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Topsakobue uucia.— HHTepBaibHAS TONOJOTHS B MHOXeECT-
BaX MOPAAKOBHX wyHceJ.— HyapMepHble npocTpaHcTBA.—
[Tpumep TuxonoBa.— THXOHOBCKOe NPOH3BEJCHHE TOMOJIOIH-
YeCKHX TNpocTpaHcTB. — QuiabTphl.— LlenTphpoBannbie MHO-
KECTBA  MHOXKECTB.— YJbTpagHabTphl.— KpHTepuft  Kowm-
naktioctH.— TeopeMa ThxoHOBa.

3Ta JeKUMA, LeNMKOM IOCBAIEHHAA o6uiedl TOMOJOTHH,
He HMelollefl OTHOIIEHHS K TEOPHH TJAJKHX MHorooGpasuil,
COCTOHT M3 JIBYX 4dcTell, CBA3AHHKIX TobKo HMenem A. H. Tn-
XOHOBa. B nepBo#t wacTty cTpouTcst npuMep THXoHOBAa Xayc-
JopdoBa HOPMAALHOTrO, HO He BINOJHE HOPMaNbHOTO KOMIAKT-
HOTO HYJNLMEPHOTO MPOCTPAHCTBA, COJEPXKALIero OjHOMEepHoe
MOJNPOCTPAHCTBO, 3 OCHOBHAS L@Nb BTOPOH YACTH — J0KA3aTh
TeopeMy THXOHOBA 0 MNpOH3BeJeHHAX KOMIAKTHhLIX IpPOCT-
PaHCTB.

[Tpumep Tuxonosa cTpoWTCsi M3 TaK Ha3bIBAEMHIX TpPaHC-
(DHHHTHBIX MOPANKOBHIX YHCeJ; HANOMHHM I03TOMY BKpaTLe
HX omnpejeieHne ¥ OCHOBHHE CBOHCTBA.

MHuoxecTBo A Ba3bIBAGTCH 4GCMUMHO YNOPAROOHEHHLIM, €CJH Ha Hem
ONpefie/ieHO OTHOILIEHHe =T, obnajaiolilee CBOHCTBaMH peghrexcusmcemu
(@a<<a pna moboro a€ A), anmucummempuarocmy (ecan a<<b u b<Ca,
TO a=b) H mpanzumusncemu (ecaH a<<b u b<Cc, 10 a<<¢). Ecan
a<<bh, vo a # b, o numyt a < b. Orobpaxenne ¢: A — B yacTH4HO
YNOPALOYEHHEIX MHOMKECTB HA3HIBAETCA MOHOMOHMUIM, €CaH @a =< @b,
KOrfa a=<b. BHekTHRIOE MOHOTOHHOe oOTOBpaXkeHHe, o6paTHOE K KOTO-
POMY TaKXKe MOHOTOHNO, Ha3blBaeTcs u3oMopdusmom. HacTHYHO yropsifo-
YCHHLIe MitoxecTBa A H B HasbiBawoTes usomopdrbimu, ecaH cyulecTByeT
x0T 6bl OAHH H30MODPDH3M A — B. OrHolenne H30MOPHHOCTH YaCTHYHO
YNOPAZOYEHHBIX MHOXECTB SABJAETCH OTHOLIEHHEM 3KBHBAJEHTHOCTH K
[IO3TOMY BCE U4CTHYHO YINOPHA/OUEHHBIC MHOMXECTBA PpACIpPeeAIOTC Mo
KJ1dCCdM H30MODIibiX MHOXKECTB.

YacTHUHO YHOPSIAOUEHHOC MHOKCCTBO A HA3BIBACTCS YROpAJOMEHHBIM
(uaH, Oosiee TIPOCTPAHHO, AUHELHO YROpAOOUEHHOIM), €CIH AN JIOOBIX
ABYX 3jieMeHTOB a, bE A aub0 a=<b, anbo b<Ca. Knacchr H30MOpPDHBIX
YTIOPSI0YEHHBIX MHOXECTB HA3BIBAIOTCH nopsdxoseismy munamu. Orobpa-
JKeHHe YNOPSJOYEHHBIX MHOXXECTB TOrQa H TOJBKO TOTAa ABJSETCA H30-
MO PGH3MOM, KOTJa OHO GHEKTHBHO H MOHOTOHHO.

YTopsoueHHOe MHOXECTBO A Ha3bIBAeTCH BM0AHE YNOPAOOHEHHOIM,
€CJIM KaX{l0€ ero Henycroe NOAMHOMECTBO (B TOM YHCJE CaMO MHOXeCTBO A)
uMeeT nepswil 3JeMeHT. Tlopajgkosele THALI BNOJIHE yNOPSJOYEHHLIX MHO-
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#ECTB Ha3LIBAIOTCH nupAdKo oimu wucramy (Man opdunaramu). O suonie
yHOpAI0YEHHOM MHOXECTBe, NpHHAJJeKALEM MOPSAKOBOMY YHCIY o,
roBOPAT, 4T0 A umeem mun o HaAK yTO A SBNAETCH MHONECMEOM MUna o.
l'oBopAT TaKxe, YTO @ €CTb nOpsdKosce uucio MHowecmea A.

Ecnu ynopagoueHubie MHOKecTBa A K B HMEIOT OKH H TOT Xe THN @,
TO OHM, KOHeuHo, paBHOMOWHH. Mx o6lias MOWHOCTE HasbiBaeTca MoU4-
HOCMbIO 4ucA@ o K 0603HAYAETCH CHMBOJIOM | Q |.

Ecan MHOXecTBO A KOHEYHO, TO ero MOPAAKOBOE UHCJAO HA3biBaeTCs
KOHEHHBIM (HJIH YHCIIOM nepegoeo xaacca). Tak Kaxk Ais Jo60OTO HaTypasb-
JIOTO YHcsa n Jiobble JiBa YMOPAJOYEHHLIX MHOXXECTBA MOLLHOCTH 7 Ole-
BHJHBIM 06Pa30M H3OMOPOHEI, TO AJIA KOHEUHBIX NOPAAKOBBIX uHce] & H [

13 pabeHctBa |a|=|P | crenyer, uto @ = §. TMosToMy Takue uKcia MOTYT
GbITb OTOXJECTBJIEHBHI € HX MOLIHOCTSIMH, T. €. C HATypaJbHBIMH YHCJIAMH
n 0,12 ...,n...

(HatypanbHele yHc/ia OfMHAKOBO WPHIOAHLI KaK JJf CYeTa, TaK H Aas
liepecyera.)

Ecan mHoXecTBO A CuYeTHO, TO ero MOPAAKOBOE YHCJO O. Ha3blBaeTcs
Cemueim (WIH YHCIOM emopoeo kaaccd). TIpuMepoM cyeTHOTo MOPAAKOBOTO
HHCJIA CJYXKHT TMOPALKOBLIA THN MHOXecTBa (1) BceX HaTypaJsibHbIX UHCEJ
(oueBHIHO, BUIONHE YNOPAJOYEHHOro). IJTO YHCIO 0GO3HayaeTCHA CHMBO-
JOM ©.

Jas moboro 3jieMeHTa @y BHOJHE YHOPALOYEHHOro MHOxectBa A
MHOXeCTBO Bcex 3JieMeHToB a€ A, MIf KOTOpHX @ < @y, Ha3biBaeTcs
ompe3xkoM (WIH NOMAZONGIM UKMEPEaioM) MHOMecTBA A, oflpefeJieHHbIM
37eMEHTOM @y H 0603Havaercss cHMBOJOM A (gg). OHo TaKke BiHOsHe
YIOPAL0YEHO.

Ecaun xaxjoe MHOMecTBO THNa B HSOMOPOHO HEKOTOPOMY OTpesKy
MIIOXKECTBA THAA o, TO TroBOPAT, ut0 B Mewswe o u uxHmyt B < a.
Qopmyna ff<Co no onpefeseHHI0 03HauyaeT, uTo JH6O P < @, JAHGO
B -a.

fAcHo, uTO omnowenue < mpansumueno (ecin a < B u B <9y, TO
a <y).

