a BBHAY BTOpOro ycnoeHs (13)—B cHyy TOMXAECTB

— Aasina(u- B), ecin K > 0,
(V=g o ={ A, ecnn K =0,
Va Aasha(u-+ B), ecnu K <0

~— COOTHOLIEHHSI

AasinaB=0 npu K >0,
A=0 npu K=0,
AashaB=0 npu K <0.

CuenoBatensHo,
cosau, ecan K=a%> 0,
VG { 1, ecn K =0,
chau, ecay K= —a? < 0.

B nepeoM cnyuae Mul nonyyaeMm NepBYIO KBaJpaTHUHYIO
dopmy
du?® -+ cos® au duv?
chepnl paauyca l/a, BO BTOpPOM cnyqae—nepaylo KBajapa-
THYHY!O dopmy
du® + dv*
IVIOCKOCTH, a B TPeTheM —IepBylo KBajpaTHYHYIO GOpMy
du?® + ch*au dv?
nceBrociepsl Icepiopagnyca l/a. [
Ha sroM Mbl npepseM—po cienyiomero cemMecrtpa— H3-

JIOXKEHHE TEOPHH TNOBEPXHOCTEl M 00pPATHMCH K OCHOBHOMY
NpeaAMeTy 3Toro Kypca—TeopHH IVIagKHX MHOTOoOOpasuii.