MHoXecTBO Beex IOPAAKOBHIX yHcea P, aas Kotopuix B < a, 060sHa-
daercs cHMBOJIOM [0, &) H HashIBAeTCH UKMepsairoM ¢ KOHYOM O.. AHajo-
FHYHO, MHOXeCTBO BCex MOPAAKOBhIX uuced B ¢ P <o o603Havaercs
cuMBosioM [0, @] H HaSHIBaeTCH Ce2MeHMOM ¢ KoHyom o. SlcHo, uTO
[0, a]=[0, @)U{a}

Haupumep, uutepsan [0, ®)—5To MHOXecTBO (1) Bcex HaTypaJbHbBIX
uicesr, a cermeHT [0, ®]—3To MHOXecTBO (1), K KOTOPOMY cripaBa 106aB-
JCH BJIEMEHT . '

NMockonbky Jaio6olkt otpesok MHoxectBa (1) umeet Bua [0, n], mul
BHAEM, B YA4CTHOCTH, WTO @ ABAREMCA HOUMEHLUIUM NOPAOKOGBIM HUCAOM
6mopoeo Kaacca.
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Jlerko BHJETb, YTO KU O00HO 8noaHe ynopsiQuueHHce MHONeCmeo A
He Mooem Oumb u30MOphRo ompesxy B (dg) ruxakoeo csceco nodmHo-
gcecmsa Bz A (caywaii B=A ne uckaouaemcs). JelicrBuTtelbHO, pac-
CyXJas OT NMPOTHBHOTO, MPEANoJOXHM, YTO H3oMOpdH3M ¢: A — B (ag)
CYWIECTBYeT, H PACCMOTPHM MHOMKECTBO BCeX 9JeMeHToB a€ A, A1s KoTo-
phix @a < a. 3To MHOMECTBO COJEPXHT @, H moroMy He mycro. Ilycts
@y —ero nepBuift anemeHT (OH CymecTByeT, NOTOMY UTO MHOXECTBO A
BIOJIHe YMOPAJOYEHO), H NMYCTb dq= Qa1. TOTAa @y < @y H ORHOBPEMEHHO
Pa, < Qa;=—ays, 4TO IMPOTHBOPEYHT BHIGOpY osJemeHta ay. [lonyuenHoe
NPOTHBOPEUHe JOKA3bIBAET, YTO H30MOPGH3M (p CYIECTBOBAThH He MoO-
xer. []

Tpu B=A Mbl noayyaem, B 4acTHOCTH, uto eciu f < a, mo B # a.

Jlerko BHjeTb TaKxe, 4YTo KasOeul unmepcas [0, &) Asasemca snoame
YnopaOoueHR6IM MHOJceCmson muna . JeACTBATENIBHO, CONMOCTABHB Kax-
JIOMY 3J1eMeHTY a BINOJIHE YHOPAJAOYEHHOTO MHOXKecTBa A THNa @ THN
orpe3ka A (@), Mbl, O4yeBHJHO, MOJNYYKM H30Mophuoe otobpaxkenne A —
— [0, a). D

Otciofla clefiyet, 4TO 6 Kaodom MHoxcecmee A nopadkoeex ulice.
ecmo  nepevil saemenm. JleHcTBHTeNbHO, BbiGepeM B A NPOH3BOJBHBIH
asieMeHT ag. Ec/H aieMeHT oy MepBbiff, TO JOKa3blBATb HEUETO, a €CAH O
He nepbBblii, To nepeceuende [0, og)[)A He mycTo K mnepBbI 3JeMeHT
3TOro IepeceyeHHs (CYINECTBYIOIHH B CHJY MOJHOH YNOPAJ0YEHHOCTH
unrepsana [0, o)) Oyjer MepBbiM s/JeMeHTOM H MHoxectBa A. [[]

TMockonbky HHTepBan [0, o) BrioNHe YNOPsJOYEH, TO BMOJIHE YNOpS-
noued H cermedt [0, a]=[0, a)U{a}. [Topaakosbit THN 3TOr0 cerMeHTa
oGo3Hayaetcs CHMBOJIOM @ -+ 1. Tak kak nurepsas [0, &) sBaAseTCH OTpE3-
koM [0, a] (&) cermenta [0, &, To @ < a--1. Kpome roro, ecau PB<<
<a-+1, mo f<<a (6o moGoil orpesok cermenta [0, @] COAEPKHTCH
B uHtepBase [0, a)). Ha aTtoM ocHoBanuum roBopAT, 4TO uhCJ0 o~ |
Henocpedcmeenno credyem 3a YHCJIOM Q..

Topankosoe 4ncao B HasbiBaeTCs npedesvroiM, €CAH HE CYLIECTBYET
TAaKoro NMOpsjKoBoro 4ueaa o, uyro fl=oa--1. Tlpumepom npegenbHoro
uucIa ABJAAETCA YHCJIO .

Ias moGbiX NMOpsAKOBLIX YHCEN G H f PaccMOTpHM IepeceveHHe
D= [0, @)}[0, B) unreppanos [0, @) u [0, R). OrasbiBaeres, UTo cyuecm-
ayem maxce nopadkosce 4ucio 8<Ca, umo D=[0, §). HeicTeuTebHO,
eciu D=[0, @), To 8==a. Ilyere D # [0, &), T. e. jponojuense C =
= [0, a)\\D mHoxectBa D B [0, @) He nmycTo, u nmycrb § —nepBolil aae-
MeHT 9T0TO gAononHenus. Ecan EE[0, 8), o E<a (60§ < 8, a § <)
HEGEC (m6o § < 6, a 6—nepebiit anement B C), T. e. EED. O6paTHo,
ecin EED u 0=<§, 10 8 < B (u60 E < B), u, suaunt, €D, uto HeBO3-
MoxHno. CuegoBateanho, § < 8, 1. e. E€[0, 6). [J

[To cummeTpun BMecTe ¢ HepaBeHCTBOM O<IO HMeeT MeCTO TaKXKe
1 HepaBeHcTBo 0= B. Tlpu atoM, ecan 8 < @ u 8 < B, 10 €D =[0, §),
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410 HesosMoxno. [Moatomy ambo §. o (1 rtorga a<<f), gu6o =P
(1 Toria P<C@). DM JOKasaHO, 4TO JAA JIOGLIX JBYX MNOPHIKOBBIX
aicea oo 4 f§ Jam6o o =P, aubo a < B, auéo f < a, 1. e. xamxdce mro-
HECMBO NOPAOKOBHIX HuCer YnopROOUEHo U, 3Hauum (MOCKOJIbKY Kaxkjaoe
ero NOJAMHOXECTBO HMeeT MEePBLIH 3JEMEHT), 8rOAHE YNOPAGoUEHO.

Tenepb Jerko BHJETbL, YTO 048 41006020 noOMroxecmea B npoussoae-
Hoeo ynopadosennoeo mroxcecmaa A mun b muoxcecmsa B He npesocxodum

muna o. MHoxcecmea A:
<o

JleHcTBHTENBHO, B MPOTHBHOM CJyyae UMeJ0 Gbl MECTO HepaBeHCTBO o < f
1 MHOXecTBO A Gbwlo Gbi H30MODGHO HEKOTOPOMY OTDE€SKY MOAMHO-
secTBa B, 4TO, KaK Mbl 3HaeMm, HEBO3MOXHO. [ |

TlycTh HaM JaHO NpPOH3BOJILHOE CeMeNCTBO {aE} MOPAAKOBBIX YHCeJ,
30HYMEpDOBAHHLIX YHCJIaMH § H3 HeKoToporo HHTeppata {0, T), H nmycrb
,1E—npousaonbuoe MHOXECTBO THNA O. Mbl ynopsjouum AH3BIOHKTHOE
oObelHHeHHe

A=_4A
" 3

1ceX MHOXECTB Ag, CYHTasl, MTO JJIS 3JIeMeHTOB aEAE H bEAn Hepa-
BCIICTBO @ < b HMeeT MecTo TOrfia H TOJIbKO Torjia, Korfa Jubo § <,
au6o E-—M H a < b B MHOXecTBe Ag. Jas mo6oro Henycroro NOAMHO-
kecta € A MHOXeCTBO BceX uHCeJdl § < T, QA KOTOpBIX CﬂAE o,
SIBJISETCA HeNyCTLIM NMOAMHOXecTBOM HHTepBasda [0, T) M, 3HAUMT, HMeer
1epBEIil aseMeHT §o. SlcHO, uTO mepBbIil snemeHT MHOXecTBa C(} Ay Oyaer
HCPBBIM 3JIEMEHTOM H Bcero MmHoxectBa C. DTHM JIOKA3aHO, 4TO MHO-
aceemso A énoade ynopadowero, H NOTOMY ero THN o SIBJAfAETCA NOPSAAKO-
niM uKCaAOM. OUEBHJHO, YTO YHCJIO oL 3aBHCHT TOJLKO OT HHCeN oy (M He
IBHCHT OT BHOOPA MHOXECTB Ag). OHo Ha3viBaeTCSH CYMMOUl umMcen O

2 o

E <7t

Il 0603HAaYaETCHA CHMBOJIOM

3ameTHM, 4TO @ 3a8ucum OT TOTO, B KaKOM IOpsJKe 3aHyMepoBaHbl
uncda o,. (Hanpumep, Tak KaK MHOXECTBO THNA -7 MMeeT nocaefuui
& p p

JJeMeHT, a THNa n-}-® He HMeeT, TO n-® # w--n.)
Tak Kak AEC A s moGoro §, To o <a. (PaBencTBo 3jiech BNOJHE

BO3MOXKHO; HampHMep, SICHO, 4TO n-4+0=w.)

OnHako < a-1. TlockoabKy J1060e MHOXKECTBO NOPAAKOBBLIX YH-
cen, GyAyuH BIOJIHEe YHOPSJOYEHHLIM, HMeeT HEKOTOPLIN THI T H, 3HauuT,
¢ro sjeMeHThl MOTyT OLITHL 3aHYMepoBaHbl HuHCJIaMH HHTepBada [0, T),
TCM caMbiM JI0Ka3aHo, 4TO 048 100020 MKOXECMBA NOPAOKOBHX Hucea
cyuiecmsyem 4ucro, 60avulee 8CEX €20 AeMENMOB.
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[Orciofia criefyer, YTO HonAmMuUe MHONECMBA eceX NOPAJKOSbIL HUCC.!
cMblCAa  He umeem. BHuMaTeNbHuIft uHTaTesb Ge3yCAOBHO YK€ 3aMeTJ,
YTO 33 CYET HEKOTOPO# HEYKJIOKECTH OpMY/HPOBOK MHI BHIlle TILATEJbHO
u3beraiH yNOMHHAHHA 3TOro «MHOxecTBa». Temepb OH 3HaeT MpHYHMHY.]

B uacTHOCTH, CyuIeCTBYIOT NMOPAAKOBbE YHCJA GOJIBLIHE BCeX WHCes
BTOpOro Kyacca (YHCsa mpemoezo kiacca). HauMeHblllee H3 HHX — nepsce
4UCA0 mpemeoezo K;iacca— 0603HAYAeTC CHMBOJOM £.

Jlns no6oti cueTHOM (MJM KOHeyHOI) NocaenoBartenbtoctd {a,} uAcei
BTOPOTO KJacca HX CyMMa Z o,;, OUEBHHO, ABJISETCH YUCJOM BTOPOTU

n<e
KJaacca (H60 JAM3BIOHKTHOE OOBelHHeHHE CUETHBIX MHOXECTB CYeTHO).
TTosToMy HanMeHbluee H3 yKces, GOJBIIKX BCeX UHCeN Oy (310 4HCIO
0603HaYaeTCA CHMBOJIOM SUp @&,), TaKKe SBJSAETCH YHCJIOM BTOPOTO KJjacca
(kopoue, ecau @, < Q, mo sup a, < Q).

CywecrBoBakHe uucia £ JOKasbiBaeT, YTO CYLIECTBYIOT HeCueTHhE
nopaakoBbie yucaa. Ha caMom nene cyujecme yrom nopadkoevie 4ticaa ao6ed
MOWHOCMY, T. €.— YTO, OYEBHIHO, DPABHOCHJBHO,— Afolice MuCocecmeo A
MONCHO 3aHyMepocams NOPAOKOGIMU wucAamu Hexomopozo uxnmepsaia [0, o).
Jas foKasaTeNbCTBa 3TOrO YTBEp:KAEHHS (M3BECTHOrO KaK TeopeMa
[lepmMeno o nonHoM ynopsagoyeh HH), Mbl HasoBeM MOPAJKO-
BOE YHCJIO P ommeuennbim, eClH CYIIECTBYeT MOJMHOKECTBO MHOXecTBa A,
KOTOpoe MOXHO 3aHyMepoBaTh YhcJaMmH HHrepsanta [0, B). Muoxectso BB
BCeX OTMeueHHBIX YHceJ He NycTo (HanpuMep, ecan MHOXectBo A Gecko-
HEeYyHO, TO BCe YMCJa MEPBOrO W BTOPOTO KJACCOB OTMeuyeHb)) K oGnajpaer
TeM cBOHCTBOM, yTo ecaH BEB H y< P, 10 YEB, T. e [0, BB

ITycrb #—3seMeHT, He NpHHajtexawuit MHoxecrsy A, u nycrh
A*= A {=}. [Tocrpoum orobpaxenue @: B — A* no caepyiouHm mpa-
BHJaM: :

a) BubpaB npousBoLHbIE sjeMeHT @y € A, nonoxum @ (0) = a,.

6) Ilycts ans HekoToporo uncaa € B oToGpaikenHe @ Yxe MOCTPOeHO
Ha uutepBade [0, B), u nyctb A'=¢[0, B). Eciu A’ A u A’ # A,
TO, NMPOH3BOJILHO BHGPAB 5JeMEHT aﬁEA\A’, MBI NOJIOKHM

' (B):‘ag'

B uporuBHoM cayuyae (. e. Koria aubo A’ = A, aubo w€ A’) mn nono-
HKHM @ (B) =».

SlcHO, YTO 3Ta KOHCTPYKUHMA onpejejser ¢ Ha BceM B. [Muo-
xectBo B’ Bcex BE B, ans KoTophix ¢ (B) He onpejesieHO, ABAAACH MHO-
ECTBOM MOPSAJKOBLIX YHCEJ, HMeeT-—ecJH OHO He MyCTo—nepsbifl aqe-
MeHT By €B’. Toraa oroGpaxeHue @ ompefesneHo Ha [0, Bo) , 3HAuHT,
coracHo 6 —sement @ (f) Takke onpesened, . e. B & B’. Tlonyuennoe
NPOTHBOPEUHe J0Ka3biBaeT, yTo B' = g.]

Mycte  B* — MHOXeCTBO — BOSMOXHO, nYycTOe—Bcex uucen f, aus
KOTOPHX @ (B)=1#, H myctb @=sup (b B*). Torpa no mnocrpoesuio
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¢ oTobpaxaer uutepsaa [0, @) Ha MHoxecTBo A, H 3To OTOOpaKe-
e GHEKTHBHO, T. €. @ 3ajaeT HyMepauuio MHoxecTBa A uHC/IaMH
nirepsana {0, «). (]

Kaxnoe MHOXecTBO A MOPAAKOBBIX UHCEJ SBJISETCS TOMO-
JIOTHYECKHM TIPOCTPAHCTBOM IO OTHOLUIEHHIO K TaK HasbiBaeMol
unmepeaabroil monosozuu, 6a3ofl OTKPBITHIX MHOXKECTB KOTO-
poil SIBJSIIOTCS TIepeceyeHHsi MHoXecTBa A ¢ HHTepBaJaMH
puta (@, B), rae a <P (Mo ompexeseHnI0 KaxIull HHTepBa
(2, B) cocToHT M3 Bcex yHcesq Y, s KOTopeix o <y < ).

3TO MpOCTPaHCTBO, OYEBHAHO, Xaycnopdoso.

3aMmeyanue 1. HHTepBajbHYIO TOMNOMOTHIO MOXHO,
KOHEYHO, BBECTH Ha JIOGOM YTOpSIOYEHHOM MHOXeCTBe;
nanpuMep, Ha wmuoxecrse [0, Q)x[0, 1), ymopsxouenHoM
nekcukozpaguuecku (T. €. Tak, 4To (a,, t,) < (@, %) Toria
H TOJMBLKO TOINa, KOria o, <o, WIH a,=a, H f; <1,).
[Tostyyatouieecsi TOMOJNOrHYECKOe IMPOCTPAHCTBO Ha3bIBaeTCs
daunKoll noaynpamoil Aisexcandpoea. Ero MoxHO mNpencTas-
nsTh cebe KaK pe3yJbTaT BKJeHBaHHS oTpeska [0, 1] mexny
JIOGBIMH JBYMSI COCEJHHMH TOPSIAKOBBIMH UHCJIaMM o H a -+ |
BTOPOro KJlacca.

3ameuanue 2. MoxHO NMOKa3aTh, 4YTO NJHHHAA IOJY-
npsiMasi, M3 KOTOpPo#l yJaseHa HadasibHas Touka (0, 0), obaa-
JaeT ecTeCTBeHHOM TIVIafKOCThIO kKJjacca C?®, MO OTHOIIEHHIO
K KOTOPOil OHa ABJSETCS OJHOMEPHBIM XaycnopdoBLHIM MHOTO-
ofpa3neM, He YIOBJIETBOPSIOLIHM BTODOIH aKCHOME CUETHOCTH.
(Cp. ¢ 3ameqanueM 5 Jiekuuu 7.)

HurepsanbHasi TOMOMOrHS Ha MHOXKECTBaX MOPAXKOBBIX
yuces 06/1afaeT TeM 3aMeuaTeNbHBIM —H HeCKOJIbKO HeoXH-
JAHHBIM — CBOHCTBOM, 4TO 045 At06020 nopadkogozo 4ucaa §
ceomenm [0, &) agasemcs 8 unmepearsHoti monosocuu Kom-
nakmusim npocmpancmeom. eicrsutennHo, nyctsb 1 —rnpous-
BOMbHOE OTKpHToe mokpeiTHe cerMedta [0, &]. Hasosem
aneso N<< & donyermumein, ecnu cerment [0, n] HakpeiBaeTcs
KoneuHsIM TojicemeficTBoM moOKphiTHS 1. MHoXecTBo Bcex
JIONYCTHMBEIX 4Kces He mycTo (oHO cofepxutr 0) U ecau OHo
e wucueprnmBaer Bcero cerMedta [0, £], To cymectByer —
B CHNY TOJNHOH YNOPSJOYEHHOCTH NMOPAJIKOBBIX YHCeJT—HaH-
MeHbiee Heponycrumoe yucio y<CE. Ilyers U,—3nement
nokpuitua 11, copepmxauui 4uca0 ¥, M mycts (o, P)—Tako#
niTepsat, 4to y € (@, B)=U,. Tak Kak a <y, To uHCIO o
JonycTHMO, H, 3HauHT, cermeHT [0, &] TMOKpEIBaeTcs KoHed-
biM nojicemeficteom mokphiTHs 11. HoGaBuB Kk 3TOMY mMOJCe-
meiicTey asement U,, MBI TOJNYYNM KOHeYHOe NOACEMEHCTBO,
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nokpeBaiolee uurepeaa [0, B)=[0, a]u (e, B), a noromy
u cerment [0, y]<[0, B). CuemoraTesbHO, BONPEKH NPEATIO-
JIOXKEHHIO, YHCJIO y JonmycTuMo. IlosyueHHoe NpPOTHBOpEune
NoKasklBaeT, YT0 Bce uucia cermenra [0, &] zomycTHMbL.
B yactHoctH, jgonycruMo uyucao & CuenosaTeNbHO, IOKPHI-
THe U colepkuUT KOHeuHoe NoANoKpriTHe, (]

Tononoruueckoe npocrpancreo 2° =[0, &] obnagaer Tem
CBOWCTBOM, UTO Kugdas e2o mouka ob6radaem 6Gasoli okpecm-
Hocmedl, SBASIOUWUXCA HE MOALKO OMKPoLMbIMIL, HO U 3AMKHY-
motmy mHoscecmeamy (0 TaKHX NMPOCTPAHCTBAX ' MUIUYT, YTO
ind 2 =0). Ina JokasarenbCcTBa JOCTATOYHO 3aMETHTb, UTO
ecan ducio P He npesennHoe (1. €. B=7y+ 1), 10 (0, B) ==
=Ja+ 1, y] mas moboro a. U

Bonee Toro, aHaJorHuHOe YTBEpKAEHHE CHpaBeLIHBO
He TOJMbKO JIJs TOYeK, HO M JJIA JIOGBIX 3aMKHYTBIX MHO-
KECTB, T. €. 0aa Kaxdoeo samxnymoeo mroxecmsa F< [0, §)
u aoboi ezo okpecmnocmu U cywecmsyem oxpecmuocmo
Va U, sgrsowasncs sankrymoim mHoxcecmgom (0 TaKHX MPOCT-
panctBax 2 nuwyt, uro Ind 2 =0). HeiicturenpHo, co-
NJIaCHO NpeNbIAYIIEMY VTBEpKAEHMIO, KaXJias Touka a € F
ofajaeT 3aMKHYTOH OKpecTHocTsiO V., comepxaiueiics B U.
OkpectHocty V, COCTaBJAIOT OTKPHITOE NOKPHITHE MHO-
xKectea F, W3 KOTOPOTro—moCKOJIbKY MHOKECTBO F, ABIASICH
3aMKHYTEIM TOJMHOXECTBOM KOMIIAKTHOTO IIPOCTPAHCTBA, KOM-
NMakTHO—Mbl  MOXEM Bbi6paTb KOHEYHOe NOJAMNOKPBITHE
{Vair -y Va,}. O6venunenne V=Vg U ... UVq, dleMeH-
TOB 3TOr0 NOANOKPHITHSI U GYAET 3aMKHYTOH OKPECTHOCTBIO
noamuoxecrsa F, cogepxaieiics 8 U. [

®akTHYeCKH IJIS1 TTPOUSBOJNBHOTO TONOJIOTHYECKOTO NpPOCT-
paHcTBa £ MBI JOKasajdH, 4TO eCcAl npocmpaHcmso L Kom-
nakmuo u ind =0, mo Ind 2 =0. [Kcrary, eciu npocm-
pancmeo 2 xaycdopgposo u Ind 2 =0, mo ind Z=0. Han
JOKa3aTesbCTBa JOCTaTOYHO 3aMETHTb, YTO B XaycAopdhoRoM
MPOCTPAHCTBE JI060€ OJHOTOYEUHOE MHOXECTBO 3aMKHYTO.|

C mpyro#t cropoHbl, Jsierko Buierb, uto ecau Ind 2 =0,
mo dim .2 =0. He#icteurensHo, paBeHctBo dim.2' =0 o3Ha-
yaer, YTo B KaXJ0e KOHEUHoe OTKpbIToe MmoKpuiThe {U,, ...
..., U,} npocrpanctea 2 MOXHO BIHCATh KOHEYHOE OTKPHI-
toe mokpeirue {V,, ..., V,}, cocrosumee u3 Henmepecekaio-
LMXCS OTKPBITBIX MHOXECTB, M, 3HAUHT (IIOCKOJIbKY JOMNOJHE-
Hue Joboro sneMenra V,; nokperrust {Vy, ..., V,} asasercs
06beJMHEHHEM BCEX OCTaJbHBIX 3JIEMEHTOB 3TOrO NOKDBITHSI
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H, CJENOBATENbHO, OTKPHITO), OOJAjaIoLEee TeM CBOHCTBOM,
uto JI0GOH €ro ajeMeHt V, He TOJIbKO OTKPHIT, HO U 3aMKHYT.

Mbl pokaxeM (maa npoctpanctBa 2 ¢ Ind 2 =0) maxe
Gosibllee, a MMEHHO, YTO HUCAO M 9AEMEHMO8 NOKPLIMUS
(Vi ooy Vil MOKCHO cuumame pagHoim 4ucay n 3aeMenmos
noxkpamus {Uy, ..., U} u, kpome mozo, umo smo noxpeimue
MOKHCHO nocmpoums mak, ‘umober 0as aos020 i=1, ..., n
umeno mecmo exatoverue V,cU,.

Mpu n=1 noaoxum V,=U,.

[Tycte nmokpeitue {Vy, ..., V.} nocrpoeno mast so6oro
nokpoitust {Uy, ..., U,}, cocrosimiero us n>1 OTKPHITHIX
MHOKecTB. PacCMOTPHM NpPOM3BOJILHOE OTKPLITOE NOKPhITHE
Uy, ..., U,, U,.}, coctosigee u3 n--1 muoxecrs. Ilo
HPEINONOKEHHIO HWHIYKUUH, NPHMEHEHHOMY K NOKPBITHIO
Uy, ..., U,_y, U,uU, .}, cyuecTyer takoe OoTKpbITOE
nokpeite {V,y, ..., V,_y, Vi}, cocrosiuee us n uemepece-
KAIOUIMUXCS MHOXECTB, YTO

VicU,, ..., V,.,cU,_,, V,cU,uU,,,.
C npyro#t CTOPOHEI, TAK KaK MHOXKECTBO
F=2\(U,Uu...uU)
saMKHyTO ¥ cogmepxurcs B U,,,, TO B cuay ycaosus

Ind Z'=0 cywecTByer Takoe OTKDLITOE U OJHOBPEMEHHO
3aMKHyTOe MHOXectBO V, ytro FcVcU,,;. M mnosnoxam

Vo=Von(\V), V,.=V,nV.

s 3apeplUICHHA J0Kasarte/jbCTBA OCTAETCA 3aMeTHTh, YTO

nce mHoxectea Vo, ..., V,_y, V,, V,., OTKpHITH, He ne-
pezekaroTcsi, MOKPbIBAIOT 2 M 06JaJaloT Tem CBOHCTBOM, 4TO
V.cU, ms¥moboro i=1, ..., n+ 1. O

B uyactHOCTH, MBI BHAMM, 4TO 048 06020 nopsAGK08020
tucaa §
dim [0, &} =0.

OxaswBaercsi, yro He Tonbko M3 Ind .2 =0 caenyer, uto
dim 2 =0, HO u, HaoGopor, U3 dim.Z =0 caenyer, uto
IndZ =0 (rak 4ro dimZ =0 mo2da u mosvko moecda,
koeda Ind 2 =0). Hedicreurensro, ecnn dim 2 =0 u ecan
U/ —oKpecTHOCTb 3aMKHYTOro MHokectea Fc— %, To0, no-
¢koabKYy MHOxecTBa U u &'\ F COCTaBJIsIOT KOHEYHOE OT-
KPHTOEe MOKpBITHE MpocTpaHcTBa Z', B 3TO MOKPLITHE MOXHO
BMMCaTh KOHeyHoe mokpeitHe {V;}, cocrosimee u3 Hemepece-
KalOUMXCHA OTKPBITBIX—H, CJEJOBATeJbHO, 3aMKHYTBIX —

6 M. M. MocTHuKOB, cem. 1]
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MHOXKECTB. Torfa ofbenuHenHe V Bcex 3J€MEHTOB 3TOro
MOKPLITHsI, mepecexalomuxcst ¢ F (v motomy sexamux B U)
O6yZeT OTKPHITOH U OJHOBPEMEHHO 3aMKHYTOH OKDPECTHOITHIO
mHOXectBa F, comepxameiicsi B U. ]
Tenepb Jierko noxasbiBaercs, 4TO ecau npocmparcmsa &
u ¥ xaycoopgposor u xomnakmuet, a dimZ =0 u dim¥y =0,
mo
dim(Z'xX¥)=0

(Tax 4TO AJISl ITHUX INPOCTPAHCTB crpaseiiuBa c¢opmysa (8)
jgekuuy 8). HeiicTBuUTeNnbHO, B CHJY CHAEGJNAHHLIX BbIlIE 3aMe-
yaHuit o ces3u mexay ind, Ind u dim m1s npocrpaHcTB
Z v %Y umelor mecTo paBeHctBa ind £'=0u ind¥ =0, a
paBeHcTBO dim (2" X%)=0 ana npocrpanctsa 2 X% pasHO-
cunbHO paBeHcTBY ind (2 X ¥)=0. C npyrofi CTOpPOHHI, fICHO,
yro ecau ind Z=0 ¢ ind¥ =0, mo ind(Zx¥Y)=0 (no-
CKOJIBKY, eciu U-—3aMrHyTasi OKpecTHOCTh TOYKM p B 7,
a V—3aMKHYyTasl OKPECTHOCTb TOYKH ¢ B %, TO NpOU3BENe-
nue UXV, obnamass oTkpeithiM jonojxeHuem (Z\U)x
XY ULZXH\V), 6yler 3aMKHYTOH OKPECTHOCTbIO TOYKH
(p, q) B T'x%Y). [

3ameyanue 3. Ofo3nayeHus: HABOIAT Ha MBICJAb, YTO
Hapsfy ¢ uHBapuaHtoM dim (M «yJYYIIEHHHLIM» UHBapHaH-
toMm dim’) MOXHO onpeienuTb APYrHe IEJIOUHCJICHHbIE HH-
BapuaHTel ind u Ind, Takke MoryuHe npereHioBaTh Ha PoJib
pasMepHOCTH. DTO JAEHCTBUTEJbHO TaK, HO, K COXAJEHHUIO,
3TH MHBapUaHThl COBNajalor, BoOOLIE IOBOPS, TOJbKO A
MEeTPU3YeMbiX NPUCTPAHCTB, YAOBJETBOPSIOMIUX BTOPOH aK-
CHOME CUETHOCTH, ¥ 3a HX MpefelaMH pacXOAsTCH.

Hayuenue 3TuX —u APYTHX aHAJOTHYHBIX UHBApHAHTOB —
cocTaBJisier NpeIMeT TAK Ha3hwBaeMoll TEOpHHU pas3mep-
HOoCTEH.

[Tocse Bceil 3Toil npenBapuTeNbHON paboOThI Mbl YXKeé Mo-
KeM HeNmocpejCTBEHHO NMPHUCTYNUTb K IOCTPOEHHIO IIpUMepd
Tuxonoga.

[Myers 2'=[0, @]x[0, Q]—npamoe npousselenue cer-
MeHTOB mopsizkosbix yucen [0, o] u [0, Q]. Corsacno mno-
JY4eHHEIM Bbllle pe3yJabrataM £ fABJAEICS HYJbMEPHbLIM
(dim 2 =0) xaycaophoBbIM ¥ KOMIAKTHBIM IPOCTPAHCTBOM.
[Tycth A —oTKpBITOE NOANPOCTPAHCTBO MpOCTPaHcTBa 2, co-
cTosiliee U3 BCeX €ro TOYeK, 3a HCKJIUEHHEM «yIJIOBOH
TouKH» (®, ). M nokaxem, uyro dim A= 1. Ilockosbky
HepaseHctBo dim AZ>1 osHauaer, uro dim A0, u no-
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ckoJbKy paBeHcTBO dim A =0 paBHOCUJIbLHO pPaBEHCTBY
Indf A=0, ans »TOr0 HaM JOCTATOYHO JOKAa3aTb, YTO
Ind A= 0, T. e. 4To B moanpocrpaHcTBe A CYLIECTBYET TaKoe
3aMKHYTOe MHOXecTBO F ¥ Takast ero okpecrHocts U, 4ro
M OfiHa OKpectHOCTb V Muoxectsa F, copepxamascs B U,
lle SBJSIETCS 3aMKHYTHIM MHOMXKECTBOM. Mbl JoKaXeM Jaaxe
Gonbliiee, a WMEHNHO, HailaeM B A Takoe 3aMKHYTOE MHOXe-
ctBo F u rtaxywo ee oxpecrnocts U, yro 8as awoboii codep-
acawjedica ¢ U oxpecnrocmu V. muooncecmen A ee 3ameikanue

V ne colepmcumes 6 U, (D10 o3nauaer, uto mexay F n
ANU B A Her neperopoaxu, T. €. 4to A He HOPMaJbHO.
C ppyro#t CTOpOHBI, GYAYYH KOMNAKTHLIM M XayCAOPGHOBbIM,
npocrpaHcTBo 2 HOpMmasbHO. Takum ofpasoMm, npocmpan-
cmgo I A61AeMCA MaKsce 1PUMEPOM HOPMUALHO20, HO HE
610AHE HOPMANLHO20 N POCHPARCITIGQ). ’

3a F Mbl IpUMEM MHOXKECTBO BCeX TOYEK NPOCTPAHCTBA
2, nveowux Bug (n, Q), rae 0<<n < @, a 3a U-—wmHoxe-
CTBO BCEX ToOuYek, UMerowux sug (n, PB), rae 0<in<o
0B Q. Scuo, uro muoxectBo U otkpuito (B A uB 2),
a muoxectso F samkuyto (8 A, Ho He B Z). Ilycts V —
IIPOM3BOJIbHOE OTKpbIToe (B A, a 3Hauut, u B Z') MHOXECT-
BO, COAeprKaliee MHOXeCTBO F M coxepkalleecsi B MHOXe-
ctee U. das moboro n, 0 <{n < ®, MHOXKECTBO BCeX 4ucen
f<<Q, aaa koropuix (n, BY€V, otkpuito B [0, Q] (noyemy?)
u copepxur Q. Ilosromy cymecTeyer Takoe uucao o, < Q,
YTO BeChb NOJIYHHTepBas (@,, Q]=(a,, Q)U {Q} conepxurcs
B 9ToM MHOXecTBe. [lycTb a=supa,. Tak Kak a, <€, 10
a < Q (cM. Bblle) M s Joboro uucaa P € (o, Q) kaxaad
Touka (n, B) npuuapnexur V.

C apyro#t croponn, Kaxaas okpectHocTs W Touku (w, B)
5 A comepKHT OKpecTHOCcTh BuAa [N, @] X (B, B,), rae N —
116KOTOpOe HaTypaJbHOe yuciao (< @), a Py u P, —raxue 1mo-
PAAKOBBIE 4MCJA BTOPOTO KJjacca, uto P, << B < B,. Tlosromy
oxpectrHocTe W copepxut Bce ToukH (n, f) ¢ n >N u mno-

Tomy nepecekaercsi ¢ V. Caepoparenbro, (n, o) €V u, 3Ha-
wnt, Vg U. 1)

BepneMcs Telepb K NpSAMBIM INPOU3BEJAECHHSIM U TNepeHe-
CeM MX KOHCTPYKLHIO Ha ciydaft JioGoro (Boobuie rosops,
GeCKOHEUHOFO) uucAa MHOXKHUTENEH.

[yers {Z,, @€ A} —rnpousBojibHOe CEMEHCTBO TOMNOJO-
[HYeCKUX TMPOCTPAHCTB, M NMYCTb 2 —-MHOXECTBO BCEBO3MOXK-
HBIX ceMeficTB {Xo}, rae xq € Z'y.

o*
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st mo6oro KO He Y HoTr O MHOXKECTBA HHAEKCOB {0y, ...
ooy 0.} M JIOGBEIX OTKPBITHIX NOJIMHOXECTB Ua,c.fl'a,,

o Vo= Ly, o6osnaunm uepes O (U, ..., Ug,) nog-
MHOKECTBO MHOMeCTBa &, cocrosimee H3 BCEX TOYEK {Xg),
AJIsl KOTODHIX

Xa, € Ua, ) seey Xup € Uoc,,-
fIcno, uto

OWayy -y Ug)=0U)n...Nn0WUg,),

H, 3HauHrT, nepeceqe}me JIOGbIX  JIBYX MHOXECTB BH[A
OWq, ..., Uy,) Takxke sBJSETCH MHOXECTBOM TaKOIO Xe
Buza. [Tostomy MuOxectBO Beex MHOXecTB O (U, ..., Ug,)
fiBAETCA 6a30M OTKPBITBIX MHOXECTB HEKOTOPOH TONOJOTHH
Ha MHoXecTBe 2° (OTKDBITBIMH MHOXECTBAMH 3TOH TONOJOTHH
SIBJIAIOTCH, TaKMM 00Pa3oM, BCEBO3MOXKHLIE OOBEAMHEHMHS
mHoxectB Buga O (Uq,, ..., Ugy)).

Onpedenenue 1. [lonyuaiomeecsi TOMONOrHYECKOE NPO-
CTPAHCTBO 2 Ha3bIBACTCH NpAMbIM (HIH MUXOHOBCKUM) NpO-
useederiuem npocrpaucts Z',. O603Hayaercss OHO CHMBOJIOM

II #.

aE A
(ymorpebasiercsi Takxke oGoaHaueune X Z'y). Ilpu Komeu-
GEA

HoM cemeicTBe {X,} MBI NMoJsyuaeM, OUEBHIHO, NpAMOE MPO-
H3BEJICHHE B CMHICJ€ olpeleseHHst b jexuuu 8.

Teopema 1. Ipamoe npoussederue 1106020 cemeiicmea
KOMNAKMHBIX nPOCMPpaHcm8 KoMNAKMKHO.

Srta TeopeMa H3BeCTHa KaK TeopeMa THXOHoOBa.
Uro6el ee nokasaTh, Mbl nepehopMyJHpyeM oONpelleeHue
KOMIIAKTHOCTH NPOCTPAHCTBA B TEPMHHAX, YAOOHBIX MIs ee
JlOKa3aTeJLCTBA.

[Tycth noxka 2 — NpoOH3BOJNBLHOE MHOMECTEO.

Onpedesenue 2. Muoxecrso P NOAMHOKECTE MHOXKE-
ctBa £ HasbIBaeTCsl pusbmpom, €ciu

[° mo6oe nogMHOXKECTBO MHOXKecTBa Z', COAepiKalyge He-
koTopoe noamHoxecteo M3 @, npunagrexur @O:

AcBcZ, Ac® = Be®;

2° nepeceuense MoGHX ABYX noamHoxects u3 O npunan-

Jaexut- @:
A, BED > AnBeW;
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3° Bce 2 npuHamexur O, HO MyCTOE MHOXKECTBO & HET:
TED, e,

[Tpamep 1. Hus moboft ToukM X, MHOXKectBa £ ce-
MeHCTBO BCEX TNOAMHOXKECTB MHOXecTBa 2, COAepiKauiux
TOUKY Xy, ABJAAETCH (DHIBTPOM.

I[lpaumep 2. Ecin 2'— ronosoruueckoe npocTpaHcTBoO,
TO I JI060H TOUKH X, € 2 CeMelUCTBO BCEX NOAMHOMKECTB
A MHOXecTBa 2, HLJIS KOTOPHIX X, SBISETCS BHYTPEHHEN
TO4YKOM (x, € Int A), saBasercs QuabTpom.

[Tpumep 3. Ecin muoxectBo £ GEeCKOHEYHO, TO Bce
MHOXKECTBA, JIONOJIHEHH ST KOTOPLIX KOHEUHbI, 06pasyor QuiabTp.

[Tpumep 4. Ecau @ —dunbrp u M — nOAMHOXKECTBO,
eMy He NpHHamjexauiee, T0 MHOKecTBO @y Bcex MOAMHO-
xectB AcZ, gaa Koropeix AUM €D, obpasyer ¢uIbTp.

Onpedenenune 3. MHuoxecrso I' noamHoOXKeCTs MHOXKe-
crBa 4 Ha3biBAeTCH HEHMPUPOBAHHLIM, €CIH TepeceyeHue
/Mo60Oro ero KOHewHOro nojcemeiictsa He IyCTO.

flcuo, urto ecau I' yenmpuposano, mo 9as ao6oz2o 0mo6-
pascenus 2 X — Y muomecmgo fI'={fA; A€l} maxaice
HeRmpuposaro.

W3 csoficte 2 1 3 uiabTPoB HeMenJeHHO cijenyer, 4TO
1060l uromp A8AREMC YSHMPUDPYEMBIM MHONECTIBOM.

O6paTHO, Jierko BuJETb, YTO 000e YeHMPUposaHHoe
nnoscecmso ¥ codepocumes 8 Hexomopom urvmpe. JedicT-
BUTeNbHO, $§ICHO, YTO TakMM ¢uabTpoM Gyger, HanpuMep,
mHoxkectBo O (I') Bcex mommHOXKectB MHOXecTBa 2, o6sa-
JAIOLIMX TeM CBOHCTBOM, YTO Kamjoe M3 HUX CONePKUT
II0IMHOJKECTBOU, SIBJIAIOLIEECs NepeceueHreM HEKOTOporo Ko-
NeYHOro cemeiicTBa sjemeHToB MHOXectBa I'. [

Quibtp O (') sBAseTcH, OUEBUUHO, MUHHUMAJBHBLIM GQUIBT-
POM, cozepxkalyxM LEeHTpUpoBaHHOe MHOXxectBo I'. [osopsr,
UTO OH 1OPOXHAIeH STHUM MHOXKECTBOM.

HanomHuM, uTo 3jJeMeHT m 4YaCTHYHO YHODSAOYEHHOro
MHOXecTBa A HAa3bIBAETCH MAKCUMAALHLIM, €CJU U3 m<_da
cylenyer, 4To m=a. DneMeHTs! a U b MHoxkecrBa A Hasbl-
BAlOTCH cpasnumbLMu, ecau auto a << b, aubo b<a. Tlog-
muoxectBo C 4acTHYHO YNOPSAOYEHHOrO MHOXKeCTBa Hasbl-
BAeTCH yenoio, eclii OHO JIMHEHHO YNMOPSAIOYeHo, T. €. Jitobble
Cro [Ba 3/eMeHTa CPpaBHUMbBI. DJEMEeHT ¢, Ha’biBaeTcs 6epx-
Hed epunero uenu C, eciu c¢<lc¢, Ansl m06OTO 3jeMeHTa
¢€C. YacTuuHo ynopsgoueHHOe MHOXKecTBO A Ha3bIBaeTCH
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unlyxmuerom, ecau Jyiobast ero uenb obsagaer Xots Gul oA-
HOH BEepXHeH TIpaHbIo.

[Tpumepom yacTHYHO YNOPSAAOUEHHOrO MHOMKECTBA SBJISA-
ercid mHoxectBo FILTR (2) Bcex ¢uabTpoB Ha MHOXKECTBe
&', ynopsgouenHoe no BKJaiouenHro (DWW, ecan OcV).

MakcHmasibHBIE 3J1EMEHTBI 3TOTO MIIOXKECTBA HAa3bIBAIOTCHA
yaompagurompamu. Takum obpasom, ¢uabtp D siasercs
yaptpadunpTpom, ecau JuoGolt OHALTP, ero coaepxkauuii,
copnagaer ¢ @.

Jlerko Bugmetb, uto muomcecmso D nodmuooecms mHoxHce-
cmea X moeda U moabKo moeda fsasemcs yasmpagurom-
poM, koeda:

a) nepecederue amodoix 08yx muoxcecns u3 O ne nycmo;

6) ece mruoxcecmeo L' npunadrercum @;

B) u3 006X 08YX 63AUMHO OONOAHUMEAbHBLX NOOMHO-
awecrns A u B=\ A muowmecmsa X 00Ho (u moabko
0010) npuradaexmcum @.

Heficteutennno, ycaosne a—»sto ycaosue 2° 3 ompe-
Aenenns ¢uaLTpa, a ycaoBHe 6-—3To NepBas 4acTh YCJoO-
Busl 3°, Bropasl yacTb KOTOPOro CJEAyeT H3 NepBOd M yCJjo-
Busl B (npuMeneHHoro Kk A=.2). Hanee, ecnu AcBc=2 u
A€E®, wo B¢®D, 1o B cHay ycaoBua B Z\BE®D, uro
NPOTHBOPEUHT YCJOBHIO a, Tak KakK (Z\B)NA=g. Cue-
JOBaTeNbHO, MHOXKeCTBO noamHoxkectB @, ypossnerTBopsiomee
yclIoBHSAM a—B, siBasercsd ¢uabTpoM. Ecau sror duabtp
copepxkutca B duabrpe ¥ u cymecrsyer MHoxecTEo A €W,
He npuHamaexamee @, o B=2\ A npunagrexur O, a
3nauut, 1 ¥, uyro HerosmoxkHO (H60 ANB= ). [Toaromy
V= wu, snauut, O spaserca yJabTpaduabLTPOM.

O6patno, ecnn M — yabrpaduabTp, TO ycjaoBus a H 6,
OYEBH/HO, BBLINOJIHEHBl, a AJs AOKAa3aTelLCTBA YCJOBHA B
AOCTATOYHO 3aMETHThb, YTOo mpH A Q(D dunprp O, (cm. npu-
mep 4) coaepxut, ouepuanHo, ¢uabtp ®. I[losromy B cuay
MaKCHMaJsibHOCTH yabTpaduabrpa @ duabtp P, coBnapaer
¢ ®. Ho scuo, uro ¢uabtp O, copepxur MHONKeCTEO B -~
= 2L\ A. Cnenosarespto, B€®. [

Orcioga, B 4aCTHOCTH, HENOCPEACTBEHHO BBITEKAET, YTO
Kaxcoolil uavmp u3 npumepa | agasemes yrompagpurompom.
Takue yabTpaduibTPhl HA3LIBAIOTCS MPUBUANLHHIMU.

Hanee, nerko Buaeth, uto 4t060e Muoxmecmso A, nepece-
Katoujeecs ¢ Kaxcoom aremenmom yaompagurempa DO, npu-
nadaexcum ®. JHeitcteutensno, ecan A ¢®, 10 B yabrpa-
¢uaptpe @ Haiinercst snemeHT (a umenHo 2\ A), He nepe-
cekaromuitcss ¢ A. [ :
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Llenssmu muoxecrsa FILTR (2') sipastorcst Takue MHOXKe-
crea duabrpos {@,}, uro mas smobbix o u f nubo O, =Dy,
160 ®g=®D,. Tlpu 3tomM Jerko Buaerb, uto obvedunerue O
acex purbmpos yenu Aasemcs guabmpom (LOCTATOUHO 3aMe-
THTb, YTO JtOOBIE JBA 3JIEMEHTA 3TOro OOBEIUHEHHS NPHHAK-
nexar Hekoropomy ouabtpy @y). IMockosbky duabtp @
cogepkut Bce uabTpel Dy, OH sABJAAErcA HX BepxHef
rpanbio. Mbl BUANM, CA€IOBATEJbHO, YTO MHOXCECMBO 6Cex
(hurompos UHOYKMUBHO.

Ho corsnacHo usBectHoil memme LlopHa (Ha3biBaemoit
trakxke teopemoii Kyparosckoro—Ilopna) aoboe
UHOYKMUBHOE MHONCECMBO A umeem MAKCUMANbHOUL 3ieMeHm
u, 6oree moeo, 0af aw5020 sremenma a, & A cywecmsyem
MAKOL MAKCUMAALHOUL AEMEHM M, 4MO Gy < M.

[MpuBexeM A MOJNHOTH A0KAa3aTeNbCTBO 3TOH JemMMbl. IlycTh MHO-
#ecTBO A MpOU3BOJbLHEIM 06pPa3oM 3aHYMEPOBAHO NMOPAAKOBLIMH YHCJIAMH
nekoroporo wHrepsana [0, ). ([ToguepkueM, uTO 3Ta HyMepauuss HUKaK
He CBfi3aHa C sAMeiomeiics B A 4aCTHYHON yNOPHANOYEHHOCTBIO.) SIcHO, 4TO
6c3 orpaHHYeHUst OGIIHOCTH, MBI MOXEM CUMTATb, YTO JAHHBIH 3JeMEHT
a, umeer Homep 0. Paccmorpum B A moamHoxectBo C, yHAOBJETBO psio-
Lee CAeAYIOUHM YCIOBHAM:

a) 3JeMeHT @y NpUHaNIeKUT C;

6) aJeMeHT MHOXecTBa A, UMelOmuil Homep §, Torza M TOJIBLKO TOTAA
upuHafiiexkUT C, KOr'Ja OH CPaBHUM CO BCeMM 3JeMeHTaMH u3 A, umeio-
IHMH MeHblUke HOMEpa.

SICHO, 4TO 3TH YCJOBHUS OJHO3HAYHO XAPAKTEPHU3YIOT NOAMHOMKECTBO
C ¥ 4TO 3TO NMOAMHOXKECTBO ABAseTCH uenblo. [1ycth m— npousBonbHas
BCPXHAS IpaHb MHOKeCTBa C (CyLIeCTBYIOWIAS B CHJY YCJIOBHH HHAYK-
THBIIOCTH). Tak KakK 3JeMeHT m CPaBHUM ¢ JcObiM 3anemeHToM u3 C, TO
Kax bl 3JeMeHT @ ==m TaKxXe CPaBHHUM C Jo6biM 31emMeHTOM 43 C H,
I YACTHOCTH, CO BCeMH 3JemenTtaMy W3 C, MMEIOIMMH MeHbIIMe HOMepa.
[TosroMy B cuay ycnosust 6 3ieMenT a npuHamtexkur C, u, 3HauuT,
a << m. DTHM JOKa3aHO, 4TO 3JEMEHT m MaKcuMajed. Jlns 3aBeplueHHs
l0Ka3aTe/IbCTBA OCTAGTCH 3aMeTUTh, UTO MO NMOCTPOGHHIO Qg << M.

B cuay gemmbl Llopna, npumeHeHHOH K UHAYKTHBHOMY
vuroxectsy FILTR (27), sawbod ¢uaroinp na mroscecmse 2
CO0epIUMCSL 8 HEKOMOPOM yabmpapuirbmpe.

JTO Jaer HaM HeOrpaHUueHHBIH 3amac HeTpuBuaanux
YJbTpadHUALTPOB. e R 4

3ameyaHue 4. JIIOGONLITHO, YTO HU OJUH HETPHBHAb-
HbI yJbTpaduibTp HeJb3s MOCTPOUTb sIBHbIM oGpasom 6e3
KakHX-Ju6O 3JEeMEHTOB NMPOH3BOJA, T. €., APYTUMH CJIOBAMH,
0XapakKTepU30BaTb €rQ CIHUCKOM CBOHCTB TaK, YTOOM QH QKa-
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3aJICSl eIMHCTBEHHBIM YJbTPadHABTPOM € 3THMH CBOACTBAMH.,
(Hdoka3arenbCTBO 3TOrO YTBEPXKICHHS JaeTcss B MaTeMaTH-
yeckol JIOTHKE Ha OCHOBE 4eTKOH 3KCIJIMKAlHH BceX Heob-
XOAMMBIX JIOTHKO-MaTEMaTHYeCKHX MOHSITHH.)

[Tycts Tenepp & —TonoJsoruyeckoe mpocTPaHCTBO.

Onpedenenne 4. Touka p,€.2 HasbiBaerca mouxoll
npuxocrogerus MHoxectsa O NoIMHOXKECTB TOMOJIOTHYECKOTO
npocTpaHcrBa 2, ec/H KaxKJas OKDPECTHOCTb 3TOH TOUKH
nepecekaercss ¢ KaxzaoiM 3jnemeHtoM A MHoxectsa @, T. e.,
HHEIMH CJIOBaMH, ecJu p, € A pist moboro A €D,

Takum o6pa3oM, TOYKH NMPHKOCHOBeHHSI MHOKectBa D —
3T0 TOYKM MepeceyeHHst
&) n A4

Aed®

saMblKanuit A Bcex MHoxkects A € D,
3ameruM, uro ecau D—usomp, mo muoxcecmso (2) cos-
nadaem c nepecedenuesm 8cex 3amKrymoix mHomcecrs uz @,
HonoJ/iHeHHe K MHOXeCTBY (2)—3TO B TOYHOCTH OGBemH-
HeHHe OTKPHITHX MHOXects 2\ A. CregoBartensHo, mroxce-
cmso ® moeda 1 moasko moeda He umeem mMo4ex NpuUKOC-

HOBerUA, K020a MHONCecmsa .%'\/T, A €D, noxpusaiom Z'.

Onpedenerue 5. Ecau Kaxnas OKDECTHOCTb TOYKH
po € L COIEPKUT HEKOTOPLIAA 3JieMEHT MHOXecTBa NOAMHO-
xkectB @ (u, 3Hayur,—B cayvae, korna @ sBasercs buaAbT-
poM, —npuHagiexut ®), rto rosopsit, yro O cxodumes x
mouKe p,.

Jlerko Bugmetb, uto ecau muoscecmso D seasemcs yao-
mpagurbmpomn, mo oo cxodumcs K KaxcOotl cgoedl mouxe
npukocHogenus. INelictsurennto, ecan okpectHocts U ToukH
Po TIEPECEKAETCS C KaXIbIM 3JeMeHTOM yJbTpaduiabrpa O,
10 U npunapiexur @. ]

Tenepr Mbl MoXeM [OKasaTh HYXHBIH HaM KpHTepHid
KOMIIAKTHOCTH.

ITpedroorcenue 1. Caredyouue csolicmea monosoeusue-
cKo02o npocmparcmsa X PasHOCUNbHGL:

1° Ilpocmpancmeo 2 Komnakmmuo.

2° Jloboe yenmpuposaHnoe MHONECMBO €20 3AMKHYMbIX
NOOMHONECME UMEEM Henycmoe nepeceqexue.

3° Kaocootl gpuromp na & umeem mouKu npuKOCHOGEHUS.

4° Kamooul yrompagusemp na X cxodumes,
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HoxkasarenncTso. HOCTaTOl{HO, O4eBHAHO, IlOka3aTb
IMIJIHKAUHH

r==2°
{ N
. o 4°

Umnnukaunngl®=2° u 2°= 1°. YTBepxkIeHue, 4TO
llepeceyenne Bcex sMeMeHToB A Hekoroporo MHoxecta I
IIOJMHOXKECTB NpocTpaHcTBa 2 NMycro, O3Hayaer, 4To AOHOJ-
nenns L\ A 3THX 3/€eMeHTOB NMOKPHIBAOT 2, a yTBepxkie-
HHE, 4TO MHOXectBo I' neHTpupoBaHo, o3Hayaer, 4TO HHKa-
KO€ KOHEeYHOe CeMeicTBO JomoJHennil 2™\ A He NOKpPHIBaeT
Z. TlosroMy, eciH MHOXKECTBO 3aMKHYTHIX IIOJIMHOMECTB
KOMIAKTHOTO TpocTpaHcTBa £ HMeeT MNyCTOe IepeceueHue,
TO OHO HHKaK He MOXeT ObiTh LEHTPHPOBAHHLIM, a €CJH
1epeceyense JOG0ro UEHTPHPOBAHHOrO MHOXKECTBA 3aMKHYy-
THIX TIOAMHOXKECTB NpoCTpaHcrBa £ He NYCTo, TO Kaxioe
CeMeHCTBO OTKDBITBIX MHOXKECTB MpPOCTPAHCTBA 2Z', HH OJHO
KOHEYHOe TOACEMEHCTBO KOTOPOTO He NOKpHIBaeT 2, camo
Ilc TOKpbiBaeT 2.

HMnaukauus 2°=3° [locraToyHo 3aMeTHTb, 4TO
MII0KecTBO I' BCEX 3aMKHYTHIX NOAMHOXKECTB, MpPHHAamJexa-
UIHX TNPOH3BOJIbHOMY GuAbTpDY P, LEHTPHPOBaHO, H 4TO
Ka¥jas TouKa NpHKOCHoBeHMss ¢uabrpa @ siBiseTcas obuiedt
TOYKOH 3JieMeHTOB MHoxectBa I

Hmnaukanua 3°=4° Eciu kaxaelit OUIBTP HMeeT
TOYKH MPUKOCHOBEHHS, TO, B YACTHOCTH, TOYKA NMPHKOCHOBE-
HUSL UMeeT M Kaxawil yabrpaduabTp. C Apyroil CTOpOHHI,
yabrpadubTP TOrAa H TOJNBKO TOTAA CXOIMTCS, KOTIA Y HEro
eCTh TOYKH NMPHKOCHOBEHHS,

UmMnaukanusa 4°=2°. Kaxgoe nenrpupoBantoe MHO-
XECTBO COAEPKHUTCS B HEKOTOpOM yibrpaduiasrpe. [Nosromy,
€M 10T YAbTPadHIBTP CXOAWTCHA, TO IEHTPUPOBAHHOE
MIIOXKeCTBO UMEeT TOYKY IPHKOCHOBeHHs (MobGas ToYKa MpH-
KOCHOBEHHS MPOM3BOJbHOIO MHOXKECTBA MHOMXECTB fABJAETCA
TOYKOH NMPUKOCHOBEHHA H KaXKAOro MOAMHOXKECTBA 3TOrO MHO-
xectBa). C Ipyro#t CTOPOHBI, eclH MHOXECTBO MHOXECTB
COCTOMT H3 3aMKHYTHIX MHOXECTB, TO KaxJias ero TodYkKa
IIDUKOCHOBEHHS] TPHHAMJIEKHT TIEPECceYeHHI0 BCeX €ro aie-
MeHToB. TakuMm o6pa3oM, eciy B TpPOCTPaHcTBe 2' KaXKAbli
VIAbTpadUAbTP CXOAUTCH (HMEET TOUKY NPHKOCHOBEHHS), TO
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JMo6oe UeHTPHPOBAHHOE MHOXKECTBO 3aMKHYTHIX MOAMHOXECTB
npocTpancTea £ HMeeT HenycToe repeceyeHue. [

Tenepr Teopema TnxonoBa nokasmiBaercsi 6e3 BCSIKOro
TpyAa.
HokasateabctBo Teopemn 1. Ilycrs O—npous-
BOJIbHBIA YJABTPaUAbTP Ha NPSIMOM IpPOH3BeleHHH
&= H Lo

aAEA

KOMNAaKTHBIX npocTpaictB Z,. PaccMmorpum ofpas np, ®
3TOro  yJAbTpadu/JbTpa NPH  KAHOHHUECKOH  IMPOEKUHK
npy: & ~>» Ly, {Xo}—> Xy [lockoneky (D siBASeTCH LeHT-
DPHPOBAHHBIM MHOXECTBOM, €ro rnpoekius np,d Takke LeHT-
puposasa. [TosroMy uenTpHpoBaHo U MHoxecTBO I'y, cocTo-
filllee W3 3aMbIKaHUH 37eMeHTOB MHOXecTBa Np,MD (T. e. u3

MHOXecTB A, rae A, =np,A, A€®). Crenoparennho, 1no-
CKOJIbKY MPOCTPaHCTBO £, KOMIAKTHO, CYILECTBYeT TOUYKa
Po € Z,, NpHHaLJeXalas BceM MHOXecTBaM A, u3 I'y, T. e.
Takasi, 4TO Kaxias ee okpectHocTh U, mepecekaercsi ¢
Ka»JIblM. MHOXKECTBOM A

Hast muoxects A ¢uabrpa @ 310 03HAuYaer, YTO BCE OHH
nepecekatorcst ¢ MHoxectsom O (U,), otkyaa caenyer,—1o-
ckoabky @ sBasercst yabrpaduastpom,—uro O (U,)€®.

Bri6paB aas mo6oro o OAHY H3 TOYEK p), H TNOJY4YHB
TEM CaMbiM HEKOTOPYIO TOUKY {p,} mnpoussenenus 2, pac-
CMOTPHM MPOU3BOJBHYIO OKpecTHOCTh W 3rofi ToukH B 2
[To onpenenenuio 3ra OKPECTHOCTb COAEPXKHT HEKOTOpOe

MHoxecTBO Buga O (Ugy,, ..., Uy,), tae Uy, ..y Ugy—
OKDeCTHOCTH TOYeK Pgq,, ..., Pa, B NPOCTPAHCTBAX ZLay) . - -
.oy Z'a, coorBerTcTBeHHO. HO, Kak MBI TOJABKO YTO BHAEJH,
Bce muoxectBa O(Ug,), ..., O(U,,) npuHapmexur yabtpa-

duaptpy ®. Ilosromy yabrpadunabtpy @ npuHaAIexuT M
HX TNepeceueHHe

O(Ual? Tty UQ}[):O(U(M)” L nO(U(Xn)’

a 3Hauut, H OKpectHocTh W.

Takum ofpasom, mi06asi OK[PECTHOCTb TOUKH {p,} TNpH-
HagaexuT yastpabuastpy @, U, 3HaYuT, 3TOT YJALTPabHIbLT
cxomuTes K {p,}.

Tem cambiM pokaszano, uro B npocrpancrse £ J0GoI
yasTpaduastp cxoaurcsi. CrnepoBaTenbhHo, OPOCTPAHCTBO &
KOMIakTHo. [



